Set Theory

Syllabus

Basic Concepts of Set Theory : Definitions, Inclusion, Equality of Sets, Cartesian product, The
Power Set, Some operations on Sets, Venn Diagrams, Some Basic Set Identities.
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Discrete Mathematics 1-2

m Sets w

A well defined collection of objects is called a set.

Remarks
If objects are not well defined then the collection cannot be a set,

e.g. 1-chair, 1-book, 1-table, 1- 1-purse etc. This collecti i
set. PR corlection of objects canggy form,

But the collection of objects where objects are books i
’ bj » the collection wij] be hlwnﬂ

Examples

1. Library is a set of books,
Classroom is a set of chairs,
Class is a set of students.
Family is a set of persons.
Set of all straight lines in a 2-D plane.
Set of all triangles in a 2-D plane,
Some special sets.
N is a set of natural numbers,
N =1{1,23—]
Lor Z is a set of integers.
I = {— 21012 3, —]}
Woor Z* orI* is a set of positive integers,
W = {0,123 —]
Q is set of rational numbers.

oLk wN

Q = {x;x:%:-,p,qEIandqatU}

R is a set of real numbers
R = {x;x=a+bﬁ,wherea,bEQandpEQ+]

€ is the set of complex numbers.
€C = {;x=a+tibja,beRandi=+~1)

Object belonging to a set is called an element of the set. We generally use capita
letters A, B, C.... to denote sets and lower case letters a, b, ¢, ... to denote elements of 3
set.
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Discrete Mathematics 1-3 Set Theory

'Ihesymbol'e'isusedmmdicateelmentisinﬂtesetandishwwnas'belongsto'
or ‘is an element of’. Hence x is an element of X is written as

x € X

The symbol 'e' is used to indicate element is not in the set and is known as 'does not
belong to' or 'is not an element of'. Hence y is not an element of X is written as

y € X
Methods of Discribing Sets

The following are the most common methods of discribing sets.

Roster Method
A set may be discribed by listing all its elements.
e.g. N = (1,2 3—])
Set of natural numbers.
This method is called roster method or listing method.

Set Selector Method (or Set Bullder Form or Property Method)

Sometimes a set is discribed by means of some property which characterizes all the
elements of the set (that is, the property is shared by all the elements of the set and if a
certain object has the property, then it belongs to the set). A set S characterized by a
property p may be written as

S = {x:px)
Example
1. A={x;x*-4=0,xeR}
Aissetnftlwseelemmtswhichﬂaﬁsﬁasequaﬁnnx!—i={}andxisarealnumber.
x=2andx=-2
A=1{-22)
2. B = {x;4<xs11,xe N}

ie. B is a set of natural numbers such that x lies between natural numbers 4 and 11.
B =1(45,6,7 89 10, 11}
3. C ={x;x> +1=0,xeR}

TECHNICAL PUBLICATIONS” - An up thrust for knowledge
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Saf
ie. C is a set of real numbers x such that x satisfies Equaﬁﬂm
= -1 real number satisfies the equation x3 +1=0. " %

C = [-1}

Subsets

Let A and B be two sets. If each elementnfsetﬁisanelemmtnfsetaum“,
called subset of B' and is denoted by, ¢

'AcB
Sometime it is said to be 'A is contained in B,
We also say that ‘B contains A', or 'B is superset of A’, and is expressed as 'B 5 4'
Hence 'A c B' or 'B 5 A' are the same facts in two different expressions.
If 'A is a subset of B' i.e. ‘A C B' then 'B is a superset of A", i.e. 'B> A",
If 'A is not subset of B', we write
AgB

EEXN Proper Subset
If 'A is a subset of B' and number of elements in A and B are not same ie. A #8
then A is known as proper subset of B.
Examples
% A = {a, b, d}
B = (x, v, z}
C={abecdxyz
D ={ab,1,2}
g AcC
BcC
DgC
D g Aetc
2. NcW
wecl
IcQ
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RecC
=NcWclcQcXRcC

Equality of Sets

Two sets A and B are equal sets if 'A c B' and 'B c A' i.e. 'A is a subset of B' and
also 'B is a subset of A'.

Hence A =B=AcBand BCc A
or A

B=A>DB and BDA
The Empty Set or Null Set or Void Set

The set having no element is called empty set or null set or void set.
Empty set is denoted by @ or { }.

Examples
1. A= {x;x*+4=0andxeR )
A=0
as no real number satisfies equation x* + 4 = 0.
2, . B={y;y<0 and yeN}
B = @ as no natural number is less than zero.
Results

1. The empty set is subset of every set ie. @ C A.
2. Every set is subset of itself ie. A C A,

m Universal Set
In any application of set theory, all the sets under consideration will likely be subsets
of a fixed set. We call this set the universal set and denote it by capital letter X.

Thus a non-empty set of which all the sets under consideration are subsets is called
universal set. :

Ordered Pair

Let A and B be two sets. Let a€ A and b € B. Then (a, b) denotes ordered pair and a
is known as first co-ordinate of the ordered pair (a, b) and b as second co-ordinate of
the ordered pair (a, b).



[ Mmoo

EEEN Cortvelan Product
Lot A anad 1 et wete thewy A 810 b called Casteslan prsduct of A and B,

A KD a el of all distinet oedered pairs, In wluthrhﬂmardhuhu{wwm
I fromi el A el pecond co-ondingte b from set 1L

Axl w [fabkrasA e be 1y
A [LLY,Ue(sb)
Axb = liab) ¢ nm A vl b 1y)
- HI-I}-ILhLRIHLbL&l}-ﬁHI

L3 w Axn
s le0d

inb) & Axp
L aFA

3 e Axp
o bu Asndiep

- {-.h}lnkﬁnluruﬁnrbllmlnh
Henoe A xp w Bxa

htmutmpmdmhmmm“
Bl ANB MO and A up 'Ehm‘“m“ﬁﬂ'u\ddﬂ&mr

hﬁnﬂ,hﬁbuthamu{:ldi&mlwh@h

AxBuC [ta, b € {48 A and be Bandeg )
this way,

Lai
then

Ifhr = mandBlan
Z AxBrC o H

Wab,ch;ae A bg Band ce ¢

AXBx () = lia (b <)) ;a g A brche By
s S T— A% i vt o dvneincg,

H

(normn Mathamation 1.7 Bul Theory

(AR = [, b)chiin b A xl,caC|
All thene A % T, (A X B 2C, A x(BxC) are different,
Normally product of A, B, C, we dellne as A xBxC.

|| Thersm

1A B, C are seis then,

h 0 ARBAC) = (A KB A A %C)
I ArmxC = {AxC) niBxC)

A XBUC) = (A XD (A XC)

| WAL B) K = (A 2T {BRC)

Proaf
Let {a, b) & A x({B~C)

& ag A and be(BnC)
& aeA and (be B and ba )
& (aeAand be Brand (ag A and be C)
& (o, b) e (AxE) and fa, b e (A % C)
& 2, ble (AxB) (A xC)
=2 AXBNO=AxBE N (AxQ)

| Students are advised to prove the other three results as an exercise,

Remarks :
L If % ia the set of real number then %% we represent by A and 9 x W A by
xl,
2% %A =% s called the Buclidean plane.
EXX Class of Sets or Family of Sets
If the elements of a set are scts themselves, then such a sot Is called as class of sets or
fueniby of sets or set of seis,
EEN Power Set
It 8 i any set, then set of all subsets of S ia called power set of § and Is denoted by
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$= L3l
B = B0, (0, 00, 3 0 20, 0L 30 02 . 1L 2 30
SoIES contaln 3 clements power set of S, Le. PS) will contain 2, Le. 8 elemens
Rwmark

1 5 has n elenwents then S will have 31 Fishset
knowm as power s, and set of these 21 subsats will e

Thearsm
Hahumﬁhn&umnmmpomrm&shuzﬂeEuwm
Prool

lﬂur&mluhnmnd'&ﬂ

b5 subset of
POy mubiets van be formed vut of & Similarly
rhmmuﬂhuhm.ﬂﬁm}-

[very set. Taking 1 clement ot a time
Cx subsels will be Formed taking 2
w““’*"ﬂ%mﬂm

lf"‘{”i"f-t ] B
L . R | B L i
s i + sing binondal theorem.
Hmrhhlmmrdmmmh!".
Examply
5w,y

TS = R L 2y
PYs) b power et of 5,

[ 191 Puwhlnl'l"mhtnl'a
AFSH = g, BLINL AL 211,

2,120 1. 11 2y, A2k 118, 25,
1120 10, 24, g, 20,41, 1, 2,
HAL 421 o, 20, o, 12}, [0, 2,
20, 1y L 21l

5 contain 3 elements.

BY5) contain 22, 16, § elemenss.

\W____

b—

Dvscrafe Malhematica -8

Then PIFS) will contalsn 29 Le. 16 elements.
Sa PIP(P(S)) will conitain 2% elements ke,

Examples
5= (L3
P(S) = B, 8], 12], 0.2}

1 1&5 s true.

2 1S is falee, As 1 ds an element of 5 nob o subset of 5.

3, (1} =5 is true. As [1} is a subset of 5,

4 |11 &5 is false. As (1) B not an element of 5

5 1] & P5) is trae

6. @ c P5) is true,

7. @« PS5 b true

Statement & and 7 both are correct sy @ is an element of F(5) also @ is subset of
every st

8 [1] & Pi5} & brue.

9. [11]) & P{5) is Ealse.

10 [[1]] & PRSI 18 truse,

11, [{1]] = PP(S)) la false.

Ramark
When a is an element of 5 then it in denoted by a & 5. When A B a subset of 5 it is
denoted by A © 5. Hence for connection between element and set we use €' and for

connetion between two sets we use ‘=" symbel,

Exsmples
1. Determine whether each of the fellowing statements s true or false.
yaca
True. As @ is subset of every st
B @ed
False. As @ s not an element of @ set.

g 2c 2
True, As © is subset of each set and [@] is a sngleton set containing & a3

element.
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Dnvmn iattmrinica 1-10
d)@e |3
True. Reason same as {c)
o [@hc @
Trae. Every set is subset of itself
i [abicla b ofa b}
Trwe : Let fa, b = A
fa, b, ¢ [a b ol = B
then¥xe A= xe B ACE
&l ln bl e fa by o, fa by o)
mbhwhm‘“m“‘hhn[&hﬂﬂ
Kb denbclabdl
True. As fa.b, ¢ is an lement of fa, b, ¢, [a, b, ol
I labocicabo s bl
True,
A= feb e
B labiciahd)
Thenv'x g4 =% & B hence A C B,
Bola@iey sz
Truse,

Let

Venn-Euler Diagrams o Venn Diagrams
We often use pictures n mathematics. The

¥ou s B i o subest of
; A, the ¢ .
representing A. I A and B are disosn sry. T8 B I des
d""“m'“d"“]"h'ﬂﬂymm + then the gireles
Nﬂmﬂmmﬂﬁnh' e MmN Area,

WIIH\IIMMIIWM{MMM_ !'@'“%Amﬂmhmh-m.
Sets can b
mﬂdmmdﬁhﬁuwpm"mwm”“
\ TECHHEAL MBLCATON. v o

.

PEPTESEning A and B are

Discrats Mafematics 1-1f

EEEEN union of Two Sats
mamnbemm.rhm&uwmnuwnumdanmm

which are either in sct A or In set B or In both sets.

M8 [

Union of sets A and B is denoted by Aw B,
Which is read as "A union B
Symbalically,
AUB = {x;xe Acrxe Bl
Remark
lnml.lhmﬂm..wl'm'm!tut'm',Lr_xEAw;EB.mdnmEﬂr.hldBﬂu
possibility that x is an element of both A and B.

Examples

LA=L2%3B={xy1
AuB = (L2 3%y

L Awfabod,B=labli
AuB = [abodll]

3.0A=(0123%4.8={L468
AuB = {01,23468

4 A=[,534LEB=L3.BCA
AuB = (1,2 34l=A

ALS = [

Remark :
HBCA then AuB=A

TECHIEAL FUBLICATIONS - As o Pt b Rnceiedps
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Disermtn Momadics 1-12 Sy = 1=13 —_——
——— Mgy |
EETE] intersection of Two Sets it =
mAﬂBMmammmmmﬁmﬂAudﬂkhmﬂmmm & 8
m.-in.h.mdahuhﬂ.i.e.ulﬂmmﬂmmﬁﬁmdﬂhhmdﬁh#.
and B. We denote the intersection of A and B by A~ B ' !‘.
AnB = [x;xeEAmd xE B) [I
Examples. [
LA=[L234L8={xyzl I
AmB =B | AnBEd
mhnuﬂmumﬂmﬂhmhﬁnndm I
AR AIANB=IL 67 L A=(L357,5=2468
e et | AnB s D
smlcAondlcBalsio2a A and 20 B, [ 2 AmixyzhB=labc
3‘A'“-LE'P—F-JI.S},B:AEhmilinn-“,ﬂ.g | Rl
b
X EEEE] Ditforence of Two Sats
. Let A and B be two sets. The difference of A and B is denoted by ‘A - B or'A - F
{5 sct cf all those elemants of A which are rot in B.
A=-B = [x;xE A and xe B)
[I ®
I S
A=
|
Famark : T .I
]
EBe A then Ar B =
— T e | —

EEIE} oisjoint Sets

Set A and set B are called disjoint sets if Bo element is commen i
to A and B ie A
and B are digjcint sets then A - B = &, 2

TECHMICAL PUBLICEATIONE . A i vt o ks weiecps

Simdlarly
B-A = [yrys Band ye A}

MMW-MHI—&M
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A B * i
} Hence, if xe A B
| = x I8 an element of exactly one of A and B or x € ether A
; or % € either A or x & B but x does not belong to both,
B L= ABB = (AUB - (AnE)
— ] :
]
B-.A,l &
Examply
A= [1.,2,3,41,3-{;,5,&9]
A-B = 1,23
B-A = [567
AnB = [4) Amu-
A- = =
A 1:: S e EEIEA Complement of a Set
s -Amﬁﬁﬂm airy , -
AUB = r e Let A be any set, then the complement of set A is denoted by A’ or A o7 AC.
W=Bluansu@- Complement of A is set of those elements which are in universal set X but are not in
= sit AL
A B X At = X-A

A’ = |xixeXand xa Al

It In obvious that the element belong 1o universal set. Hence it b encrugh to sy that
Al w [x;Ee Al

A=p E — ———
B-A \ ——— |
ane [ I = ————
= —
EETER symmstric Difference of Two Sets | = ——
_
Led A and B be two sels then symmetric difference of two sets A and B is denoted by =
AA&BorA®B [read as A ring sum D], m:mmrmm-mmuumgumun.nmmm.
And Venn disgram.
ABB = (A=B)u(B=A) Nobuon

mmunpf.h_m&_-
FRCHHEAL PUBLEATIONE - A op Bral hor brraducips

g




2= =8

then AwE =B
g pvey st o st of ibelf hemoe A L BC B also,
EEEE i 4 Boand € be seti puck thel AC B, Al BrCcA ﬂd;&nf_

Dyt gremondmg Venn digpram. H

Hotuting -

o B TR

% St
e w’h et (ARG o B mEd Ii;.l;hfl"af
i Vo Ha, .

e

[ -

Saf Theory

AnB

BaC B

AnE S —|

B m and ArBACE=d

Eng

From Venn diagram it is clear that

PAQ = F

- P=Q

SELIERRY Wit com you say abowt frsets Pand Q iF @) PrQ= P7 B PUQ = P?

TECNARCAL PUBLICATINT. Ay 1 B o bt i
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B Pud=F

&

LR I s

Pu QuP=QcP
WY Let A = ia, b, fa, el B, debermine the follsudng s,
wWA=-fa BHA-8 oA-ls ¢l
Solution 1 a) A - [a} : (b fa. cl, &
B A -2 [ab el
ch A~ (el = b, fa, o] @)
as {a. c] 8 & set containing two elements a and ¢

[a, c}

A

S —

LUising Vienr disgram shoey thef :
AUBEAC) = (AuBinfdud)
Solution :

Eoa= puxabl

Mmmﬂ~mwm1ww

I
i

i

L
i

'ﬁ}'.
;

'y

Qi

& awc= I

From (3 and &,
AUBAC) = (AUBIAIALD)

A B "
% c

@ls.ﬁb

I

L

I

[+

@ () A1) =

(B Lising Vens disgram, prove or disprope.

TASBEBC)=ABROC

i ArBRC = A - [(4 - Bjuld - 0)
Solution i} A @ B = (AUB) - (ArE)

i.e. alemants which are either in A or in B but not in both A and B,

TECHMCAL F

i
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[Macrpts Mamnealion

A o X | A B Y
%é%c i%gc
LT | fhmBpme
@ @
A ] A ]
c é%gi
"‘7‘@@ . ABBEC)
= @
From 2} and 7§,
AEBDIC = A g iB®0C)
1] ﬁﬁhﬁc#ﬂ-l[ﬁ.a:um_cﬂ
% e e
¢ c
.iml.-.g..m PR =
9 ®
Fl ™ ~
¥ E?%
f=ge (A= 8)sih-c)e [
@ @ |
——— e = and [T]
Wmmw-#mhmm -

Thaary
fa2f Lk
A fiA-BY v (A-CH =
@®
Prom *17 and 5}
ARBAC = A= [ih=Buia-<Cl
Ulsing Vern diagrams shou tat
Auiin D) = (AuBn{AVC)
Soluton @
: x A X
o c
I Brce AuEnci=E

(e} Ty [T

®

Aus

®
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anl:l\'i-lnd"}- ,: = 2 z
AuEnC) = (Aw Bin (AU C) A ]
HA&EHH.MMNﬂMhMmmm? [
(A = Bnafd =Ch=m 4
i) (A - fpufd -0 =2 3 :
Solubion 1 ) (A = BpofA - O = A
PBcAandCcA ' T —| Aﬂ{;- =
then (A-Bju [A-Cl=A @
: 2 A # | A B X
m ]
B c |
O O :
@ @ | i@ (A-cie [T
Or A, B, C are disising set. @
ie ANBAC = @ ' From T and (3
Then (A~ BlufA - C) = A | AABE0 = (AABIE (ARG
H (A= Buih = C) = @ fa true. |
W Ais enpty st le. A = @ b EEE] some Basic Set identities
F'Mhhfnﬂaﬁngua;vmﬁ,rm ~ Theorsm :
2 ANIBBO =(UnBB (AN i Let A, B, C be any subsets of & set X, then
' { L ldempotent Laws
' NAUA = A
4 .! WAmA = A
A B X ._:
| L Commulative Laws
| hAUE = BuA
| AnD = BaA
¢ 3, Assoclative Laws
.ﬁn{ﬂg;]. ; I} AuiBuCl = (AuBul
@ : ) AR(BAC) = (AN BIAC

— . ———
e L P — — TRCHAAL MUBLICATIONT' + i i Fresn B At
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r o i M‘;‘h};\.:_ : s .28 Sal Ty
4 Distributive Laws | MowletycA = yeAandye A
vy disteibutes pver 1 from the left and also from the right. | = yRANA
FANEUC) = (AnBUlANC) ‘ = AcAnA w1
AVBINAC = (AnCpIEAC)
1. Distribribes over ' from the left and also from the right. Frew (L) st ),
i) AU BAC) = (AUBlAAUC) ‘ ki b
ANBUC » (AUCIN(BUC) |y HAUE = BuA
5 DeMorgan's Laws | letxe AuB=xeAcrxcB
HAVE = A'nD | =xeBorxe A
AnB" = A'UE l =xE BuA
6. Absarption Laws = AUBcBuA - (D
DAWANE = & MowletyeBud =yeBorye A
B AnAUE = A Il =yeAoyed
7. Double complement =ye AUB
dyr
AT = A = BUACAUB - (2
Praof © tl From (1) and (Z),
1 HAva = 4 : }Luﬂtﬂu.ﬁ-l
Ltxd AUA = e A orxed |
S fanB = BrA
- 5 letxe AnB=xaAandxcB
N'WH}'EA-}'EJ.MI-;A i | =xeBandxe A
.k =xeEBnA
T =AnBcBnA - (1}
From (1) and (2), B Mowktye BnA =yeBandye A
|Au};q,ti =yeAmdyeB
—— | =SyeAnB
iy AnA = A
=BnAcAnD e £2)
LeixeAmA = xeAamdrea
= XEA
= AnAcA
—--—-_______________.—'_{.li TECHAMCAL FUBLICATIONS A% o St e Incinige
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From (1) and (@

Anb = th,

A AuBUC) = (AuBWC
Let x € A (BuC)
= xg Aorxe(Bed)
=sxeAofxeBorxaC)
:{xuﬁuxlnfiuu:l:
= (xeAuBorxeC
= xe{AuBC
= AuBuUCIclAUEC
Now letye(AuBuC
= yefAuBoyeC
= feAaryeBoryed
syeAolyeBoryel)
=yeAouyeBul)
= ye A (BuC)
= AvBuUCCS AU(BUC)
From (1) and (2},

[AUBUC) = AUBUC

HAABNAT = An{BAC)

Letxe (AnBnC
= xe(AnBand neC
= (xeAand xeBjandxeC
= xg§Aand(xuBand xe C)
= x5 A and x e (BAC)
= x & [An(BnC])
= (AnBnc=An{BAC)

l [Diecrwis Mpthamalics f-ar

Sat Theary

! Now let ye A (B D)
= yeAand ye(Bnl)
i -:yE.ﬂ.mdhEEmdy:CJ
I -urlhmdyiﬂ}mdysc
=3 yEMnBJu.d.)'EC
= yelAnBaC
:ﬁh[ﬂnt::{.ﬁ.nl}nc

From {1} and (2,
(ANBIAC = An(BAC) |
A

H ArnBul) = (A B AT
Let x & A n{BuC)
= xe A and x € (BLC)
= ke Aand [z BeorxeCl
i ntu.ﬁndxtﬂllwlxu.ﬁudxst_l
= (xeAmBlorxE AmC)
= x & A BE{anC)

e (2} | nAﬁ{EuC}cMﬁmumnm

)

TECHWCAL PLBLAATIONE™- dn U Bt bor incesiéeign

i NﬂMyEiAnB‘}utAﬁE}
ﬁYEihﬁB}walhnC}
-y e A.uﬁgrs!}nrﬁrfﬂ.mdy:ﬂ:
= yeAor(yeBand yel)
= yEA orye (B Cl
=y AuEnC
= (AABEANCIC AU BN T
From (1) and (2

| AREUO) = u-ﬁa:-uu-ncﬂ

= (1)

TECrNICAL PUBLICATICNS = it s i Incledrs
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Remark : Similar) o
ly we

AUB~C = AnCIuBAC)
MAUEACD = (AuBnAugy
Letx& A W(Br O
L ¥ Am-[xlnﬂq
= xs&w{xcﬂnmlum
= {:Eﬁmxiﬁjmﬂhlhwmt}
= x{(ﬁuﬂ}mdxetauq
= x a8 (AuBniawC)
wﬁu{ﬂnﬂc{ﬁuﬂ:n(&uq
Mow let FE[AUBAAUC)
= yoAuBandye AwC
= (YeEAoryeB)and (ve AoryeC)
= y:Am{yEBamiyEC'}
= yeAor(yeBag)
= ye A ({BnC)
= (AUB M (AvCc Aw(BnC)
From (1) and (2),

[AUBAC = (au Bin(av O | |

Remark : Sinilarly we can prove that
(ArBUC = (A Cha (B C)
5 1) (AUB) = ANE
x e {av B
= x& (AU B
= xeAandxeB
= %E Afand x B
= xeA'NE
= (AuB canE)

___ﬂ_____J_,_._—————‘::;::I:;_r—ﬁ_ddﬂJﬂ1

ame

Feam (1) and (2

ety 8 A
= yEA *andye ¥
= ¥ lfk-ﬁyln
= ypeawE
= ye(AUB
= (a'n BB

Au B = (A0 B
i) (AnEY = ATUE
Let x & (AN BY
= x@(AAE
- x@AccxEld
= xeA‘oene B
= xE ATUE
= (AnE AT E
Now ”‘_TEA’UB'
= r.j\_'ur}-E'ﬂ'
-y eAhoryeB
= yalAnt
= }rE{ﬁnn}'
= (A uBICiANE
From {1} and {2,

-2 (1)
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Let x & AusfanE) | Mowletye A
= xEAorxe{AnE) = yeAmye And
m e Aor(xe Aand xe B) = yaAand yE Ajor(yaAand y e B
= (xeAorxe A)and (x€ Aorxe B} =yeAwd{ye Aoryehl
= xeAand xe(AUE) = yo hand yE[AUB)
= XEA I“"'“:l'l'n-rq; =yeAnlAuvE
Nuwln.}re:mu“ﬁﬁ}ci =l ik e “H
= yeAub e
= yeAmdyeaun [Anaum = 4]
= yeEAand (yEAoryeB) | Remark:As AcAUE then An (AuB) = A as intersection of subset and super set
=yedoryeMland iy Acrye B) | b
ﬁ?:ﬁm&e#uﬂr.ﬁ} : N (AT
= YEAorys AnB Tk ey
= ye AulAnE ' sl
=ACAUAAE e
From (1) and (2) Wi e s

[svuen=3 oy
=] = yEA'

mm-mpn:ﬁﬂﬂﬂnﬂﬁﬂmﬂu{ﬁﬂ'ﬂ]thumﬂm"‘im = ye(A"’
HAMNAUE = A = A [A"Y +is [2)
Letxe Am(auB) From. (1) and (),

= x& Aand x € (AU E) :m"?'=A

=xeAand (xeAorxe |

= (xeAandxe A)or(xe Aand xe B EEE] Partitions of a Set

= rEAorxEANE Lot A be o sct and A 1, A, o A, 2re subsets of A then Aq, Ay, — A, are called
= xah pastitions of A

= An{AuBe4 I“"mnc;: 5 AjUAU A = A

"
Le U.ﬁ.|l.|'i
j=1
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Sem, |
and sets are pairwise disjoint. N'I Discrats Mathematics 1-33 B4 Theony

3 = i iwi
‘:.tA.ﬂA! 2 J NA-BuiAnBuwB-A)s AuB
Examphs and (A = B, (A B, (B~ A) are pairwise disjont.

1. A—:B.B—}La.ndAnﬂmwﬁﬁm&huﬂh{a}hﬂjum-ﬁium ™ (A-Bin(AnE = @

AwDBand (A -B), (B-A) and A B sets are pairwise disjoint. NE, A-Bln(B-A) = @
MSum- Conclusions From Set Operations {(AnB A B-A) = 2

Let X be the universal set, and 4, B, C, D are subsets of X. Hence (A - B), {A ~ B} and (B - A} ase partitions of AU B

Then 12 Au A =X _

1. Au@=4 L&, Union of A and its complement gives identity set for intersection of
Henece &1 Le. emply set s identi set for 'unlon operation’. 1B ANA =D

2 AnX=A ¥ 2 u,mdAMhmphmﬂmmﬂuﬂymhmupﬂuﬂﬂh
X ie. universal set is idenfity set for ‘intersection operation’, Histt Remark

3, AuXsX “ndlhmwmmmqmuhmmﬂﬂﬂm
AcXand AuX=X memutﬂy

W]

=:|.:i.fB::AIhmAuB-Ah_mmaf,upq'mmdmb”hmwm st =1 )

4L And=2 umﬂthiumm#mmﬁpmfwmlﬁ
BcAand AN =3 a' =0
nﬂBcA,AnB:Iie.mﬂmmmmghm N el lmmmbﬂlﬁmw'uﬂww
Henece L

5 WBCA thnAnB=Band AuB=A EEFR cardinallty of Finite Set .

6 AcAvBalsoBoc AUB wu.“:ﬁmﬂwmm ]

. ANBC Aalio ARBCB Cardinalify of a set A is denoted by ndA} or [A].

8 AnBocAcAuBand AnBcoBe AuBie in A and B sets, AnF is the
smallest set and A U T s largest set. | Exsmplss
A contains A B and A is contained in A u B. 1 A= pakh
Similarly B containg Ar B and B is contained in A U B, niAler|Al =4

8 AsAABCA % A= iZexell]
= [AnBuU A=A [super set] A= PB4nanes
and (Ar BN A =(An B [subsel] s | &1 =7

W AsAcAvB
A (A = A [subset]
Av{AvE = Au B[ super sef] _-——-——'W
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1-34 Eat Theory

Thearess ¢ I A and B are any two finte disjolnt #¢i%,

then AL B] = |A]+]8]

0Q | -3

Proof : If A and B are empty seta,
then |A| = &, |Bj=@&
= |AUB =@
= [Av B = [Al+]B|
Hence proved.
Mow let A and B are nan empty sets Le. | A|w @, |B|= 2.

This show A and B have elements
elements tun s *y A has ky elements and B has k

A= fayagay BT
B = [byby by by
As A and B are diskoint sess.
a w hj.fn-.-myisuk.,lsjslrg
= Number of elements hﬁuﬂhﬂlb@mmyk1+k1 elements,
Al AUE m 122, g by by by
= |AUE = [A] + 8|
Hence proved,
mmﬂl;ﬂzpﬁ-jrmﬁk are finite disjoint sets then
IAvAuA 0 vay) - fa.,[+|'a;[+...|hkj

= Ll;r;"h! = =:}.-II'-""IJ

R e T e

MWow let A and B are two nom emply sets, Common elements to A and B are AN B

IS —
ane [T
B-a 2

Mumber of elements which are present in A only (Le. not in B) will be |A =B}
Number of elements in B only will be |B—A| and number of elements which are

comimon to both will be | An B}
Au B is 2 union of (A& — B), (B — A} and (A B) sets which are pairwise disjoint.

Hence | AUB, = |4 =B+ |&AnB|+|B=Al

From venn diagram it Is clear that,
A-BufAn® = A
|A =B+ |AnEB = |a

=
or |A-B| = |A&|-|AnB
Similarly (AnBjw (B-A) = B
|Ar B +]B=a] = |B
= [B=A] = B=|AnB
=  |AUB| = [A=B|+|B=A|+|AnB

= [[A|=lAnB]+[|B| - |AnBl] £ |AnB,
= iAl +||B|.—'|Aﬂﬂ1
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Farmark

Mmhw
o as Prinelple of Iaclusloa

EET3 Principle of Inglusion and Exe
[AVE = |A]+|B-]|An B

EETER Frincipis of Inclusion and Exclusion for Three Sets A, B and ¢

and Excluslon.
jusion for Two Sets

For[ AUBUC |
Let BuC =D
MWMW&AU{BUQthwNAuD
le. |AUD| = |a|+]Dj-|AnD '
Now D = BuC
Hence | D] = |Bug)

=

)

Diaoreis Madvemalics =37
Hence [Av BUC| = [A] +|B| +|C|-|BrC)
= [|AnB +[AAC] - |AnBAC(]
= | A +|Bl+|C| = |BAC)=|AnB|=|AnC]+|AnBNC]|

. [EETEA Principlo of Inclusion and Exclusion for Four Sets

Let A, B, Cand D be fous sets.

Then |Au BuCuwD]=|A| +|B|+|C|+|D|
~l|AnD|+|AnC|+|AnDi+[BAC| +|BaD| + [CAD|]

+[|ARBAC]+ [AnBAD| + [AnCAD| +|BACa D]
=|AnBACHD|
Proof : Let BuCwD=0G
Then [AUG| = |a]+ |G| =|AnG|
|G| ={BucuD|
-|!-|4|E|'+EDi-I|BﬁC|+|BnD|+|Cnl}||o|BnI:’.‘nD|
and |ANG] = [An{BuCUD)|
= | {An B A N Chu (AN DY
= |AnB|+|AnC|+]|AnD|
-[[{An BINANC + [{An BIA (AN D) + [(An Cin{An D]
+|{AABA A ACinAn D)

[AmG| = |AnB|+|ANC|+|AnD|
~[|AnBAC| +|AnEnD| +|AnCAD+|AnBATAD]

Substituting | G| = | B CuD| and|AnG|in| A UG]
AnBl+|ARC]+|AnD|

Hence |AuB Dj=|A]+|B| +|C -
[AwBu cuDf=|A]+ {8 +]C| + D} P+|BnC[+!EhD|+[CﬁUI]
+[|ANBAC|+|ANBAD| + |AnCA D +|BACAD(]

- |AnBACAD]

:m-mmnd-mmmww




.
1L Enrjuh:.]',l'ﬂdrglutltlliﬂ'-!,:}c. nomhdnllim:mhuhm,ll__nl.
{BJ. ICI. |

T zm-:-msqmmm:mmmu

u..jfg] B CE, A C

Taking 3 e at a i, 3 , combinations i be vtz RoRec
inchusian, exchusion prin riple, one 5ot At & nre e added:ph“

:ihhltuummmﬂﬁx-mm““*mmw

mlgu;g]nmmmulm-lcl,i.e-[.ﬁ}r{ﬂlalﬂ.lﬂl.

Wumber of 2 sets af a bme = ¢, .

ie [A A BL [A A CL BACH B DL [Cr D) jAn D

Number of 3 setsal a tme = 4y, 02

& A BACl lan B O] {4 nCr DL B Ca Dl

And numiber of 4 sets ata fime =dg, Le AN BEACA D)

b) Ore set at o time are included, two sets at & tme are excluded, theee sels ap 5

Hme are included and four sets at a time are excluded.

3. Taking odd number of sets at a time are induded and taking even msmber of set
at a tme zre eccluded,

Theorem : Led {4 1. A5, .. A, be a findte collection of sets. Then

n
[Apuazu vaa)= Flal- T [ainay|
I= 1 ESisjEn

X |Ainapnag]+ o
Isisjsksn

fEU A N A A A
Proaf : Proof & by induction on n.

The theorem 8 true for no= 3, 3 and 4
Puembeee of sols and prove i for 1 sols, et va assuma the throrem for (n - 1)

A
I J‘-‘-"Jz'—“'t;'-'---'u"tr.l=]f&1uA1uA3.-.uAn,|}uA.|
=|A|uﬂ1uﬂ3u...u.l|.“_L'+§ﬁ.|
ltAvAzuay uaA, ALl o)

m

Dizcrete Mathematiza 128 b
By induction hypothesis
a=1
|A1u.ﬁ.1u...u Apglm ¥ (A= T |ama
E=1 TElgjEn =1
+ [Agmajmag|-.
15152 ksn = 1
U A n Ay Ay e (2

Now [(A WA uAz . h R =
[ty dpho Ay Ao g AN

n=1
- EIL,-(‘I.Anl— E IJ\|F\.H.|I"'|.R“|!+ |.ﬁ-gl’\-ﬁ.||'"|.|'|.ll"|.ﬁ."1— -
la ] 1Sisjsm— 1 1KiSjLfksn~1
FED YA n A AL AR v (3

Substitating equation (2) and (3) in equation (1), we obtain the equation

R L

n
Ao Ay wAg]l= F |A |-
im 15 ijem

+ Lﬁlﬁﬁjﬁ.ﬁkl....
(ESETES I
w{=1" " YAayn Asnam Ay
Corisider & sef of imtegers from 1 &0 250 Find hotr sy of these niimierd are
divisdble by 3 o 5 or 7 7 Abso indivade kot sty ave dreisible by 3 or 5 bud ned By 7.
Solution ; Let A, B, C denote the set of integees from 1 to 250 divisibles by 3 or S or 7.

:I-:SE | Remark
| [a] denates integer part afa.
g (320 =83

TECHMCAL FUBLIATIONE » As i s B kmowiecke
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-HThq-r

a4l

fonc = [3] 7

m =
|hnﬂﬂcjp[ﬂﬁ} 1
jaubuC| = |ﬂj+|EHJ+|C|'—!']Ar“|B|+|ﬁﬂC|+|
w B3+ 50 +H-[Ii+1]iﬂ+1
= 135

BrC|]+ |[AnBAC|

B lhvBuci-icl

|A]is mumber of integers divisible by 3.
| B euembeer of integers divisible by 5
|AwB| = |A|4/B]<|AnB|
= B3+ 50-16
= 133-16
= 117
Numier of elements divishle by 3 or 5 but not by 7 s
Jhw BuC] - |Cf = 135 - 35 = 100
Cr
Number of elemends divislble by 3 or 5 but nod 7,
[ uB-C) Le
= J.wﬂr—l!ﬁncl+|5ncf-,mnam:r||
= Wr-1+7-3)
® {17 =17
= 10

—

TECRaCA PUBIITERE . ke i et b bty

Discrwde Mathamalics 1.4 Sot Theory

) Mo many integers between 1 to 2000 are dicieible by 2, 3, 5 or 7,

Solution ; Suppose set A dencdes the number of integers between 1 to 2000 divisible
by 4,
Sot B is the number of integers between I and 2000 divisible by 3.
Set C is the number of integoes between 1 and 2000 divisible by 5.
Set D i the number of integers between 1 and 2000 divisible by 7.
|A] = [”Tm]tmn

- 4] e

1+ [

ID| = [E;E] - 285

[AnEB| = [% =33

|AnC| = [-fx—:;] =2

2000
|4nD| = [zxr] =142

|BAC] = [% -13

[Bp| = [325] -
|cnD] = [%]:5?
|Anbc) =[] -
|AnBaD| = [0 ] &

HEK
|AnCAD] = [i_xs.ac?] =25

et
|l.|‘|l:r'|.|:|1 E {Tﬁr}_?] = 1%

TECREAL PRELIEATIAE « A o It B breasiarsn
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= Disorala MoMamarcs .43

2000
[ARBACAD| = [ 33-:0;5.\:?_] "3

Nuriber of elements divisible by 2 or 3 or 5 or Tare| AvBUCUD]

g |AuBuC| = !.ﬂ.[+fi]HC]nI|.ﬁntl[qln.n{'pfllhntuﬂﬁnEﬁl:‘r

M= 32+2ﬂ+-ﬁ—!?+15+]ﬂ]+|.-\.n!nq

o inchusion exchusion princlple Y = T ke
auBucuD| = |AMBHICHD] M-8 = |JAnBAC|
-H,L,-,g],!anqq.]ﬁnchjﬁnD|'+[BnD|'+|'|:'.»-.n|-I = |AnBnC| = 5
+ [AABACH{AnInD|sANCADIH{BACA D) S students study all 3 subjects,
e h}Mmbuﬂuhﬂmh:hﬂﬂrguﬂymemhjm

& JAuBUCUD| .1m4mnm+m-r3m+m+m+m+95+m
+ |6+ 4T+ 28 10] -9
= 2351 - 960 + 160 = 9
= 1542
ummn@nuwnﬂhmﬁb,mmm 45
Bisfogy, HMMMM%,?MM}MM%, Iﬂuw,
physles and histogy amd 30 do nat studly amy of the Hhree subjects.
&) Find ihe nmber of studets studying ol tiree subjects.

Mumber of students srudying only mathematics i

Hfﬂﬁnmhrq*ﬂnﬁwmdmmqrmqmmw RSl
m;&hicmmmﬂummmmmpww _::: Al
And |X] = 100 Number of students studying only physies is
|A] = 32 |Bl=|BAA|=[BnC[+|AnBALC]
PR = M-7=-10+5
€] = 45 e
(el i Numiber of stadents studying anly biclogy is
[AnB| « 7 P ey
]Hﬂ{.l. ! = d5=15-10+5
].ﬂ.'n[ﬁ'ﬂf_"| 3 e
[A'ABAC) = 100-]AuBug e A
ﬁ'lﬁUWCI-Im-M = 15+8+25=44
= 70

\\h‘—\__________— FECHmCAL PUSLIEATIONE" . A1 1 vier for ingudsdpe
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M' e o M A
e e o~ Imwﬂwﬂ'lﬂ'h.:ﬁ-’u :h""“‘!-
i xa ) pusaers stk S8R dady g
s Boagpht &t bttt el

A e s
Lt & be e e of s who bought b aficher
Al = MhG
B e e sember of fim Wi bought window decals.
B o MO0
£ e the pemlaer of s et bey S
€ = 12009
A Bl » OO0
A=B = W
Bal = 410
Ang = 500
0 ACELC e A =EC “LAnBlANC[+|BAC|l+|ANBAC|
0 e X000 . 000 - 12,000 = (3000 + 6000 + 5000 +| AnBnC)
2000 = SO0 - (M) . AnBAC|
DO - RN = A s EAC
= AnBAC = &0

400 S boght all the dhove ey

__-_‘—'——-_
ARCoed T ————

v i*-. “ )

L

Number of fare bought up only bussger stchers
|A]=tAnA[=| ARC rAnBALH
- 20000 - SO0 - NG e 00
& oo
Number of fans bought up only window decals
- [Bi=jAn b=/ BC el AnBal
- 36,000 - 9000 - 8000 « A0
w 25000
Number of lans bought up only key rings
m [C|=jAmC|= Bl e ArBal
w1000 - SO00 = 6000 + 40X}
w 5000
= 10000 + 25,000 » 5000
- 40000
QlijAauBuC|= E0L000
Then 60000 = 20000 + 34000 + 12000 - [#00 + G200 + S500)
o ArBAC|
= |AnBAC| = 0,000 - 48,000
= 13,0
which b rot possdbls.

wm‘ W P



A"

s |ARBRCIEANE
aso |[ARBACIEANC
asd |AnBAC|cBnC
. Neanber of cements o [ANBAC
Cannct exced mumber o eeens [ SUPeT E€%
I JAvBuC| = 4400
Then | A BAC| = 44000 - 48,000 = = 400

which is again ot possdle,
A suroey wes conductd amung 1000 pecyle of these 535 are Democrats, s

%mﬂmmm#““”mm Ny
them e Democrsts who [z icecream, arad 400 of them wear glesses and ke icecream 25y
of them ane Democrets wh wear glasses and ike cecream. How many of them are ngy
Demserats do rst wear gleses, and do ot like icecresm 7 How mumy of them or,
Democats who do not wesr glasses amd do ok ke icecream 7

Solutlon s [X| = 1000
e

|A] = 595
| B be the number of people whe wear ghases,
[B] = 5
|C|'be the mumber of people who like icecream.
jc] = 50
|AnE| = 395
[AnC| = 330
[BAC| = &0
[AnBAC| = 250
|AvBug :L.::i:ﬂ!;[{;:jqanr:|+[.u.nc:]j+|.-mnnc|
|[AUBUC) o g AN

Mmmmnmmmm "

Sl Theory'

Evscrale Mathamatics r.47
= 1000 - B45 = 155 people are nefther Democrats, nor wear glasses nor Hie
{cecream.

0co

MNumber of people who are Democrats who do not like jcecream and do not wear
glasses,
= |A|-|ANnB|-|AnC|+|AnBAC|
= 5595 = [395 + 300] + 250
= 845 - 05
= 150
It i Jonowm that af the university 60 percent of the professors play tenmis, 50
percent of them ploy bridge. 70 percent jog, 20 percent play fennis and bridge, 30 peroent
play temmis and jog, and 40 percent play bridge and jog. If some one claimed that 20
percent of the professors jop and play bridge and temnis, would you believe Hhis claim T
Wiy 7
Solution :

Let A, B, C, denoies the number of professors play tennis, bridge and jog
respectively.

mmmmﬁ".uumwm



|J|_|=| -0
o =
jc| =™
jAnE| =2
janc] = ¥
|BAl| = #
|AnBnC| = B
= [Ais|B
L - Luilutm-mmml*m
= 110
mhmpmkuiﬁuﬁuq c X end the number of elements in | AL gp

ot exceed ramber of elemests in the universal set X-

Amorg 200 students in 8 class, 104 studenls got n A, i first exeminglyg,
end §4 studenty got *A" in secord examination, Jf 68 studenls did ot get an A" in eithe
of the examinsion.

i) Hire mamy students gt *A°" in both the exmmination.

) [ mumder of students wha ot g A7 i the first ememimabion @5 equal fo dhat who g
ant *A° 0 pecond exarvination. If the dntal mumber of sthudents who goi ‘A" in rxactly gy
exemintion i 160 and if 16 studemts did not gef A’ in either exminatim. Determing
ﬁmgmﬂwu'hhm.mmgﬁ ‘A" i second
it e mareber of students whe got "4 both examsinetiond.

+|g;|_[|,q..-.:|z.|+|,i|. r-.CHBnEiH AnBNC|

&~ Universal set
|%| = 20

Lt F demots e pet of students whe got an ‘A’ in first examination and 5 denote e
wet of piucderts who god im ‘A" e second exermdnadion.

64 sindemis &l not get A & either mminabion Te

Sclution

Fus| = '8
- Fus :‘x _E':FUS]“E
[ mnﬂ

= IFus = 12

_— v

ﬂmﬁﬂmwwmamm&nmﬁmummfnﬂ
Mow  |FuS| = [F|+]5]-|Fn8]
132 = M + B4 |Frs|
|Frs| = 56
i} |E| = [5]
mn:wnmmmmgmammmmmuhspls—ﬂ

and  |F@5| = 180
16 studerts did not get A in cither examination

[(Fusy| = 18
= [Fus| = [x]-|Eusy|
- |FurS] = 200 - 16 = 1684
Kow  |FuS| = |[F@5|+|Fn5|
As F @5 and Fr S are pairwise disioint sots.
= 184 = 160 +|Fr5|
g |FrS] = 164 = 160 = 24
[Fus| = [Fls{si-{Fns|

184 = 3|F]-24

2|F| = 208
- |F| = 104 and |F|=|s]
= IS| = 14

I TREAEAL BT s b v
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| A demotes eardinality of A sindlarly |B
r,-.|.[’m]-m
= [ 5]
el 3]
o[
|Ang] = i’!}}].u

|BrC| = [5 n]”

500
A =
i ﬁC| " [H:mh;n] 8

) [AUBuC] = |A|HBlCl-|AAB[+AnC|+BAC|I+{ANBAC]
= 160+ 45 =13+ 154 9]+ 3
= 287

“

RO mELUcanonE. P

| and | €] denotes cardinality of B and C.

Mimber of integers divisible by 3 or by 11 but net by all 3, 5 and 11,
= |[AuC|-|AnBnC]
= [|&|+|C]-|AnC|l-|AnBAC|
= pE+45-15-3=19

Nusmiber of integess divisible by 3 or 11 but not by 5.
= |AuBuC|-|B]|
= 157 - 100 = 157

TECHAEAL FLBLICATIONS . Ao 5= Tua b ngereige



i
hkwgﬂﬁm ok and fortune, 11 read both
26 ead fortne. A0 9
rod i, 6 TEL e end fotine il § read o miagzine i
e time, § read P mﬂﬂﬁﬂﬂlﬂg‘m
{0 Find et the mum=eT people s of the Viennt diggram.
mmnwmﬂﬂ*‘““'ﬂm iy vt Eagee
Solution i x._,.mrr:ml!'
1% = newsweek magazine.
wnmmmhﬂfr"“?*mm’
s IN| =
:mwmwdw"“"‘d““w'
: IT| = 2
F demote the number of peoplle who read fortune magazine.
[F| = 2
[RnT| = 11
[NnF| =9
[TAF| = B
[NAT'AF| = 8
Uing DeMorgan’s Law
IN'NT'F| = |Xj-|NUTUF|
8= w-mumrp
= |NuTuF| =
1 |NuTuE| = jN]l|Ti+rF| ,I]Hn'.l'HNﬁFffiTnP]]diNnTﬁFr
- 5 e BiXema [llih!jdinTﬁFf

L]
|[NATAF|=3
i) |=

p——

[Déscrata Mathamabos f-8

Explanation :

As [NATAF| =3

asid people who read N and T both = 11 which includes people of [ AT F | als.
Hence people whe read only N and T but not F will be 11 - 3, hence 8 people read
andy N and T similarly |Tri F| = 8.

Then people read anly T and F=8 -3 1. 5.

and  |NnF| = %

= Peoplerad oy Nand F=9-3ie 6

Also,
|N| = 25, which indudes NAT|, [N~ F| and [NATnFL

People wha read only N = |M[=[|NAT|s|NAF[l+|NATAE|
=5=[1+9+3

People who mad anly N =8

Feople who read only T = [T|=[[NAT[+TaF[J+|NATAF]
= 6-[1l +B8]+3

)

Feople who read only T = 10 )
People wha read only F = |F|=[|NnF|+|TnF|l+]NnTnF]
= ME-[0+8]+3
w3

Feople who read only F = 12
muubuufpmpkmmdsm:ﬂfwmm

= Equation [(1)« () + (3] =8+10+12=30

(ESIRETY Suppose that 100 out of 120 mathematics students at & college ke at least one
of the Lenguages French, Germun ad Fussian. Alss swppose
E5 shudy French, 20 study French md German
45 shudy Germam, 25 study French and Russim
42 chudy Russion, 15 shudy Germam and Russie
i} Find the number of students who study all the three lemgudges.
iéh Fill i correct uember of studenls in axch region of Vienn disgrom.
i) Deteraing the mumber E of studmbs wha study
a} Exacly ore ienguage.
bF Exactly tww benguayes.

ECHMCAL FUBLEATIONGT An up Bl ior s



P

who study
[FuGUR] = 100
[F| = & [FnG| = &

(6] = & [FnRl =B

K| = & [GnRI = 15
4 |FuGUE| = |F|+|G|+]Ri-[iFﬂG]+| EnR[+|GnR[]+[FnCAk|

= .55-1.5+42—[IJ+E+]5] ﬂFﬁGnRi
100 = 5'2+|FnGnlt|

= |FAGnE| = 8
Hm!mﬂnthshld}fﬂﬂuuw

)

Explanation
As |[FAGnR| = 8

Students who stady F and G but not all 3 will be
|FrE] - [FAGrE|
= H=f=]l

Skudents who study Fand R but not all 3 will be
[EnE| = [FnGAR|
=B5-4=17

=

TECHMCAL PUBLCATINS . i 1 e i e

1.8

Students wha study G and R but not all 3 will be
|GAR] = |[EnGAR|
= 15-8u7 w3
Students who study oaly F but not G and not R
= |Fl=[[EnG |+ EAR[] +|FnGnR]

= 650+ 2] +B=18 il
Students who study anly G but not F and not R
= |G|-[|FNG|+GNE[] + |FnGAE|
= 45-[2+15]+8= 18 o
MﬂmmwﬂrRManuﬂmG.
= |R|-l|I-'nR|+|Gnk“+|p.~.g;.-,g|
oo (B

= 2=[5+15] +B=10
E]ﬂﬂmﬂsww}umdgmcﬂrww
« Eauation (4) + Equation (5) + Equation (8}
= M4+18s10=55
b]NmbﬂdmﬂnﬂmM}'audh'mw
e Wﬂﬂmmﬁﬁqﬂﬂmﬁ}*ﬁiﬂﬁmﬁﬁ
s U+ IF+T=3

Cut of the integers 1t 1000
fJHuwnqumemmdfwﬁH:iys,whyEmﬁg?r
mmwmymméwmmrmmmr

mw:iam:tdmﬂnmhmmiﬂ:hwa.
1 denicte pumbers divisible by 5
and C denose rumbery divisible by 7.

R
}51-[1?]-31'

el = [5F] = e

W’



-8 311']3“‘
EUM—\ Evscrs Mathamalcs 1-87 St Theory

100] o s
|AnB| = [-5;5] ¥ (EEERERER] i the suroey of 100 new car, it bs found that 60 had Air Conitoner (AC
- 44 had power stering (PS), 44 had Pewer Windows (PW), 36 haf AC & PW, 20 had
|Aﬁfl=[;_§f = & PS5 + AC, 16 had PW + PS, 12 had all the three features, Find the number of cars that

had : ) Only PW 1) PS and PW but not AC.
jii) AC and PS but not PW,

Solutfon : X — Undversal set

1000
|AnBI‘I':| o [3:53?] o [X] = 100
t A denote the number of AC § cars,
yBI{CI-IABIANCIHBACIT+|AnBAC| " AR

100 - g
|H|"1C| = [3;'?“

|auBuc| = |A] |A] = 60
- 304200+ 142 - [56 + 47 + 28] + 3 $ denote the mumber of PS in the cars,
= M3 I5] = 48
mmmmmﬂﬂﬂhkhyﬂﬂﬁﬂ?-mm“ﬁdﬁmm and W denote the number of FW in the cars,
divisble by 3, nor by 5, nar by 7. |W| = &
. =|A‘ﬁB'nf—"l |An'.l|"| = 34
i = |X|-|AuBuC| |AnS| = 20
= 1000 - 543 = 457 |SAW| = 16
i) [AnSAW| = 12
i)
A
A
(=4
=L W
Musrber of integers. divisible by 3 buy
: not by 5 and ; :
l[AnBAC) = IAnBuCy| o not by 7 is | An B O
L !A|—i!hﬁ3|+|Aﬁcr]+|ﬁnME| MNumber of cars that had only power windows = | Win A ‘5|
=3;'=‘5-1551.m‘g=m ]th'ﬁ5'|- WrlAus"

= Wa{AuS)

| W =(A LS| = | W |=[Wn AW nS)]
_\m e s




MM

[Discrale Mathamadica 1-80 Sl Theory
—|WnAnNS
mwnml-lw*ﬂ”*"”“s”w” | ) Amang 100 students, 32 study mathematics, 20 study physics, 45 study
|wn . w;-uwr'-ﬂl*!“’“s”‘*'wnsn‘” mm,zss@mmmmm,?m@mmmmm
|wnanﬂl“l physics and iology, 30 do not shudy any of the three subects :
i e16+12=4 i) Find the number of stiudents studying all the three subjects,
iy Find the rusber of studemis studying exactly one of the fhree subjects,
ii

Solution 1 Let X denote universal st 8 denote set of students studying mathematics.

Pmmcfmdmhmmmm&dﬂmmﬂummﬂm
biology.
Then [X| = 100, |[M| =32 |P| = 20, |B] =45
|MAB| = 15, |MAP|=7, [P B|= 10
M'ABAP] = 30= |[MUBLF)| =3
W

or |MUBUP| = |X|=|MuBUP|
w 100 =30 = 7O
i) |MuBWE| = |M|+|B|+|B|-[|M~B+| MAPl+ BAP|] + | Mo BnE|
M =32+85+0=T15+7+10] #|MnBAF|
= |MABNF| = 5§

Missriber of cars that had PS and PW but not AC.
[SAWAA’ = [SnW]-[AnSaW|
B lfi-12=4
i) Mumber of ears that bad AC and PS bt riot PW.
[&nsaw!| = [AnS|-|AnsnW]|
= W-11=8

ii) NMumber of students studying mathematics but not biolegy and not physics.
= |M=]|MnB|+]MAP|l+|{Mr BAP|
= A-[15+7]+5=15 e (1}
MNumber of students studying biology but not mathematics and not physics,
= |Bl-[[MAB|+|PnB[l+ M~ BAP|

X
- _I = 5-[154+10]+5=125 .
MNumber of students studying physics but not mathematics and not biology.
= |B|=[|MA P+ BEAP I+ MABAP|
= W-[7+10j+5=8 o 3
e IREEE)

Hence rumber of students studying exactly one subject.
= 15+25 +8= 48

TECWIWEAL PosLCATIONS" < An R L o Rrererkd




e, B Y- L L

ﬂn&md’ﬁmuqu‘mﬂyﬁg different subjets o
M%M%MILWIEM+HPHH_ o
$+W£,M+Mﬂﬂﬂrmmmt

Fie the mamer of s who e 15k2n £ subjects.
9 At et e bt 0 Encly ont bt (8) Exactly fo

Sqbuion : Lef X denets imiversal set.
Let M denote set of students studying mathematics.
F dengte st of students studying physics
and € denote set of students studying chemistry,
Then  [X| = 55 [M|=23 [P|=24 [C|=19, |MnP|=12,
[MAC| = &|PnC|=7
[MAPAL| = 4
i [MuPuC| = |H|'+|F]+|C]-|]Mn?f+!Mnl:’.'l+|Pr1E]Ii-iMnPnC]
=EA M- [124547 +d=42
mhwhdmmm“hmﬁuhutmph}shnﬂmtmmhhy.
= |HF-I|';'L'E|'|.PHM|'\C”4|M.|-.PHC|
=B-N2+9s4=¢

el
Muﬁuwﬂmmmmphmhtmmﬁmmmmdmw
=]F[-[|Mn?|+j|*n!:‘;']+|h|n?nc| :
U247+ qug
thﬂﬂfﬁm:ﬂld}'lug @

bﬂ]mm&ﬁuﬁ“
bew and i
o |C|‘H’PI-'1C|+|PAC|HHHPHC| R

" . I P i

:.mnunhrnflhbdmtsl.hldm exactly one subject = 6+ 9+ 7 = 22
jif) Number of students studying mathematics and physics but not chemistry

= |J'-IﬁF!-—|MnPan

= 12-4=8 v (4}
Mumber of students thdjlingph}rslminddnnﬁsu}rbutmw

= |PnC|-|MﬁPnl:|

= F-4=3 e (30
Mumbwnfamhmdmwmmdmh:mphm

= |MaC|-|MAPAC|

= 9=-4=5 3]

ngmmﬁerufmdmhsmmwmm

c

k) Cne hundred sporismen were asked whether they ploy whick geme ; ericket,
hockey, football, The results were

45 play erickel, 38 play hockey, 20 play football, 18 play ericket end hockey, 9 play cricket
and football, 4 play football and hockey and 23 play nane of these
me#?mndﬁngmmﬂmmﬂ?sﬁdmﬂnmuﬂqfwmymﬂw&nmg
spartamen who play :

1} Exartly oot of ihe gomies

2} Exnctly iwo of the games,

Solutlon @ Let X denote uriversal sot

Let 'C' denote number of sportsmen who play cricket.
'H' dengote number of sportsmen who play hockey.

TECHMCAL FUBLICATIONS ~ s it twa! for brveminiiye



wburhfﬁ’“tb‘ﬂ‘ Cigermte Mathamatica -
Sal Theory

denate sumber of i
i |x|-m|c[=i§,|H|’=55rlr"m"|an1 18, i
AN |= B -8
IEI"IF] -9 |1:-ﬂ|-]|!sn4-l.||c Iiﬂlﬂ!mﬁﬁufllpmwhph}, B i g
e UHUE' = 14+5+0=18
|c'nH AP =C
=1n-28=7
o %

cuHuF|
r w.ahaaui—[w*‘—'“l”c“ﬂ"‘f"
.
= FﬁHﬂﬂ"
wh?;.ymﬂrmdndmmthomiuﬂmwﬂ

qnmbarnt’.pmm
. |c|4[iCnH|+anF|]+I‘3“H“”

) ﬁ-—!iﬂ 1'9]“"':2

Nismber of sportsmen who play only hiockey but
5 JH|_[=CnH|lfHﬁF|I+|CﬁHHF|

L Al
CuHUF| = X[ €vHY
|Cu = |cl+H] +|FH|'C""“|+|C""'P!+|H”F|]+|EnH,-,FJ

ol (EESEIRER) 100 of the 120 engineering studees i @ collge tae part in atleast e of the
nat cricket and not football aesioty iy Sl ieie Ink-
m:ﬁpﬁhﬂrhpﬁpm&mﬁpﬁ:ﬁvﬂfhm&,ﬂpﬁﬁ#ﬂhhqﬂ
20 participate in group discussion and debate 25 particpate in growp discussion and quiz
15 parkicipate in debate and quiz. Find the mumber of students who participate in : i) AI

s
e =18 +d]rd=20 - > :
theree activitics ifl Exacily one of the sctipitich
and not X
Nmuwwmwwmmmmm heekey ot ¥ Al il
|:~‘.| = 120

= |E|-I[HAF[+{CnF]l+{ CAHNE|

= N=[e+9]+d=1 Lﬂﬂﬂmﬁmﬂﬂﬂﬂudmlﬂmp‘ﬂhmm

B denate number of students taking part in debate

/» Nizmber af sportsmen whe play exactly one game.
= D+W+12=54 and C denote numiber of students taking part in quiz.
; i) Niumber of spartamen who play cricket and hockey but not footiall [AUBUC|=100 |A]=65 |B]=45 [C|=d2
= |CrH|-|CrHAE| [AnB|=20|ANC|= 25 [BnC|= 15
= 16~4=1 -l B |AuBUC| = ja |+ B]+fC| -[E'Anﬂ1+|AﬁEJ+]BﬁC|I+§.&anC|
= - B
Mumber of sportsmen who play cricket and football but not hockey, 100 = 65+ 45+ 42-[2+254 18] +|AN |
= |CnF| - |CnHAF| = |AnBNC| = 8 _
=§-4=5 o mnmﬁmmmpmmmdmmmmmmmwmm
= |a|—[|anB|+|A.nc|1+|.mnnc|
=

usber of sportmen who play hockey and foofball but not cricket.

= [HAF|-|CAHAF| = 65-[20+25) +8=28

.I~ . TECHNICL FUBLEATIONE. i up s for ircsiscn e FUL AT s bt




g By
prnlt mdmhbummmdmﬁmm
"y

Wﬂwmw

quiz BAC+|ANBAC]

d]ﬁl"!l'ﬁnn

_a5-pe1eei=1 §
but not in group discussion

Hmwdwmpmmqub 0 g

o = |-|:1-]].|'mq+|5nq+|ﬁ nBAd]

= u_lﬁ+|$}1‘“m
ience nusther of studenis doing exactly one activity
= W+ lE+10=56

il ! w33 found that in the first year computer science class af B0 studenss,
MMﬁt'MﬁFﬂﬁﬂﬂmmmﬂma?m 'C* and COBOY,

28 °C ond PASCAL and 25 PASCAL and COBOL. 7 shudenss
L Fod however knew nome of th

¥ Hots ey ke o the thre kamguages 1
1) Hio ey ness ety enguags 7
Ealution ; mw&mhm?
-mﬁdmhmdmhml

[Discrats Mamwmatica 1-85

~#

Hgmg“huﬁuf.'}'l -7
Also [AVBUC] = |X|-|(AuBuC)|
Hene [AVWBUC]|= 80-7=73

{AUBUC] = |A|+|B|+|C|-[|AnB|+|AnC|+|BNC[]+ |AnBNC]|
V3= 455+ 46= [T+ 3+ 25+ |[AnBAC|
ArBAC = 12

{i) Number of students who Jmow enly COBOL and 'C* but not PASCAL

= |AnB|-|AnBALC|

= 37-12=18 -
Mumbar of shadents who know only COBOL and PASCAL but not "C

= |ARC|=jANBNC)|

=25-12=13 - {2
Mumber of stodents who know only 'C' and PASCAL but not OOBOL

= |BnC|-|AnBnC|

= B-12=16 -3
Hence number of shadents who know exactly two languages.

=5 +13+16=54
iii) Mumber of students whe know enly COBOL but not 'C' and not PASCAL

= |Al-|AnBl+{AnC|I+AnBAC]

= S0-[ +25]+12= 0 4
Mumber of students who laww only 'C° buk not COBOL and not PASCAL

= |B|-[|AnB|+BAC|]¢|AnBAC|

= 55=[37+ B +12=12 - 3
Number of students who know only PASCAL but nost COBOL and net 'C,

= |C|-[|AnC|+BAC|l+|AnBAC|

= -5+ +12=5 - 18
Hence rumber of students who know only one language =0+2+5=7

TECHMICAL FUBLIGATIONG - An up Fwus b Engwisdpd



mh.ﬂwgﬂumﬁmmw "-"‘ﬁ""ﬂ’ﬁ‘ﬁ'.i"w'mwhm

utch fothal, 195 welch Rockay, 115 waich buskethal, &5 watch football and

the e pames,

il Hirtr ey pecple tm e survey tnatch all three games

i) Hew many paople swich exsolly ome pame 7
Salmtion @ Lat F denote the set of people who walch foodball.

H denale the set of
— Wﬁmmmwsmmﬁwmﬁ

X =+ Denote universal set

Then|X| = 300 |F| =285 |H|=195 |B}=118

[FBj =45, [FoH|] =7, [HAB| =50

!rnn'nH‘|-m
e FuBuHY| =50
=2 JFU BuHr = ix]-[[puﬂum.-r
= SW--,H]:.“U
ﬂhﬁug{mww.

tchi all the thepe
i : Eames = | Fmy 1
[Futiug) ]F]+|H[+]B|!—liFnHJ+fFﬁ Bl Hn B]]-JE:HZ:::

i - m‘llﬁ.‘,
15 -
rF"'HI"uEJ vl mtlﬁ -lﬂ_ld-]FﬂHnBr

i} My
= FFf—rlFﬁﬁr'ﬂFﬁH]HanH]
= 235-—5!.5*?9]4.29””
-

 —
e —

i-ar Sail Theory

Mw
Mumber of people wha watch enly hockey,
- I'H|-[|Hﬂﬂi+|HﬁF|]+[FanH|
w 195 =[50 4 70| + 20 = 95 v (2]

Mumber of peaple who watch only basketball

= |Bl-l|BAH[+|BnF |+ FrBriH|

= 115 - [50 + 45] + 20 = &0 - (3}
~ Number of people who watch exactly one game.

= 190 + 55 + 45 = 325

CEETEED) 4 survey hus been tukem o methods of cowputer travel. Each respordent mas
asked to check bus, troin or autmewbile o5 o majer method of treelimy bo mork. More Hham
one arsuer was permitted, The reaudt reperted were a5 follos ¢
Bus-30. people, train-35 people, automobile-100 perple, bhes ond tram-15 people, bus ond
mutomabile-15 people, tratn and eutomebile-20 people and 2l threr pacthods-5 people. Hoo

rury people completed & survey form 7
Solution : Let B denote set of people travel by bus. Let T denote set of people travel by

train and let A denote set of peaple travel by autoenobile.
Then |B|= 30 |T|= 35 |A|= 100, |BAT|= 15
[BrA|=15 [TrA|= 20 [BATnA|=5
Mumber of people completed a survey form,
= |BuTuaAl
= |B+|T|+|A|-[|BAT|+| T A |4 Bra|l+ BATAA|

= 3435+ 100-[15+15+ 2] +5=110
s [m [

Immmw - Ay o S o e
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Functions

Syllabus

""‘fmd.rm‘ﬁm.', & definition, Co-domain, range, image, value of a function; Examples, surjective,
W:;’_:f’ﬁ bﬂ‘}f"’m"ﬁ’; ?ﬂ”‘fffg; ?ﬂmpﬂgfﬁon of functions, examples; Inverse function, Identity map,
condition of a function to be invertible, examples; I i tions, Properties o,

Composition of functions. p nverse of composite functions perties of

Cantents-

2.1 Functions or Mappings

2.2 Function as Set of Ordered Pairs

2.3 Equality of Two Functions

2.4 Identity Mapping

2.5 Constant Function

2.6 Types of Function or Mappings

2.7 Inverse Function (Mapping)

2.8 Composition of Functions or Product of Functions
2.9 Comparability of Sets

2.10 Cardinally Equivalent Sets

(2-1)

- = . s |




' 2-2
[EE Functions or MappIng®
nﬁﬂﬁhﬂ!ﬂﬂfiﬂdﬂ#ma_dﬂum
mnhhmdiﬂ‘“ﬂ”w-mﬂwmndw." T
s eornpmadenee  fom A o Bis & funcin o 3 mapping I ant only g
Then

1. Every o !uhmmidﬂh‘.
. different chairs.
2 Mo studemt s gitfing on (e : - -
 these conditions are satisfied, f is called 2 ﬁmmm:ppmgandnudezw&
I:JL-UE-

Remark i
L. 1f ooe student is standing, then f cannot be a functicr.
different chairs still f can not be a function je ¢

2. If one shudert is ocoupying two 3
canniot be of the type one element is corresponding to many element.

EEEY osfinttion of Functions
Let A and B be two non-empty sets. Then a function. or mapping f from the set A ko
the st B s & rulo which assigns to each element & £ A to unique element b e B.

We gy that f maps element a of set A b element b of set B and that f maps set A
set B

The notation denede that f maps a to b i
fla) = bor (a,b)el

[Remark : fis well defined I f (2} =b and £ a;) = f
= bag

[EEEY Representation by Diagram
Let the interioes of the two closed areas represent the sets A and B.

Letag ag.ay. be the elements of A and by, by, bs, ... be the elements of B.

The mapping or fsction {1 A — B is .
¥ : represented by means lines joining
hmwhfm&&mhdﬁ;;& ot ool

1. Every a e A is joined to tome b e B,

ET“WMMhJ‘ =
o to by in the figare 21y, - e 19 e same point in B (s, 2, &

3'Fwﬂ‘i’!’b&l‘l¥¢wm "
Wdﬂwhmmhmmmh

——— 2-3 .
Examples : ——
]. Let 5y = {1, 2,3
5 = pans
For figure 2.2,
1 e I
]
Fig. 22
l-Sl—rSIiilfnneﬁonltmahuhdumdhys,_f--psi
z A= lmpeh B=L23 4
A ol
{
|2
3
Fl
Fig. 2.3
Far the figure 1.3, . . ;
fhndnfmeﬁmﬂﬂmﬁwﬂu:hhuumhdm&mdmm
. 3,4}
B=(l2
3 A= uyzh BF o
A il
Fig. 14
———_— e v o e




o S

2= M
piscrafo Mathemedes
For the figure 24,
is not in with
lunﬂ:huuﬂmuyﬁﬂmmhum correspondence ira :
i-. h=4x.-3r,z.tlrﬂuu,1,3,s,5,5;
PO SEEE
L
—
k]
g
]
&
Fig. 2.5
For the figure 15,

s Benction fram A to B as every element of set A is in correspondence with un;

elament of set B,
Mﬂrf:h—;ﬂ.fuaﬁmﬁm&mﬁ.wﬂ.&lmmmdemmﬁﬁm
carrespond with one element of set B, Also B may have elements with which no elemm,

of A is corespending).
EEE] imags of Function f
If fis a function from A to B, de. f: A= B
then for fa) = b, element b of B is called f kmage of element a of A and element a
called preimage of b
EEFY Domaln, Co-domaln
If f 5 a function from A ta B,

ml.r.l:545.Mmﬁhhwnudmlhuhmdselﬂhmaim'm

EXER Range of & Function
Range of {f) = (b:beBand Ha} = b for some a & 4)
Inouanmwannﬂnmmnwﬁmmnmmt

Discrede Mafematics 2.0

Example 12 A=l vz d B=(1,2345

) =1
fy) = 1
fz) = 2
i = 3
A is known & domain set B is knovm a3 co-domain set

Range of [ is a subset of co-domain set

Em;euff={l,Li]i.anngeﬂffhuldlbnuﬂmﬁﬁvﬁﬁthmmﬂ
with some elements of domain set A

Elme:ﬂtnfdumﬂnuetmhmmapm-tmagenffnﬂdmmhu!ﬂh@!ﬂ
known as -mage of set-A.

Function as Set of Ordered Pairs

If A and B are any two norempty sets, then a
AxB
&mmhhﬂmwum.
i} Wae A ablel foesome be B
h'ﬁ{a,b]i[and[mb‘}ef&mb-h‘.
taE .hi-mncimdmm:omdmmt

The first condition ensures that every elemen
element in A will have image. Second condition ensures st ey

m[mﬁlﬂﬂhamtd

B. Thus each
Emmmgmﬁwwgﬂie,mﬂtdmnhsﬂmmmhh
Example 1

Let

A= LE 3,4, B='[bhbz:b3l

b3 bl
£u ELb B EOODILEL g and b of B

s mot a function as 1 is assodated with fw0
——————AE L



e Mahameit ﬁ\
Discrale Maliematics i-7 Furetrna
—_—
—
Fig. 27 i
Exampls 2
A= LT3 B =[by, bz bal -
fu fiLbgh @bk Gball -
~ : ot associzted with any element of B,
is ot & function 25 4 from A is 7 : B Fig. 2.9
'___ By then 'y ae A
- by fa) = gla)
- Hence [ and g mappings are same.
i .- EX identity Mapping
o A ra-tnyl Bels b, ¢, dl, decide whether or not -the following g Let A be any set and f be any function defined on set A,
functims frem A fo B. If they are funchions, give the range of anch; if not, bell wey 7 ief:A=A
ahf=lx, al, fy, B, = ol b =[x, a, fy, e, {2, B), (%, c)) and fix) = z,YEA
df =iz, d ty. B d) f = x, a), ty, b), (=, d}} .
mmprphguhmuuﬂﬂq'mpmwmmhmmdwﬂr
o f=llp bty b tycl g d 0 f=ilx, b, (v, o) (z, d)) denated by 1, Le, identity mapping on set A
Sabution : g
I}Ihlﬁ:ﬁmﬁm&hlmd;mwpﬂxhb,c]_ I ”
) s mat & furction s x € A have two different images 2 and , i . i A
ok urigue. ¢, ie. image of xia o
€ £ in not 2 Functeon f
"“W«Fl- nuidmmmmdhmfﬂmmvfﬂ,i.nzhn e
3?:"“"5“'“"@&[-.[._5”1'" : ¥
ot & function
ﬂlhlhﬁmmm:‘r;n:ri“m”mzhwmm T 2
e .240
Dty o Two Funciony 3
TWo Banctinns f ia identity mapping Iy
m’m"‘ﬁ-ﬂ'ﬁgmﬁm*h“““mﬂhh d
. ™ et YEASL fly) g giy) m“"]“ﬂl ﬁmrﬂﬁ::d EX3 constant Function
* **11.:,3_"‘5_[:_“} i The Function defined from set A to sot B st ffa) = b, ¥ a6 A then [ is called

TECHMICAL PURLIEATIONS - An 1 Il for incwi s

. \ constant function.
E 1 b"ﬂt."-!-mm\f- g u..-h.-h



zee ﬁ,\'

oo it i enough o show
mwfbamwﬁlﬂmwh ﬂm%ql
ey e e
1 ;.:-u,z,s,u, s ibeyd
prample 1 5 |
b ——
i
=
Fig. 2.1
WachA
fa) = ¥ B

- Rio=w M=)
Hence { i @ constant

fanction and renge of £ = [y}
Typas of Function or Mappings

[ 26,1 [0 to One Mapping or Injective Mapping
& Functian [ 1 A& —+ B is sald to be gne to ofe Mapping or one o one Comespandy,
or infective function or anivalent funcion.

W¥ayag€A
flag) = fagh=ay = a3
or lf ap # ag=Hayle faz)

Thus wnder an infective function an
of A a5 preimags.

element of B can have at the most one clsmm

Example 1 A= (1,234, B=lx, v, 2,1 g

A

2=
3
d

— | a

h.ﬂ.-;ﬁ..',w‘um
\_m?m_‘_,,

oo

Discenla iathemalics 2.9 Funcbions

Hemark : In one to one mapping (abbeeviated as 1 - 1) different elements of A have
different [ - images in B il 1 A -4 B,

“mpﬁmhdﬂhwamqwmmﬂ.

If f is an one te one function from A to B, then we write

fiA—*B

[EXEA Many te One Mapping

Letf:A—=B
then f i8 many o one Fanction “‘I’“’! but I|:.|u|]=f|:a.t]- pe f i many fo one
function if two (or more than two) distinct elements of A have the same fimages in B.

Example 1: A=[1, 234 B= gy 2t

=

--..‘__H_

e T

B R e Y

Flg. 243
12 but i1} = A2)
so [ is many to one function.

EXE] Into Mapping

Kf:A=B
then [ is into mapping from A — B if 3 at least one element in B which is not
f-image of any clement of A, In this case range of { i & proper subset of co-domain set.

i f{A) © B,
Thus in 'inte’ mapping at least one clement of the co-domain B is left uncovered by
f-images of the domain A.

Example 1 A= (1, 2,34}, B={xyzt

L
]

Fig. 2.14
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e e s ol e o N

or Surjective Mapping

sangte t A Bl W FeiyAl

f
.lu-"""__"'n
X
=Y

T

& ta

Fig. .15
deﬁﬂfmn‘llhﬂlmeﬁmtdﬁhenmfh-mm.ﬁm
Henee range of f = co-domuin set B
Ot mapping s also known as surjective function {or a surjection) kg

furection fromm A to B then, we write £ : A —=2y B,

X3 many One Into Mapping
HE: A= Bis meny ane ing and also f i =
mfuwmmww
””q"l:"ﬂlﬂhla[lui.

2) 3 at beast one element in set B which .
range of f is proper sabset of co-domain mhm#hfﬂmg' of any element of set A

A |
—_—n

==

piporeis Malemancs 211

Example 1 A = (1,23 4],
fil) = FfiZ) = i3}
but 1w 2u3

So f is many one function Also 32, p, q In set B which are nol [-image of any
.jgmmrnlfﬂﬂ-Hmfhmmmpphulhﬂﬁmfhmywhmmlmﬂn&

m Many Ona Onto Mapping
I f: A~ Bis many one mapping and alss § ls onto mapping then § s sald 1o be

many one onte mapplng.
Hence [ is many one onto mapping U

1) For scmne ag®ay = fla)) = fla)

Baixyzpaql

or
f{;l}- f{lz}b‘uta.ilz

2) Every element of set B is f-image of at least one element of set A
ie. range of f = co-domain set B

or fiA) = B
Example 1 A=[2 4.6 8], B=|x y. 2|
-
o] R
Fig. .17

f iz a many one mapping, f is alap onto mapping 30 { s many ene onio mapping.

Ons Ons Into Mapping

A mapping f: A — B is one one into mapping if f is both one to one and also into
IAPPIng.

Hence f is one one into mapping,

if i) fay) = flag) =>ay = a3, YaaeA.

ii) 3 at least one element in set B which is not the f-image of any element of set A (or
range of {is a proper subset of co-domain set B).

'mmm - AN o Brus! k' Enceiedpe




d

fis oret ane 3 1# F= (RN L]
i) = e B3 =D

erb

Also pnge of £ = 6 & Bl
iu,n_r.xﬁernl'”.l|:n|':|leI'r|,Imi't|:!.t'E.EI'I..I:if!HI'l'fl.id‘lJI.!'El'll:ltfai|!'|.|5;u,mfmj‘_akEh

of A

meumamwppdmunﬂwmmm:

.ﬂ.npphgf:ﬁ-rﬂwhichhu-mnmﬂumhnpm ONe ong gy

mappin of bjection
Hence { s oo one enbo if
i Fagl=fag)=a;=a;
foragway = fiag)= Kagli
i) Every element of set B is f-image of at least one element of set A,
Le. range of { = co-demain set 3.
ar fiA) = B
orvhe B3aea
SLffa) = b

Eampls 1 A={1,2,3), B=fsb,q

e

m'lmrml Function (Mapping)
[f:A—+Bbanone one onto (bijective) mapping, then the mupping 11 :B— A,
which nssoclates to element b € B, to the unique element & § A puch that i) = b s

called the inverse of the mapping [: A — B
A =l 8
1

LLUTET -]
Faa i) e

Fig. 220

conditian for 8 function to be invertible :
131 £ A = B is one ane onto mupping then oaly 1 odss and (1 s also one

one cribo Mapping.
2) In case of one one nto, many one into and many one onio, kvese does not

axist as in case of - ’
) Farrt:B A pe B is not comesponding with any element of A, hence 7

does not exist.
[
M &——2~8
1 ¥
? y
| x
Fig. 2. _
it]["nrg“:Z-rT,:JEZi-nntm-mpmdin;hﬂxuydmuﬂYmd:. i
having fwo different images.
g
Fig. 222

hence 5" does not exist.
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o mh-hm-—ijpbjﬁﬂlhm %h:%h\ Discrote MaMematics 2-15 Fenctions
T'-““m" o in:ﬂtdfhwmt and o A, i e i A —+ B And let g be a mppaing from B o C
HWE-LM Y e giB=C
= . [ A T Sy
TR ane one anlo (bjctve) TAPPInS, e R pie
i ABES -1, 8 - A is also one one
s that mverse of £ e 77 %
ent mapping- ]
Proad | i -
{ is ane one onka hence A i S
i) Yapaze A Fig- 228
Hagl = Bay)= 3y = a2 then gof, compesite of f and g is a function frem A to €.
E)¥beBlag A gof (2) = g [fiall
stb = Ha) “‘";-;' = gt
To prove mf-' ia ane one anto. = o Yag A
Lt fa)) = byand ffagh= b, Fig. 2.24 Domain of gof is st A and en-domain of gof is set B.
= ey = agand gl =y Three finchions F, G, H are defined from 3. = R ag folows :
. 0 flx) = 267 45
Now F'”h]] s [ 1'[&3} i) i) = e 5
5 = i) hix) = x* -1 i
- figy) = Hag) [asf is well defined) Find holgef) and (hoghef. Are they equal
= By = by Solution 1 holgef) ix]
.-,f_'ja_mmml = h [(ged) )]
Agiin Vbe Blae A, st ffa) = b = b Ig 9]
=5 f"lm ] - thlila"'-ﬂ]
bence Yae A Jbe B = T [eos (2e* + 5
stEifea a cos? (2 #8)-1
1 +
hmf"t:m $ o i a0
2.3 | it enecne ot mapping from 3 1 4 = (hogil(x* + 5
ELd Composition of Fy . ' |
nctions or Prod = hlg i
“ﬂtﬂfrmm : hlmm3+ﬂl

wmmﬂ%'-m-ﬂ""""“



—

P o— - -
m
N e L e
= Hla+2* -2

- conmd+8-1
#Mmmﬂmwum'wwﬂdMM% -
o1t Sy, e flatsdasd)
TR i e 10 = 210 252 o il
f;"}umhfﬂ W o
. Let functions fand g be defined by
sz e
ity ofa) = »° =2 Find
ngoflasd
i ﬂﬁgﬂl-rqﬂ
"t | 3 fog 15}
o | sy e
- @2 | =glfa+3+1
- 81-2 | 2 i
- |I e
- II s dale2BardT
- 1 fgt4) | 2 fogaed = fgl e
i | o
= {[14] | el
" 2014 +1 | -
- e 2at+12a+15
1) gofjs + 2 ? -
. = f[®m-1
"ERGs ey o
"g[a+H - s
= (a+5ia e
mw*m_ - mh‘;:mmﬁmm:uw i) Tabular and 0 Matriz form.
= (1, 3), (2 53 3 5 (4.2 & 3)

*lgms2)



] Matrix form

D e W

D e e

218

w)  hoglx

v sl

{vi) foh (x}

(vii)  hof (=)

(x=2)+2
x

£ [fx)]
Fix+2)
(x+D+2
x+4

b [gixl]
h[x=2]
I(=z-2)
-6

£ [z(<]
glx=3}
(x=2)-2
=4

f [hix)]

f {3x)
Jx+2

L LE
hfx+ 2]
3x+1]

L -
D e ARl nxe2 o) w S for x € R, where K is the st ol

Foud < ) gof, (i) oy, Vi) of, i} hog,
ot gog , ) o, il e, v oy

= Ix+6
vili) fohog (x) = foh [g{x]]
= foh [x-12]
SBolutlon |
: . = flhix=2]
Nm ;H&]{ glh.:] = f{&{x-lﬂ
'“*:]-E = f{3x =8
= x=-6+2

-y
‘mw-f[m
= 2x-4
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' i lee-9 \
m——\ _Emm 2.3 Fonctions

fxl
s fod o (5854 8 fol= ! 1 & mapping from B io B
gabution ¢ foi™ '[b] = M1~ 1ib))
get i = g 0l - )
s g2 =b ¥bes®
H
= 43 hence fof"! =1
= wlellxt B also flof:A < A
alsa WN " 'FIE{!J' A T B o A
= st St —"
= 45
fog # ol
Remark - Composite of functions satisfy assoclative property but does w7
| commatntive propery. g Fig. 228
s
| [EEEN Sems Properties of Composite of Mappings £ 1 of (a)
Theorem 1 = £ Yfia}]
= )

I:'I;A-eﬂhunraneudunhumpphg.m
fof™! = Ty and Flor= 1,

Hence flof = I

Proat ; ' Theorsm 2
f:4 =8 f:A—+Bandg: B — Cbe two one one onte function then gof : A — C is alds
Hth‘u_m one one onto and

= 1! iy (g™t = i Vog 1

(i i S
ohe ene
NMH-I.E_'B wAt mapping, Proof :
B oA ; % A
-

=i

Fig. 220 o
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r e ™4 —— y

E:!:A-—"c
; functisn
o o that g 15 €02 5% - (gellewoa
g = 02 alsgi~" og= e = 171 1" Vi)
n;lff‘lﬁ'ﬂm:}] = m
= gy = 502 = g
_ b, [as g Is one ene function = .
=t I:Iz[ﬂﬂ Hence ||'£ﬂ:|"'r’og"1
= Hay) = Hazl
uj|=111“fﬂdmmmﬁm] Theoram 3
M#um“ﬁmmnmﬁurgﬁhmmﬁmh Composite of function satisfies associative property,
abitrary element of C oy Letf:A— B g:BoC andh:C oD, then fhogiof = hoiged).
kghmm”hgﬁum'ﬂmc.WE'bd-E.at e
gl = e {rogled and holgef) both mappings are defined from A to 0L
mmfummﬁm&mhhﬁﬂmﬁmaleﬁ,mﬂm A 8 e o
e = b
ThsVeeCIag A
L ¢ = gaf i)
mﬁummmwum“mhwmmmﬁ
] Fig. 231
{gsfl™ " & 2 mapping from € -1 )
2 to A also (gof) I3 one' one onto mapping. {hoglof {a) = bog [F (a)]
= hog (b}
= h [gkl
= hig)
= d
ha(gof) {a) = h [gaf (2)]
= h[g If =]
[ P = b [g )]
5 and (gogy-1
M"'F“m-lm e 00 functions oy = hig)
“]""""hﬂ-ﬂw&m-‘. 0 A to show that s

Hence ¥ a & Afhoglof (a) = holgod) () hence (hoglof = holgaf).
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st T
Sets

mw"""’"wd ACBOrBCA, then sy ,

i
y
: | :

a2 oy be pompersBle: mrg}ﬂﬁdﬂﬂmﬂlbmtufﬁﬂmﬁwlh

EEXH Ons Ono Correspondence
ing | from A to B such that Fis o,

“"“"‘”hmﬁﬁhmﬂmmwm h“ﬁ.

mmnummﬂ“’"’ %m

L
derwoied by A+ B i, )
If A and B are in ooe one cormspoodence then n(A) = (B} [Le. number of g
hhmmum'tofdmmﬂmﬂ
ie A= [Bl
XD cardinally Equivalent Sats
Twmhmdﬁwhmmubmunhphmdhm meeapmﬂm“*
cardinally equivabont or equinumerous,
Inuhrmﬁﬁaampingl:brﬂwhdmmemmmm}MAu
B are equivalent. They ase denoted by A ~ B
Exampie
A= “.-1-34“.- B= lp,q.[_lj

M=y

Mmmlm ]
From set A to set B
I
i th ang Many 1o Onto Into
fungtion one functian funcon fluncson
{injecive) (Surjective)
fla) = Hb) [rBeB3aca
= a=h sLlal=b
One one oo
{bijectiva)
f.H[al=fby=a=h
2. 'D'bil[Eilhl A
gL "
Irma:n Q:J]-It‘lth l«u)
case of bijsctive funct
Fig. 233
oooa
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Counting

T S S
Syllabus —

The Basics of Counting, The Pigeonhole

Princi; inati i 1
Coefficients, - Generalized Permagofios iple, Permutations and Combinations, Binomial

and Combinations, Generating Permutations and

Combinations.
n— e el
m— e “ - —
Contents

3.1  Countable Sets

3.2  Plgeon Hole Principle

3.3 Introduction to Permutation and Combination
3.4 Permmutations

3.5 Combinations

3.6  Generalion of Permutations and Combinations

3.7 Binomial Coefficients and Combinational ldentities
e h

(3-1)



p——

3.2
by 3y s L Oomity
| Prove that Hie set of ratisral mumbers in [0, 1) ds couniable.

IR ot 4
of rational in
; s To show that set 10, 1] is coumtable, we have ta show
me‘h — N — ’ ::;::m“ﬁmﬂmfmm,ﬂhﬂ-hﬁﬂuﬂhmmmm.
e id 1o be demmumeT ol e range interval according to increasing
An infinite set 35 825 0 n the rational numbers of the nferval o dencminators
commespordence wilh the et of atorel 23 [ ™y12131234
; fmm.&tﬂﬁﬂmmmtfﬂmww gﬂ.lri'i"i'f’q‘5'5’5’5"-
magt}rﬂlﬁ"w Wl
ke 1 : Mm“mmpuﬂdmmhhtﬂﬂhdu.
Hm-mmmmmmhﬂhmHmw 1+ 0
EEE] countable Sets | by
A st which s gither empty or finite or denumerable is called countable set. SH%
Unzsuntable Sats dHl
A aet which is noe-denumarshlie is called as uncountable sat :
53
1. @ i comntable set and |@]=0 1 [
,E =
2 A= a b,  dl Is countsble set and [A] = 4, S z
3 The set of all integers is countable, 762
3
Prood of [3) 8+ etc
AnmmmmbﬁwmtmwmbcmdeufomWs. ’
Hence the set is countable
1T T (EEERED o e o s 0,1 o
m,,wmm-
i g II I I I Solution : Any real number between [0, 1] can be written in the
S48 am S unique decimal forem.
m’.'l Ay By e Bjeins :/
s of all resl numbers ¥
R 135 0 unction from 1 8o Y sy g W'a.:w.hm?ﬂfhﬂs‘”r“'“'?'mmn:m»:wﬂ.wﬂ i
fnl = 2t m iy, po in [0, 1] is countable. Then the elements of A can be wrten T3 :
m : ; o
I'?,m:| = ]In-q_'_jltm-uw“wm A = i_t]_,xz,,..x“.-..J :I:LEJI .
Mow each x; € A can be writhen in decimal form 18 ¢
xy = Jemgy gy Agy
\ xy = Dragazapy -
. — %3 = Oagagame __——————
Mmmph_h : Ll M..MW“‘"M I

|58



uuuuuuuuuu

...........

et D{Ammﬂﬂ*w‘m“mmmﬂmﬁ
] iaj g -
2 Dap Am
Jelagiy -
mw;mﬂm
ﬁl.ﬂ'b-ﬂ}:hj =
bl. =ﬂii;#|}

1ifag=d
by

# gy bpeam Bytan .

;o # ag forany |
3 |
]

FER

x; since it differs from x; at the first dectmal place,

xy since it differs froen uy at the second decimal place
and in general

F= "Jﬂﬂﬂﬁiﬁmx;wt"‘m

Ths the rumber y = (b by
dh“wh‘hlbmmhmd

...... Lies betwean 0 and 1 and is different from ma
therefiore & nat an element of A .

““mm“’“’?hht#hw
hﬁ'i’mtﬁmhﬁh

M 2 Counbing
ﬂ Fmpil'ﬂlli of Countabla Sats snd Uncountable Sets
1. A subset of a countable set is countable.
2. A super set of an uncountable set is uncountable.

3. Union of countable sets i countable Le. if A and B are countable scts then AB
s also countable.

4 Cartesian product of countable sets is countable.
jo i Aand B are countable sets then A % B is also countable.
5. Union of countable collection of countable set is countable.

5,,_{_1] Ay s eountable if each A is countable.
1m1

Romarks
1. Set of 1eal numbers in [0, 1] 5 an uncountskle set hence super set of [0, 1 Le.
real numbers set is also uncountsble set.

4, Get of irraticnal numbers is uncountable.
P m{?uwermofmmd numbers] (s uncountable set.

[EF3 Pigeon Hole Principle
pwbo]epﬁnﬁphsnysumiflhmare'ma.ny’pimumd';hw’pdgnmhﬂlur
{hen there must be some pigeon holes cocupied by two or mare plgeons.
Let A and B be finite sets and |A|>|B| then for any function f from A to B,
Jay,aqe A such that £la,) = flag)

Example 1

1f 11 shoes are selected from 10 pairs of shoes there must be @ pair of matched shoes
among; the selection.

HmllhhnﬂmhpignuumdhmpaMmmpipmhoh
[Rtemark : Figeon hole principie is also known as the shoe box argument].

EEXN The Extanded Pigean Hole Princlple

“ﬂ'ﬂ:mmpﬁgmmhnlumdmﬂunamplgemlhmlwmuupdmwﬂl
mp}'lHHﬂmnEhpigumhn]e.hgﬂmﬁﬂwmma of pigeans is much
lﬂﬁﬂfﬁﬁnﬂemunbmofpigemhlﬂvlhupigﬁmhuhpdndphmhm“

FECHAACAL PUBLCATIONS" - A1 g st for brmin®ps



e Mt
2 et MRS 37 Corry
W #.ﬂ:pz;_ﬂfl"‘ "ﬂhh.' M-ﬂm
Ex g -"x.-'-f' 1 TS 4 ~
a0 A P EE] introduction to Permutation and Combination
210 o ST F=ilF S [?ngwl?_iqs"_;*i ey wu shall Eisc SO VY caei] eoxsiing techeicom
F’ﬂ'_ 1 =1 "% p——
nﬂﬂﬁgszesdl::dﬁmi'ﬁ-.lﬂm ABCadD
Exaie 3 " o, S 2 et S people mmmt b, We o select B i e Eellowing possble ways
$e e 3
::nsﬂ-fﬁ_-ﬂh*?‘ﬂ‘?“ row ik L [ e [ === pvem 0 vy o of selecnd st
E n-‘ﬂ:ﬂfi'—gz—iummﬁtﬂﬁﬁfll‘i*lr Let the Bt procp PR ALB.C
S N P pesnsLOo=d Denbe g s blovng v
S B B o o e 3 ABCACBBACBCACAECBA ie 6 dSmes ways
—hﬂFhuaﬂﬂﬂﬂﬁyﬂﬂm!ﬁ;@ﬂhf Geiladdy,
senr i _ ' mj@mﬂﬂhﬂhﬁﬁh“ﬁ&ﬁ#ﬂhlﬂﬂiﬂ
m-:u;u&eg-w#:i—rﬁ%wﬂmﬂ: . The total pirmber of sk ways
s i ' : = 4mE=24
Feace B= 5 m=7 a the Brst case, the order of the selection fs not considessd, while fn the second case
= Tem it is forportant.
51 In the first case, we select a8 group and in second case we amange the elements in
[:'FI*""‘ order.
The selection of object without consideration of the order of their selection is called
msu; ® e will e of seme oo combination.
Hi'mﬁiﬂm, The selection of object with comsideration of the order is called the permotation. Le.
1
,.,,:':‘"“" fim 10 12 are chosen then o of e Frrmutation i an arrengement of objects and combination is a selection of objects.
AvelLiL Ayap gy o " ) Rule of Product
difemgs EE] f )
uu“;%hu m*“:ﬁ“*!lﬁ,%a*-m?}“ﬁ If one experiment has m possible gutcomes and another experiment has n possible

mum;““'#““ﬁ,hﬂ“h. hhmﬂMHMi outcornes, then there are mx n possible outcomes when both of these experiments take
" e e hole principle two of the i P
' I} Rule of Sum

| If one experiment has m possible outcomes and another experiment has n possible
cutoomes, then there are m 4 n possble outcomes when exaclly one of these
Cperiments takes place,
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¥

lu

g_.——-'-'----_ i
lu ﬂ“ﬂw-u“ﬂwwmulﬂpimim,uw% |
wunphﬂ;ﬂ':-’m'"'] "
|

mﬁnﬂuhﬂﬂll |
muﬁﬂudmu-ﬂzﬂdm“-ﬁmdnmmh“ |

%

Consicler & problem, that we
thasse chaird.
muﬂlmﬂrdﬂ.ﬂwwr&hhm‘ﬂul
The 1™ atudents mﬂmﬂyﬂﬂhmﬂﬁ!ﬁl&dﬂmu,iml%l
mmmmﬁkmﬁ#ﬂmmwwﬂm,J mfhwud‘%
e 58 strident bhuve 16 chedces.
Now 1%, 2%, 3, 4% and 5% (e all 5 studenis are sitting) the total
dissint wiays to st on chudrs Tiinber
= Mx19x18x17x 16 o (By the rule of .

Defintticn
An amangement in eequence of elements of a set s

elerrersis. e called ‘3 permutation of g,
Essentally, thers azv thres types of arrangement of elements to be considered

Typa i
Let 0r 2 n The msmber of ways to have an ordered sequence ksl
taken ¢ o a time i callad Py
s umwm&ntmﬂﬂhmbfwﬂ'ﬁ
AS cicymsed i i
wmumuim“ﬁmﬂuhmmmhﬂm 2
can be e i {n - 1) ways and proceeding in this manner =
op i o=+ 1) ways, er e
I'Enul’(q,rju'?,-n{n-ijm—x}...[n-n-lj

or l-pr = a!

{a-r)! 0Lrgn

Find i gy
of .
"’hﬁ"i:_ﬂ.rsz ﬁ““fﬂ.mrd‘m

\
d w'*m-ﬂ‘.“

Pty

" iow  The suimber O pEALISECIL 6 A ke o3 e » 9,
- F.]—:n ¥

Howe muarny for digil mumbers can Be foemed ol of thie figen 1,55, 4.57. 5.5

\f ) No repetition i permilted

i How paarty af these will be greater than 3000,

= =IJO“|n{ﬂd]git,ldmlﬂwﬂlﬁﬂnbtkmdm!ﬂdﬂwm

= 1660
mmhlmmhthlﬂﬂmwm‘drﬂh" spr tham N
Thousasd Flace Hundresd Tin st '|

Thousand's puﬁﬁmunbemladwtdhmbms,i,s,r,s.ﬂ.

mumﬁ.pmiﬂmﬂnbtnhﬂtdmﬁdﬂﬁemwm.

I“wwlafmminhﬁ?djgjﬂ“lﬂdﬂd'ipﬁiﬁmmhﬁﬂdm?dﬂzﬂwlp,
pnsiumunbeﬁubdin&diﬁuuﬂmpuﬂmﬁnpummh Eled i §

different Way
Hence total aumber of & digit number, geser tan 300 em be formed i
g7 w65 different ways
= 1260 ways
) Suppse repetitions are nof permiable, heve mmy four digit mambers can be

formsd from six digits 1, 2.3, 5,7, 87
b Mot miany of such mumbers are less than 4000 7
i} Heur many i (i) are even 7
i) How mommy i (i) ave odd 7
o) Himp sty in (i) contin both 3 and 5.
o0) How many in §i) are divisible by 10.
Sohation : §) Cut of 6 numbers, 4disilzv;ﬂlbﬂimh!hﬂlﬂ-h‘?1ﬂﬁ

. Number of ways I%a 360

i} The four digit o _ n
digit is 1, 2 o 3. ie IF digltunh:hmmmi:::.l _
ﬂhmﬁﬂgﬁﬂgib.f‘diﬂtaﬂhmf FRMATITE,
4% digit is any one of the the total mamber of WEYS

o = IxSxdxd=180
mummf-n-pﬂhb—h#




—

r |
e | i

T e ambers ending in 2 0F B e £¥E1 (IR Ot f mine S 0 fe i Ky sy cain can b g
) Thoee o> &ﬂumhmhzmp{Mnumhrzmg].mh our e o
Hﬂuﬂrhtd#f' ﬂﬁﬂmﬁw”@“—w““‘?”h‘%b Hﬂﬂﬁ:mﬁﬁ:uﬁmmfdwmubmmim};
gﬂ:rh#ﬁ&:vmhmHWﬁWiﬁ ‘“" d officer may choose the cabin in 8 ways

o 5 -

s Third officer MAY mmm?mm"‘mmmﬁmﬂ

rL‘"-— s !Wmu]mm&disﬁlqu;;
w!w m_-l Uit J = PudxT=E
= I # v et ¢ et s ot e i e,
" jesserts and § beverages. How many diffinent menes cm @ estomer select if :

1] The sumsbers less than 4000 and are i) He selects oz dbeme freom sach group without onission,

ﬁlmdmivﬂﬂ“"*WJh'ﬂm‘Wmh"Wﬂﬁ#m
EﬂHedmﬂhmﬂfﬁzdﬁﬂrh&ﬂmwhhahwem&mﬂmﬂd:ﬁm

the FERUTETEHE STOUPE.

The pezmbers ending with 1, 3, 5 or 7 aré odd.
The 4 digit rumbers ending in 1 and less than £000 should begin with either 2 or 3,

ﬂmtﬂrmlxlﬂzlvﬂmmﬁwmymnmmd'mgmg
Hewever the numnber ending with 5 ot 7 are are 2 W,ﬂmmrmsﬂﬁﬂ!mhlmmmmmh5mlh
> Thousands Uit mﬂhsngrsuﬂbﬂmgainswap_
nh;- 't!.u Hence by the product nale, the number of ways in which he can select one jtem each,
Inéxixd without cmissien Is 4% 5x 3% 5 = 300
E = T2ways ji) The numbser of ways is which he omit beverages,
rhnﬂuwmmhwtﬁ:bmuddmdmmmm = 4x5x3
= M+M+T2
= &0 ways
) The 2 ifi) The number of ways in which he omit desserts but he takes all other items,
Siglt 3 can ocoupy
hmhh@ﬁmiﬂrmﬁﬁwamﬁmm = 4x5%5
e oonupied brsms-mmxu,_u“' ¥s in which two positions = 100 ways
Nene the ’ i
Fand B, “&EmmmwhﬂﬂdbrhmmimmhmitLl msif‘mmﬂﬂpdﬂbm are mot permified, heer mumy five digits decimal
H-Enr.‘enutpfmam B numshers can be formed, . o
a5 and the remsinteg pesis . Lo T OO Posiion can be , Selution : Out of five digits, the first digit can be any of nine digits L % -9 (s
Hence total nusber of 4 Mhmm‘““fﬂ“ﬂﬂwﬂmmi t cannot be the first digit), the second digit can be any of the rine remaining digits.
- wmmmmswsmmr Third digit can be any of the § remaining,
i Fourth can be any of the 7 remaining and the last digit can be any of the &
= 144 o
mmm.mmﬁﬂiﬂﬁhwm ";""f"“i"lth:l-hh'mm'llmrm‘i=1-||re1;]ig;t!l:iﬂmIJ\‘-5=1'-"1-"¢‘5‘[""'!:""'i""!E"E.""":E"""l’!L
uﬂmhumnwﬂt‘”"“" mihmmywpmr&rﬂmmﬁnh;duﬂdwﬂwaﬁmﬂy

U Fmiry mmmfmmwmlimeﬂdmﬂBﬂMME
_______‘_‘_‘_-_-—_‘_‘_-_-_-_‘_-___-_._‘
w—hgmhm e

Emmm-mwmww



ambe
!w::}rﬂ ST
o e S 9 = =d
Hemer DET ra sdedded B 4 wWIE Sy
age =t w,
et i 3 T

= &) WIS
-qm:ﬂ#!:ﬂiﬁﬁﬂﬂbkmﬂgm d
R
mmnﬂ ) Methemeis peners &7 ol Comenn,
féht:.{lﬁﬁl—:a&nﬂﬁﬂpqﬂ{ﬂgl £ M) & topethes.
Conmier b= My 1l M 8 gz ppen.
nmm;n?uﬂm:mbeurmdmﬂ Waym
N £ e (a5 My 2o My s considered 25 single peper) can be i
T Tanged
Hexy sl m—ber of smanpements
= 2H

SEM; md M are not consestive then fhey aze to be amanged
£ o 2t the 2 s, Betwemn

:1=' :tD M MO M, T,

.« & B R & g
'ﬁzm'ﬂ&'m
Hm"h““iﬂmmmﬁmmmhw
Eﬁ:%mmhwhﬁmhsﬁ

ways,
E‘ﬂﬂhmmh

peame AT J.m3
o
m]n < My bools, 3 deferent My bk 5 dikermt M, Books ool 7
#;‘!!nﬂm 5 ’

Ciowrtig

_mnuhtmmn.m&-;“@mmn
pasle
ﬂmwmﬁlﬁmmﬂk!&rﬁnf
i1 Oy My books e by fagrsiur
P—
5 uulmhmhm'lnpdlmm;&mhmu' the My boska = 1
m}mMgmmEhmﬂﬂDf\bﬂﬂIm?'mm )

Hence the totzl number of amangrees
= AR10LN-5T
4} Consider the 5 My books &s & songle book. Then fhere e 21 bocks which exn be

arangsd in 21! wn}lhﬂd&ufﬂ‘luemrm_hﬂ bocks con be
arranged among themselves m 5wy, :

Henee, the number of arangemerys in 5.2
MhmMmIﬂwmlﬂsrmkmdnm.wwﬂ
prorels dlmays come fogether,
hhﬂﬂ:mwnrdm\ﬁhuﬁhmld&mlmwmlm
COMSOTLANS.
i the arrangement of these § letters, the resmiction i Sat the 4 vowels should be
- Thus, we can ke B 4 vewels 88 one object The 4 vowels O AL L E o this
n#ﬂmhmﬂgﬂlhl!w;ﬁ
Mow we have 5 letters, Le. 4 consonants and one compound letter consisting of 4
vowels. The total number of ways of armanging them is *Py = 5.

Hgnu,ﬁmmﬁlnumhﬂﬂmwdﬂzmdﬁlmﬂmm-n
which all the vowel lethers come together

= A4l

Type Il
Wednhmwaguuﬂhmﬂuhrhmﬁadwmwp&mrmm

nmmbu-bwes,whzmmldﬁmtmdmmlau.m:d&umuf.

eolour .. and m, of them are of a 7 colour.
%hphmu[hrﬂ%mtwwm#mlm&ﬁ

mmmﬂ!bﬁﬂmwm&qmﬂﬂdwmwhm:

the same colour amang the baxes in which they are placed, —
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o e ol s "
'W‘wmww““‘ﬁmw% _
. u::l::| mmmpbh;kinn Mmh&“%?.
T-ﬁzﬂh{i"ﬁﬁmwww“ﬁ'ﬂ "l
:,uwh-ﬂ*“"“"“‘""”

| "
F,
——
ie _ Nismber of ways myl mg! . Myl

MhﬂmgwhﬂmﬁnﬁfﬁmMiHMWﬂlhm;i

thengree,  of them yefis and remaining il e

Sebution 1 Total number of permutations
-
O R

mﬁn{iﬁc mmber of permuschions obtained by armangdng all letters of the pwy

'COMBINATION',
Solation : Out of 11 letters, O, T and N ase the letiers repeated 2 Hmes.

Hence tatal number of permutations are
11l «
FIF

(CERREIRRIY i e e o it perms
of eech wod i) RADAR #ﬂ,u“mwmkﬁmﬂﬁmmmm

Saluthen =
ﬂTwInu:bnuﬂeﬂmhmmnmihwhkh A is repeated twice

w LR
Hgfuluﬂlnumbﬂdtﬂﬁndmmb
=T sip

3l

Dtermine: the numier of ways i which [etters in fhe mord FIONEER be
p_.dls,p.ﬂﬂi re E's are aloeays fogelher. .
glution : The other five letters in the word can be arrarged in 5! ways and for each
ﬂmmmmtﬂu two Es Can cocupy &ny of the 6 remaining places.

Total number af arrangements
= 65
= #l
= 720
mh’ﬂ' many distinguishable permutations of the leiters in the word "BANANA®
o there 7
Solution 1 The !'3':1 rumber of distinguishable permutations af the Jetlers in the word
BANANA'A 35
[As tether "A' oceurs 3 Hmes, hence there are 3! ways i which thess ‘A" can be
mmmmmmwmzmwmmmmmpm
which tese N can ba reamanged amoog themselves. Aldo number of lelters in
BANANA are £]
Type il
mmmﬂnfpemmufndemmhunnm:.wmmdmmmyh
mlwdmmm.“.upm:mnnm}'mmpnm
mdﬂ.me,mrﬂm?lammyhiﬂhduphnmﬂmmdpﬂmmrmu?
_E.I:Itdupinnwafamdmm_mmhummmrnmhrﬂm!’“
which the t places can be filled up isn'.
3 AM#MUw].A@H#aWu@’Eh’#-Fﬂ

Examplg 3

i) Number of ty/fes.
i) Number of bytes fhat begin with 17 and end with 11

Sohﬂm:l}Tutalnumbuncihytesithi............. (& times]
= 2% = 256
i} Sinew the first bwo and Lt two bils are fied, i 11, the
sequence are cither Dorl

WW' g i for easen

umbdls-tnlhe



p— 5

Fc—-
P i ' ”
_ gxixin? piscrt . oz
L ielb _ W M“ﬂﬂmmm'wmwmsmwpmmm
ngumm#mﬁ ﬂmlﬁed'b” 4 possible arswers. How wumy different choices for answering the 15 questions 7

Mm@"*"w et
sd.nun'-lf‘["*! en {M;Pbmmwwmhqum,Smualhm
be answered in 47 ways and 10 true/false questions can be answered in

i ,
ﬁwhiﬂx’ ) mﬁemﬂﬁ“““b‘m'ﬂdhgﬁ cations can

w:zﬁ“‘?‘f"ﬂumpum ol
T =
. - 10x10x10x10 e
n e m;ﬂm plates that can be made is Miscellaneous Exampies
Hence the It hoee many ways five boys and foe girls are fo be seated in o row if
- 2?10 ) All the boys must be sested in five leftmost seats 7
A&amwmﬁﬁwﬂmﬂfﬁ”‘ﬁ“ﬂﬂmmh i) Mo tuo boys em be seated together 7
mn:rmahﬂwmmmwmmﬂwwwbemmﬂ i) Joh and Mary must be seated together 7
gl fares 1 bo B Golution :
muupﬁdmm,qﬂiﬂmmﬁmwﬂufma : ﬂ&ﬂ:aﬂhbﬂyﬂmhmﬂﬂhﬁuﬂﬁem;ﬂ,mbﬁp.{mh
y 1o sazne i the situation when the die s rolled third or fourth times. PPeamg oy S:;ﬂ;mm}:mpkmmmudmmnghmzmumﬂmum
4 e vy bk e appaRng R R 46 Hm:!malnumbernfwn}'smwﬁmﬂuymbemmdinmsw;}msl-sl.
o pxanpng 4) First et the girls be seated, This arrangement can be dane in 5t ways. Now for
= i MBMmﬁngamngmtlhmvdﬂh:S-nnigupsbemm“f
a.djn:ﬂilpﬂrnfghimhaddjﬁmmeEgapijrﬂ'::mm.Hmuh
ET) Thers are § swilches on 2 fuse bow. How wmamy differsnt srrangememts s mmm@mmtﬂmbmthMM!Mawstmh
P ﬂlhdh&wa}‘smﬂulmgapshmﬂdbclssJMbomMmbuy.m
Salution ; Each wwiltch has : . i will be dome in P(6, 5) ways. Hence the number of ways of sexting the boys, so
sosinRams 2 possible positions on or off. Placing a 2 in each of s mmmmmwd;d;iaemtiaﬁl-ﬁf‘s.
2 = 512 ways = & 61 ways
Mlﬂtumdu}n}mmdhwmmghmﬂry.Mmhmdeh
the following Ways.

(1, 2) (1" and 2™ position), (2 3), (3, 4), (& 5. (5 €L {6, 7, (7, B, (8, %) and
(5, 10)™ positions. ie, § positions and John and Mary among themselves can be

geated in 2! ways
Hence John and Mary can be together in 21x 8 ways.

anﬁ!e:eu-uiﬂngﬁpeuplembemmllna!wa}m.
Hmlhzluulmmanlmhwhbch&wboysmdghhmmmdnﬂut

John and Mary are seated together
= 8:(19)
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M g i P pum e

el '
ﬂﬁﬂﬂi::ﬂmmrfmg
GEETT ' vy et

&Pﬂmﬁiﬁﬁfmmﬂﬂfhme
5 persons can sit in 2 row 5

:::'Hﬁd:ﬂ
o i WE
Ad twe pe o
gl i of 3
= P
= x2
= &

The el s s Pacse stort 2 fhe tisks Pl end ame gf g e
ﬂ}&)ﬁﬂfqﬂ:ﬂiﬂﬂfﬂ'vﬁ&mhﬂrﬁﬂ ."‘-"5,_3“?;
g_ﬂsh&h;h‘rmkﬂqﬁm:mmﬂdmmu@iaﬁ
e e e e o e S = P 7 3

Saitafion = The B2 X o burve e valoe 1 in 5. The alobobet A mhﬂiﬂtﬂﬂ%tn
Shbes. The le 4 N's am be £l i 10x10x10x10 — 1 Ry
s wags{lhem.enh_qh;
m:m:&:d'mh:phutumhismd
= SxEawEg

- =
mfmﬁiﬂfphr & i el
i'h‘-:-—u;m?m:&.::.;1 L
o moy s e 1y

3= 1§

#wmmsu}r in 8 ways, the founth fend can stay m 7 waps
potal number of ways = 10.9.8.7
= 340

: total number of ways I which 4 friends can toprther = 10* and the mzmber
:“::smmmmm%mymﬁz=mm

Ht“m&mphwﬁﬁaﬂamnym&hﬂmmm
"wm=m“1j1

wﬂHﬂrwﬁwwdfgﬂﬂmﬁmmﬁym?

2 How ey Sheres it nurshers are there shich heve stlmet par T in e 7
z i) We have to fll Buee places with theee dipies The frst digit cammot be 0
we can choose the Bt dight in 9 ways We an duwose seoond and Seied
ﬁpﬁh]ﬂﬂjlﬂd\-
Therefore, the total munber of wars of choosing 3 digit member = 9x10x10 = 900
§) To find the mumber of theee digh morbers with atiesst ooe 7 in Siem, we fox
£nd the mumber of 3 digit rumbers with ne 7 in them end then subiract this nombe
froem the total number of 3 digst nembers.
TumdﬂumbzﬂSd@mh;*ﬂhm?hﬂm&t'm&d#mhﬂ
ﬂg_mﬁme,ndmﬁ:ﬂdiguhltm,ﬂrﬂdmd&ddi;umh 7.
henee thisse can be chosen in 9 ways each.
Hence muember of 3 diglt rumbers withont dight F= Sxfx5 = 535
Therefore, total momber of 3 Siglt merbers with atissst oo 7 i fhem
= OO0 - 648
= 252

mtﬁ:wStﬁfmmMﬁinmﬂhﬂmmﬂd
digits 2

Sclution 1 For number o be even it mustend in 0, 2. 4, & o & Thee e two o

corrsicer.

1. The rumber ends in 0, then e 2w § poscilne foe fop S dips pnd e §
poesibilisies for the seconed soce oo digtt ean be repemsed
Hemwe there are $x8x1 =72, free dip pe—hens Szt ed 11 0

Z The romber does not e=d in [ te Sems bre § choises for Sw be gt (L 4. 6,
B} When fus digs i spected, Sem Some me iy § i ix e Em
dight Sree the rorher cooet Bepen with [ Fnally, thee 20 § choies for S
second dipit aned therpfore Fere e fxizf = ombm be donted L
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arew

Sy,

i mmhmwlﬁfhnremmtlnd no mﬂuum'

e dwmﬁwﬁﬁdﬂuﬂfqpvf'ﬂdfwﬁmiﬂh

Flg. 3.2

Find ; £l In hwmjnpmpuguﬁmnhr&ﬂdlyFﬁnﬂyﬂ?
i) In howe marry ways can you go from city A fo eity F vin city C 7
i) Find the toial mumber of ways you &t go from city A fo city F.
Salution 1 1) We can go from A 15 B in 1 way, from B to D in 3 ways and from Dwy
in 4 ways, Hence rumber of ways from A to F via B =1x3x4 = 12 ways,

i) Wi can g frem A to C in 1 way, from C to E In 3 ways and from E to Fin)
ways Hence rumber of ways from A to Fvia C

= lxdxd
= & ways
it} Total number of ways from A to F
= 1146
= 1B

CEREIEER v ey sy can you onder e o
comsemant and end zith o mﬁmﬁmf’f miust start with 4

Salution 3 Chat of 7 letters, there are 5 il 3

i, - E

can be filled in 5 differen
fer ploce b ways, the [ap
ﬂﬂ“t:w&}"‘* now two phmnrpmm. Dt o mphﬂmhtﬂuh

ih th Pefaining §
z%"fﬂ"’rﬂd i ]““b‘hihlmsu-zlwa:-.mm“

5.5.4.3.2 1.3
i

First beter Lt bt

mmmmbern[wapifn-.ﬁ-#-}l-l-z
He = 1200 ways

Hew many one fo one funclions are theve from 8 gt ok § demesty b5 one
w7 demeils T e d

G se the elements in Omatn set are Ay, a4, 23, 84, 0y Thete &€ 7
sdﬂiﬂt:l quuenfhﬁ"ﬂmlihmmﬁﬂphd;mi'ﬁih
ways -razaﬂdmun.
func Im"wdqmtummt

STxhxFHdxd = 520
w;mmmwmmw&mmd?ﬁmumﬂi

elennents.]

mcmblnnﬂﬁm

One counting method in which order matters is known as permiasen.

he other counting method in which onder does pot mumer 8 known s

eombinabions,

Definition : fr=n
ﬁhﬁmﬁaatﬁrﬂu&bMimanﬂmunﬂdl
Cwﬁdnrlpmblmxufmsnungm&muﬂuﬁﬂlmg?ﬂ-mmm

hﬂ"hmﬂuu!mpmwmﬁmnwmhmwdhm
Emﬁmgﬁmidmﬂd&m;mdhmmhﬂd@ﬂh

mﬁﬂﬂwm-%ﬂ.

hﬁﬂﬂﬂmmﬂmﬁnlmfwuﬂn

o Pfn=1) .. in-r+1)
Tl

e
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' )

et P
= I'IJ —\_%. M
din-1f! o
gl
Henee: f 1= Hin-1)f
A -

Relation between " P, and "C,.

bt

]
—_—
or °F = ("G

Clrcular arangements
Let's conslder that 4 persons A, B, C and D are sitting round
] arpund !
A, B, C, D one pasition n clockwise direction, we get ﬂiefnlhwm;mu@::ﬂ;ﬁ&‘

Fig. 1.3

Thus, we use that if 4
four B persons are pitking at & round
Emes, but these four arrangements will be the m—ﬂ!ﬂﬂwmhﬁmﬁ

C D s same. But i
: ABCD
hmnam:wﬂiuammmt Sitting in a row and they are shifted, then the for

LU
i

circular arrangement i i
mﬂ““kd : in terma of orientation also. The first person
we lwa:,rsmaﬂplmmﬂiemm:utufmmmmm

:Tﬂ:“ in e the
clockwise

be

circular permuit

first persen in {n - 1)} ways,
and anticlockwise arrangements are not different

g . . then observation
hoth sides and this will be the same. This happens when we have
u:ﬁuw'ersmlg:ﬂuﬂﬂmhmpemmumwiﬂbtmhd
atioms will be half and in this case, =

w[‘rpﬂﬂhh’lil‘m!ﬁ'—=¥

mamﬁfﬂmmgiwﬁmﬂmﬁmﬂmlw,i
‘ﬁmmwwmsﬁmwrdmmrmmum.smmu

oy drawing lots. What is he chance that

o 5 shadents belong fo 3 differenil cliesses,

i} 3 belong to OTE
fo sare class.

i) Three belong
H.m:ﬁmml

ﬂmmbgd‘mil-

class and 1 belomg o wuather class

Znuﬂmﬂifamtwduded..
| from first year 1 from second year and 1 from third year

umhmtndﬂfaﬂumﬂﬂ-

Henee, Chances =

i) 2 students belong to same class

from 1* year and 1

second year and 1 from 1% year
F;mnulifrmﬂ‘l“yﬂrﬂt!&nﬂ&d

i) 3 belomg to same class then either

”m.uu-u—b'

Yg,- 417G
3-4-5
60 ways

from secand year of 2
m!ﬁmﬂm\dfmmdlmmmmim
year and 1 from 27 year.
’Cz-{*c1+’czz+'c=-r’c1+’c1:+=c=-ﬁc1+*czn
3[4+ 5)+ 6.3+ 5+ 10-34 d)
€0 + 90 + 120

350 ways e
from second o

ﬂamlﬂdm«lﬂi

wmﬂﬂﬂﬁ'- e



AT S

i

h i

Disorale Mpthemalicr
= 3gy +46+70;

= 1+4+10

_________&:&

= 15 ways
mmwummmmumgmmkmmm
Mﬁm_ﬁmﬁwmqﬁmm. suwuumrm;rﬁ,ﬂdw%r

be 0.
Solation ¢ [** position b a Jetter and hence can be selected from 26 letters.

= HC|WE}’I
1™ position Is also a letter but different from T* letter can be selected from 25 lepyer,

= Bgywap
Wow in digits,
™ position can be selecied fram 10 digis
= Y¢; ways
™ position can be selected from 9 digits as it is different from 1% digit
= 7y ways
And I position can be selected from B digits as it is different from [ and 0%
digit,
= B¢y ways
Hence, total number of license plates
= 26 25 10x P58
= 458000

mmmmrm:mhmmwmm.ﬂ be selected oul of
@ digits, ie. in Oy ways,
i pﬂdﬂmuﬂhﬂmﬁhﬂmdﬁgﬂhmmmin
Han hence
2 digit can be selected in *Cy ways also MM ﬂtitmhaehmm‘g:ﬁmﬂ
leu,hhlnmnb:rofluh]jmu.phu
= Mk I5x0x 0% 8= 421200

'mmﬂ# 325
M
D e S
,!.dl»lgﬂl"ﬂ is formed by a line jolning twy

mﬂlwm}mh

'nfhm ; mvgﬂmﬁimlﬂm-ﬂmﬂkhﬂglmﬁmmt
n vertices
af B Gl
E 2
pe-l)

1
=1
wdmﬂiz._}wuufnn{m“fm%hﬂhdhwmn

her of diagonals,
o nin=1_

1

nn- 3
2

Hiw many rectangles are there in 828 chessboard ?
jon s make a rectangle, we need hwo vertical Enes and two horizonial Lnes. In
Exa;::;bﬂwﬂ,mm?vnﬁﬂll&umdghthmhlﬁﬂm.h
an
an[m.gﬂ
= '}C;K'}Cl
9§ 9.8

R

2
= 1296
mhwmnywmnywuhsmﬁ.wﬂhmzm.mq'tm

ﬂlgmdpnctfszmsﬂ.
m-mtmrsmﬂammwﬂ;zm.

ili cards we have
For the bwo aces we have Cf4, znpmmmudmﬂﬁru:
Mﬂpmdbﬂiﬂmh&mﬂsmh:hmlnﬂt{.ﬂ{[ , A WAy

i have CH8.2)
Similarly for 3 aces we have Cid, 3 mmlmnﬂumfnﬂum;i&wnmpdi
peasibilities. Hence mesnmmmammmmmmc{a.n

bes can be chosen fn T4, 4)-Cl48, 1) ways.
Hence total number of ways

e T L
- Cl4, 2)-Cis8, N+ C6 HC s T o

mmmmrzmmwhﬂﬂﬂfﬂm_;” ]
triaingles that cam be formad with pertiors af these IR ____——""
-_-__—!-———_-_

e
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3-26 -

Son Wﬁpﬂ]ﬂuﬂec k i i 7l o
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| Hence s 2 far group C, 1 course out of 3 has o select,
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= “1:4—?1713 Hence total number of ways
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ﬁmﬁmqiwawkw,ﬁw 10 chemists, § politician, §
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selected ot of (56 B+ 1% Le. 25) 28 non-chemists in 2C; ways.
Hizce rexmber of ways = ml:;-“C]
Als comenites gy have all & chemists and number of ways for this selection
= “C‘
Hece total rumber of ways in which stleast 5 chemisis are selocted
= WMo B e
b} 3 ecomomists can be selected out of 8 in *Cy ways and remaining 3 can be selected
out of {10 + 5 # 15) 3 nen-economists in ncj wirys.
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jn 10 B
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We can bl symbel puiting exacly 6 pons i 10 places \%:
qwm.ﬁewﬂ’mmmmmm'
- rmmmmymnﬁ:ﬂﬂmbfmﬂﬂfﬂu%h

any of the 10 places. b

the n-1 slashes should mem}"ufu!
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Herce in the general cass,
pcsll:inm

Hence the total amber of ways to do this is Cln+r-1, n= 1},
Theonem .

The number of ways to fll ¢ slos from n categories with repetition
Cintr=1, =Cp+r-Ln=- 1) %i,
mﬁmwrmmmﬂ#hnglmm#wym

different types of comdy 7 1
Salabon : Here n = 100, r =30

So there are C{100 + 30 - 1, 100}

- ng.-im:l
_ 1A
= Yooy Qifferent ways to fill the bex.
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o
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or 58 a'y and 2 d's ete. We s

Mon-negative solutions toa + b+ e+ d = 1o,

m Integer Solutions with Restrctions
Hﬂﬂ'w hmﬂm_ﬂnmwr
a+bserdel
phema2z L b2l c22andd2l?
Salution : Mow soluton “strings” are
weafbfeefid,
where the a, b, ¢ d are the remsining numbers of each category to fill in the
remaining slots,
However, the number of slob has effectively been reduced to 9 after accounting for a
total of 6 restrictions.
Thus there are Ci% + 3, 9)

12 ;
* aE sohations

More Integer Solutions and Restrictions
T oo mary integer solutivns are there I

d+b+c+d=15

When a2=3, bz 0, c2=2omd d2=17 "
Solution ; i alter the restrictions and equation s
away”, rnmdomﬂ.ﬁ,”f;:"’m pach pestriction 2 0 and balince the
accordingly.

Honce a2— 8323, b20,c2-2+2anddi=1+1

_Yeldsa+bh+e+ds= 5+3+240=01
TECHACAL FUBLICATIGHT < 0 Tt b incmiape

the restrictiona "go
rumber af sloks




|

i\

mmmcm*rdrﬂ_ﬂ

i
A sommay
WF;;MWWMJ1+E:+13+ ..... tag=r
:una;zbj,;;zbhqzh,, ..... g zby 18

Ciaer-1-bg= by =By = =t r=by=by- By By

Theoram 2 &

mmﬁﬂdwmmm:mnﬂumnuugmiuwimb tokal
L]
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Clasr=1=b r=1b)

Corollary 1:
The number of ways to sclect © things from n categories with atleast 1 thing
each calegory i
Clr-1, r=n) {set b=n}
Gensration of Parmutations and Combinations

T we want 1o write down the n! permutations of n distinct objects, then forn =11
or 3 1t is not difficult but when n s large, it i difficlt to keep track of what webm

wiitten dowm and meke sure we shall write down all the permutations with |

it ok

Peronutetion 1, 2, ]
mm‘“mﬁhmmm n, by using the Nexh-permuti®

muml ¢
illl..h-l_],___a,'z_]_
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o are the
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1: Let no= B Assume we ae o5
ETven the
u:nﬂ{ﬁﬂ'ﬁ'mmmmkm permuatation 124653, Then m = 3,

Courting

je 2 : Lot 0 = & Assume we are g5
BIVEn the permutation 125346 Then m =
u,ﬂ{ﬁ}:&hnﬂdmumh‘m“ ma=5,

Erample 3 & Let 0= 6 Assume we are given the i "
= it 4} = 4. The next permutation is 125436, AR i -

Altarmative method
In this method we generste all the nl permutations of (1, 2, 3, ..., o} by successively

ing, all the permutations of (1], {1, 21, {1, 2, 3] .... upto 1,2, o1~ 1) Lat us see,
Wn-d;i;dmlr_

PBeginning with <1, we chitain the penmutations <1 2> and <2 15 placing 2 on either
mﬂ]_mlnﬂupumuﬁmd I, we place 3 al the exirems ends ard between 1
and 2 1o cbtain the permustation <1 23> <1 32> <3 1 I,

Wrm-ﬂlrmubhindlh,da-l},ﬁlb.

Proceeding in this mannes, we chisin all permutations <1 23 .. 1 = 1= and then
mnnmmmm&hﬂ”—zwa\mmmmhm
permatations of {1, 2, ... al.

For example, suppose we want to generate all the 24 permutations of {1, 2. 3, 4].
mmqwﬂmmwwmuwmmmdhmww.

<l»

<l >, <2 1>

1235, 1,32, 3105, D10, 23 1n 21y

<A 234, <124 Im, <1425, 4 123

<131h».:13-12:-,-:1¢3b-,d13b¢

Dl2de, <31 ib,é-i]i},dla-l'l‘?:

21345, <2145, 241 od1]3

A3k, 2 3dl, Q43 1n AN

‘:321#,'53251},‘3‘11?,-4321}:

Generaie all k subsets of {1, 23 — ol where k.S 0.
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We may always armange the elements in a k-subset {a,,

.
N

order. Hence the first element a) Sn~k+ 1 the second elemeny ag irn-.]:n
] mlansn-k+mﬂulﬁt!mlik5n-k+h +1H-Eu
w,“ﬂmﬂmmdumdwhrgﬁtpmmevalmm{am ':""i“’-‘-hi!n,;_
¥
B
Procadure : Next combination. |
1. Given a subset fag, a2, v, agh
ASsume ay <dg <. iy, |
2.'I‘hlm'ult'ﬂ:nenl's|1.|:1ti1'|1.':'u|-B:-uul-lsul*a:-e|iJa|1.|:'te1:!_£|.r.a]H_,,.a,.;”’_“_.“‘t
3. Secan from right 10 left. Find the first m such that a,, <, :
;,a:{mal;;um+r,m+2,._._.k,k+1....un,am<;]5ﬂm|
5. The next kesubset is (31,23, oo, 8o 1,8, by 1, b,y oo ) whegy ., |
k&!mwmghmmﬁum&mhj_lsb_ﬂﬂ p '-"ld'lill
is defined as ). A4 o,
Tncmummhkmnmum&mﬂnwbaer{l.z,...k]amlﬁm,
sulbsets. The last ksubset s =k + 1, n~k + 2, ... n]. -

Example 11

Consider the subset (1, 3, 5, 6} of the set [1, 2, 3, ¢, 5, ﬁ}.Mutet[utﬁ-l =3y
fy=58;= &hmﬁﬂll‘mhﬂ‘.mm=Z(HIIS{BEIELanl_}hI
mm{llirh!ahd“mb;, ﬂlmﬂ'wsm:ll’.utmmtg ILS; 5 6} ﬂ'h“‘iil-gl'ﬂmf‘k.
;.na:.h;:s.mh&mmmmm;na,ﬂ that is greater than 5 Hee

‘:

Finally, we have 1, 4, 5, g),

Example 2

Mﬂ“mghﬁl’ﬁiﬂhmiu,s,i,s.a}.s:mmmmﬂ?
[l 2= 2 Now we have 2, ba, b by). For by, cher|
&’:w’“ﬂ“‘“""3“44«5-“1“'hmmmzﬂuéh:'-;.rwbaadﬂ'
senalles umong (15,51 ) = 18 8TORE han 3, Hence by = 4. For by, chocs ¥
R " 1 a1 grester thans 4. Hence b = 5. Fipally we have [2 343

Binomial Cosfficiants and Comblnational Identities
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where n is a positive integer

T ]bt+“tza“- e,

_‘_ncr‘h-;h;r
" The coefficients "y 0,

The last ferm bbbmmﬂ:.rm,ﬂhm

nnmﬂemdukﬁamhbwmmmh
2x2x1 = B formal produes. kit a0, S e

ﬁ}hhﬂ:i&nﬂmﬁmﬁmn]h%.mwmwhhh
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Using the above combinaborial arguments we conchuds that
(a+B)* = a'+3absdabd+b?

For the genesal case (a+b)", we can argee simifarly, Each product in the expansdon
cantaing n factors, Suppese we want fo find how many Mww:'h‘"'
lppmmhexpmdmﬁmammm::rmﬂﬂ:mh_mm 'C,E:.
m'““ﬂfﬂmﬁuhrmﬂjﬂumfntbﬁuh:mn—rmmul
that

e w MLy
The binomial coeffichent
this interpretation is found very often usefil.
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is equivalent to finding r-vlement subsets ol &
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proa : RHS, "Coet = - 00
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® fp-nid
= 0C,

e, = WCy-e
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Bey = BCyes

= ul:g

Remark
i) ™, has a meaning only when 05 7 5 I,

: ", ., has a meaning only when [ S a=r £ n.
i) "Cp and " C, . p are called complementary combinations.
R R M Rt W ET
Prool:  Using algebraic meshad,

n!

n
*:
tHn=rf fr= 1¢in=- [r=13!

A T
-t =T =re 1y
) E;':‘Tﬁﬂ%—_'ﬂ n!
M S V] ey ey
= _‘__E__‘_ 1 1
ek =

m[ﬂ.ﬂn :-]-r u]

'.
gies J-a7

/J———T I
n+ 1)t —nelp
F

= Hin-r+ 1)
wfﬂhﬂwﬂ“:
urﬁbalmttmhm&ﬂs“mmhiﬁmdlnrmﬂusetnn.tuibl.
Thﬂ"cf'”i' r} is the number of r element subsets of B. These can be divided into
dlﬂﬂh ¢ classes.

msmﬂfﬂm1mmtrﬂmﬂbuHﬁﬁadﬂmufdmzmtnh
¢ subset of A together with b. Number of subsets of the first type is Cin, 1)

s the second type is (n, r= 1}

mamruf
Hienwes Cln+L1)= Cin, £= 1)+ Cin, 1}
g M+ Cit B0y it "y = 21
he sum of binomial coefficients is equal o 2.
broof ¢ Using binomial theorern,
(atb)" = “Cﬂ‘n+nclin_1b+“l:1a“'=b2+ ...... +1C,b"

Gubstitute @ = b=l
{1+ﬂ" = HCE+DC1+:"C=+ ...... +0C

r e nCﬂ +“C1+“C1+ ...... +“Cn = 27

Corollary : Since"Cg =1

III 1+“C1+“E‘1+...i"'cn = 20

bl o 1R L of . SP +°C, = o |

,\__/ e —"
e

Proof by comblnatorics mathod :
Let A be a set containing n elements. Then the
Nuber of subsets of A containing o element s 1 (ie. empty set) o " Co.
Number of subsets of A containing 1 element are n o “Cy-

Similarly pumber of subsets of A containing 2 3 & o
"C;, "Cy,"Cy e and 50 oM.

Hence total number of swfi_-——-——-—'—'_'_'_'_
T L

number of subsets of A =27,

clemants will be
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Le. "ot = PCy+"Ca ¥ Gyt
ac # "yt Ca
4 i 2[0"“
wﬂmm
M: Uﬂ = n :'I.-*Ib2+ n {1}
I, T lI'I b+ Cll rrrrr * c,ah:ﬂ
ncn“b L |
farb)® =
Hl-lﬂﬂh"l
Them (=17 = lCu-"’CH“‘:z‘.c?rf“c" =G5+ Cg e
0 = [PCa#"Ca# Cy # i [T 4 Ca+0Cs 4 )
d "'Eu+.c1+ncl+"'" = “C1+an +nc5 ; R
i
Alsa 2y +0C; # 00y # ot "Gy = 2°
= [P0+ Cy+ " Cy# ]4 [0+ "Ca+"Cs 4] = 27
- HIC+2C; +7Cyt ] = 2°
" ey 1AMy = 207D
Hetew [(PCo+ 0y +"Cy+ o] = ["Ci+PCy+ T+ ] = 2in-1)

5.0, 1)-Cir, ) = Cln,m)-Cin=m, r-m), 1Smsrsn

Proof : o d n! {n=m)!
v mife-m)  mif-m)l (-6l r-mp

= Cin,m) C{n-m, r- m)

Proof using combinataries

LELS gives the number of wq to select
mmemm%m;m'mh of a set of n elements &l

This ean be ivalortly subsit
m-umm,_m”“*hﬂmmdmmmrmmm-
de””*'mﬁom
mﬁ'ﬂ“ = remaining n — m elements,
g ﬁdi%]hi"ct}z,p{:z;zi +OCH2 m

P et (UC)? = T,

Q422 {14 g0

= (14 I}}'

mmm&l 3-33
_.__..--'-'---__ T
n n
{a+x" = "Co+ CI‘H’"CI‘:'"f3h1+,_,_-‘tu,n
n
= E b 0
rul

“._'_:}2‘" - HCE+HC1:+&":I:=+ ________ *hch‘h
in
in k
= ¥
k=0

Coelficient of x" should be equal on both the sides,

Herce
"Cu- “CH'FHCL' "'Cn_ 1# "'E;- nf“,: +_..-_-‘(_'n- '[‘D = hc

But "Cq = "Cas "Cy = "Coly, "Gy =7C,

rimiimp=

o (PCR + (MO ("C i (PC,) = g,

m;wm Ty =+ 6T Cy)#6{"C ) = n?,
Solution  Cy +6("C51+6("C3)
n 6ol

Z x &{n')
Win= 1)1 2 {n-2)

M-I

= n! 1 + & +1
(=30 (n—-1)[n=2) 2-{n=-2}

n! [+ 3n=1)+(n-1) (-2}
= md}![ in-1}in-1j ]

(A= 1) =2}

nin= 1 {n-i)[

n[n]]

=pn
{fCtu.-JH Cir + 2.3) = Pin, 3), find .

HWHI'I: “C}P"'Ecj = "'F:q
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n! (n+ 2)! ” nl
-3 3 @-1) (n-23)

n(@-1) (n-21+wﬂ - nn-1)(0-2

B 6
(n-1) (n-2)+(ﬂ+2) m+l) = 6(n - 1) (n-2)
5(n-1) (n-2)

=2
(n+2) m+1) =
K 2
n2+3n+2 = 5(n® - 3n+2)
=
4n?-18n+8 = 0
=
m2-9n+4 =0
=
- = = B
= (2n-1) (n 4)
1
= n= _2_4'.4
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e | et
sy



Propositional

e

Syllabus
. n Statements & Notation, Truth Values, Connectives, Statement Formule

ormu .
Tables, Well- ed Formulas, Tautologies, Equivalence of Formulas, Duality Law, Taie

— Contents

4.1 Logic
Ul

4.3 Open Statement

44 Truth Value of a Statement

45 Truth Table

46 Logical Connectives

4.7 Tautology

4.8 Contradiction

4.9 Precedence Rule

4.10 Logical Equivalence

4.11 Normal Forms |
|

(4-1)



o atence is a statement ot proposition if it s possible to g
ved by the sentence is true of false
. ) s to say, v T

‘ie. A sentence of which it 18 meaningful, t0 58y whether it is trueqr

poth is called a statement Of proposition

e denote statements by letters P &/ 5

Examples
1. Pune is capital of India-
2. Mars is a planet
3.9>13.
4.5+ 8§=12
56ei1,234 |
6 x€ A il

7. There are 12 months
Examples (2 and (7 are true statements.

ol 1)), & ae false statemers In example 4, if we write 4 in place oy
it Beﬁuma a truEsenherlce and if y is not 4 then it is a false sentence. Similarly in:;"f"; "2"
mwt say whether this sentence is true OF not unless we are told what are the eley e

of A.
Thus only those sentences are statements about which we can say whether these ap

true or false.

Il

in a year.

Definition |
A statement is a declarative sentence with a definite truth value. .I
Herce (1, 2,13, 5,7 are statements. {

‘4 is not a statement since its truth value depends on the value of y. If y is 4 hﬂ,

mﬂﬁisﬁ‘ut;if}fﬂimenmeaenfenceisfalse. g

Also(6) is not a statement since its truth value de
then (8) is true but if A = (1, 2, 3, 4] then 6 is false.

pends on set A, if A={X¥uls

L - T T o Sor o TS TRl LAt o




B
example @ above if we put y = 4, it becomes a rue staten
y # 4 it becomes false. Such statements are open statements.

Examples

1.x+7=9

23x+2>8

3. xe A - H
Truth Value of a Statement 1

Statement has a definite truth value which is either true or false. True values are :
denoted by (T) and false values are denoted by (F).

Truth Table

A table giving all possible truth values of a statement is called truth table.
Exercise 4.1

1. Which of the following statements are true and which are false ?
a)9<12

b) 2 is a prime number.

¢) 41 is a composite number.
d2+5=3+9

2. What type of the sentence is
x+8=177

For what value of x following sentences will become true statements ?
A3 +9=15 b)x+6=8

cx+1>5 dx+2<38
e) 5x 2 25 fl5x<25
4. Which of the following apen statements are true ?

8) X +4=6whenx=2 b)x +4#6 whenx=2
€)x+5% 8 whenx=3 d}2x+4y=14-whmxi:!,.y}-=fa
&) 3x+5y=11whnx=0,y=2 P54 2 x)whenx=5 =y

% R

e s e o IRy



5. Define the following and illustrate each by-m-:mmple.

@) Statement
b) Open statement
rﬁmm
1. a) True b) True <) False d) False
Open statement.
3. a)x=2 b) x =2 c)x25
d)x<6orxs>S e) x5 fx <5
4. a)True b) False  ©) False
d) True e) False f) True.

Logical Connectives
t be either true or false but not both.

they can be combined to produce a new statem.
und statements. |

Every statement mus

If 3 two or more statements,
These statements are called compo
To combine statements we use following symbols.

m Conjunction ('A' or ‘and’)

tements, the compound statement '‘pAq' is 'p and q and is called

If p and q are sta
conjunction g' or 'p meet q.
1A' denotes ‘and’ and is known as conjunction.

Examples
1. Let us consider
p : Shalaka is in senior K.G.
q : Shalaka likes drawing,
then p A q is the statement
Shalaka is in senior K.G. and likes drawing.

Definition
When two or more statements are combined by the word 'and’
statement is known as 'conjunction’.

the compo&

Examples
Let us consider the statements.
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ii. 'But' and 'while' are treated as equivalent words to ‘and’. -

iii. Conjunction is a binary connective as in conjunction we need
statements to combine.] | e

1. If p is true and q is true then p A q means the resulting statement is true
2. If p is false and q is false then p A q is false.
3. If p is false and q is true then p A q is false.
4. If p is true and q is false then p A q is false.

Truth table for p A q

- im im |

P A q is true only when both are true otherwise false.
(462 ] Disjunction (‘v or ‘or)

When two or more statements are combined b}' ﬂ:@q -
Miﬁh‘loum as 'disiunction’, |

—

-E-ﬂ_....__w " 3 . — i




Discrete Mathematics 4-6

Examples

Let us consider the statements.
L. p: 1 will purchase a dress.
q : 1 will purchase a book,
then p v q is the statement
I“’iﬂpurchasead:essurlwﬂlpu:chaseabook.
2. p:aisequaltob.
q: b is equal to 7,
then p v q is the statement '|
aisequaltuﬁurbisequaltu?.
1.  If pis true and q is true,
then p v q is true.
2. If p is true and q is false,
’ then p v q is true.
3

If p is false and q is true,
then p v q is true.

4. If p is false and q is false,
t]-uenpvqisfalse.

Truth table for p v q

P 1 i By
O T T
e : -
— = :

Remark 3
i 'puw.rq'iﬂtru:eif«aitherpi.'eftruf.'oratiistrun?cnrlmthpa.m:lqametI'uIE!iﬂ'l"lf"""?.‘.E
is false if both p and q are false.
ji. Disjunction is a binary connective. wd
iii. The exclusive disjunction or exclusive 'OR' of two propositions p and q f'*‘:
statement. ‘Either p is true or q is true, but both are not true.
Either p is true or q is true, but both are not true, we denote this by p®q

R e B e B e e i Lt e T



example for exclusive 'OR’
I shall go for walk or I shall watch TV. Here the connective 'or' is used in exclusive

sense.
i.e. Either one or the other is possible at a time but both are not possible.

m Negation (~)

Let p be any statement then negation of p is denoted by '~p' (or p) is read as 'not P

If p is true then ~ p is false.
If p is false then ~ p is true.

Truth table

~ p is a unary connective as only one statement is required to form negation.

Examples
1. If p is the statement 'Ram is intelligent boy’,
then ~ p is the statement.
‘Ram is not intelligent boy.'
or It is not the case that Ram is intelligent boy.'
2. If p is the statement T like to read',
then ~ p is the statement.
Tdon't like to read'
or It is not the case that [ like to read.

e

TECKMITA OIS H'EAT.I'M!'P. A A ram PR iet fee Pasaitanlta




T a is in %, then a is in € (complex number) the hypothesis is a € %t

conclusion is a € €.
This can be expressed as ac ® — ac€
1) If p is true, q is true then
P — q is true.
2) If p is true, q is false then
P — q is false.
3) If p is false, q is true then
P‘ —q 1is true.
4) If p is false, q is false then
P — q is true.

Truth table for p — g
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S plos for conditional connectives
. p:The function is differentiable.
q: The function is continuous.
If p then q
ie.p—1q
or p is sufficient for q.
2. p: Weather is good.
q : Match will take place.
If weather is good then the match will take place.
p—r4
3. p:(F + ) is a field.

q: (L +, ) is an integral domain.

r: (R + ) is a ring.
Bp—q
Every field is an integral domain.
()p—r
Every field is a ring.
(iii) g —r
Every integral domain is a ring.
Remark
If p, then q
qifp
p only if g,
P is sufficient for q
q is necessary for p
are all equivalent to the statement.
P—=q

‘-‘_‘_-_'_‘—-—\_..
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‘if and only if is shortened as 'iff". © is also known as ‘implies and is img

‘We also say 'p is necessary and sufficient for q.
P © q is true when truth values of p and g are same, ie. either both t

false and false otherwise.

’ Truth table for p > g
P

poq 9P Peq

(p>gAalg—p

o Bl holnE
2
T

L RIS E

- AR

= =] i i

Himia e

Example
In a triangle ABC,

p:£C=90°

q : (AC)? +(BC)? =(AB)?
If p then g

iep—gq D)
Also if g then p
ie.gq—=p s (2)

| From equations (1) and (2),

[By Pythagoras theorem]

[If (AC)2 +(BC)? =(AB)* * ;




>

wf—mmpﬂm" of an Implication

he implication ~ 4 = ~ P is called the contrapositive of the implication p — g,
. implication p = q and ~ q = ~ p are the contrapositive of each other.

gxsmple
j If in a triangle ABC, £ A = 90° then (AB)? +(AC)? =(BC)?.

i If in a triangle ABC, (AB)® +(AC)? # (BC)? then £ A # 90°.

Above two implications are the contrapositive of each other.

1}1fpisu-ue,qislruethmp—rqistrueand»vqisfalse,—-pisfalae
but ~ q— ~ p 1s true.

g}]jpistrueandqisfalsr:thmp—}qisfa]se,~qistrueand~pisfa]se
but ~q— ~ p is false.

sj!fpisfalse,qish-ue,ﬂ-nenp—>qistrue,-qisfalse,~pish-ue
but ~ q— ~ p is true.

4}prisfa]se,qisfalse,tl'uenp—+qishue,~qistrue,~pistme
and ~q— ~ p is true.

The following table gives the truth value of the implications p = qand ~ q = ~ p.

Truth table forp - qand ~q - ~p

Fol 8 (PA 8 G0 I
T _T T i F R ; : T
e - :

e o s
o —

Express following statements in propositional form :
i) There are many clouds in the sky but it did not rain.

i) 1 will get first class if and only if 1 study well and score above 80 in mathematics.

i) Computers are cheap but softwares are costly.

i) It is very hot and humid or Ramesh is having heart problem.

V) In small restaurants the food is good and service is poor.

%) If I finish my submission before 5.00 in the evening and it is not very hot I will go

and play a game of hockey.
e




iscrete Mathematics 4-12 i

A

Solution : i)

q : It rain. r
wa P"\""q
W) p:Iwill get first class.
q : I study well.

r : Score above 80 in mathematics.
- PO(gar)
iii) p : Computers are cheap.
q : Softwares are costly-
. PAG
iv) p: It is very hot.
q : It is very humid.
r : Ramesh is having heart problem.
n(pagvr
v) p : In small restaurant food is good.
q : Service is poor.

L pAaq
vi) p : I finish my submission before 5.00 pm.

q : It is very hot.
r : I will go.
s : I will play a game of hockey.
o (pa~q) = (rAs)
EVPSER RN Lt p denote the statement, "The material is interesting’.
q denote the statement, "The exercises are challenging’, and
v denote the statement, ‘The course is enjoyable'.
Write the following statements in symbolic form :
{) The material is interesting and exercises are challenging.
ii) The material is interesting means the exercises are challenging and conversely.
iii) Either the material is interesting or the exercises are not challenging but not t ol
iv) If the material is not interesting and exercises are not challenging, then '

not enjoyable. 3
v) The material is uninteresting, the exercises are not challenging and the

enjoyable.

o e e e T e e o ]



Ex‘prm the contrapositive, converse, inverse ﬁﬁ*—*
| statement given below : L

b;f;gisrmml then x is real.’
w Let p: xis rational.
q : x is real.
bolic form : p = g
‘Contrapositive : (~q — ~ p)
If x is not real, then x is not rational.
Converse : (q = p)
1If x is real then x is rational.
Inverse : (~p = ~ q)
If x is not rational, then x is not real.
Negation : ~ (p — q)
= ~i(pivi~q)
P A~y
m=~PArq

fﬂri‘-rlmir: LRy Express the contrapositive, converse and inverse ﬁfﬂl& ﬁ ﬂﬁ f
statement.'if 3 < band 1 + 1 = 2, then sin

e
L

w3

gtéma >b or 1+1#2



e ie. ;{m:ﬂ;#';Ht::-q)f;.-.‘-}-"-'i-r:'
ieif 32borl+1#2thensing # 5

L. If " stands for the statement ' read book’ and 'q" stands for °I g0 for simpyy
the following in words :
apnag bpvy
e~pvyg dpna(~gq)

boy’, translate the following in words :
apagq b)~pnrg
cdpal~gq d~pa~gq
el~prg P~peg
gr--~q

symbolically :

a) I do not run fast,

b) If I run fast, I shall win.

c) I run fast or I shall not win.

d) I run fast and I shall win,

e) I neither run fast nor I shall win,
ﬂf&&aﬂmgfmdmlygﬂmnﬁah A
& ¥ p stands for ‘it is cold’ and q stands for it is raining’ translate the foll
@) It is cold or it is raining.
b)ﬂﬁﬂﬂddﬂdiﬁiﬂ-mﬁﬁn_g.
dffﬁmﬁbﬂftﬁmtmfning.
d}ftfsmtmfdbﬁf:‘thmﬁ:#!g.
.ﬂﬁ"iﬁamtmﬂﬂwniﬁsm#m&:ﬁm.
ﬂsmni-mdﬂimﬁrminist&aﬁtﬁmﬁ
gj-ﬂmryﬁiﬂdiﬂonﬁrmiugﬁﬁaﬁthmﬁ.

h) A necessary and sufficient condition for raining is that it be cold.

3. % 9’ stands for ‘I run fust' and ‘g’ stands for ‘I shall win’, express the fn

2. If 'p’ stands for the statement ‘Ramesh is a player’ and 'q’ stands for ') ohan i , .



-
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WMI
e

a) I read book and I go for swimming,

b) 1 read book or I go for swimming.
¢) Either 1 do not read book or I go for swimming,
d) I read book and I do not go for swimming,
2 ) Ramesh is a player and Mohan is a strong boy.
b) Ramesh is not a player and Mohan is a strong boy.
¢) Ramesh is a player and Mohan is not a strong boy.
d) Neither Ramesh is a player nor Mohan is a strong boy.

e) This is not the case that Ramesh is a player and Mohan is a strong boy
f) Ramesh is not a player if and only if Mohan is a strong boy.
g) If Ramesh is a player then Mohan is not a strong boy.

3. a)-~p b)p—q
Jpv(~q dpagq
e ~pAr~q filgep
| 4 apvq b)parq
| pAl~q d)(~p)ag
Flep =4 Hqg-sp
| BIP—q hpeg
Tautology
A tautology is a proposition which is true for all truth values of its
! sub-propositions.
| In other words a proposition is a tautology if it is always true for all assignments of
inlt truth values.
m Contradiction
A proposition is a contradiction if

it is always false for all assignments of truth
values,

Rﬂm.‘"“ A proposition which is neither a tautology nor a contradiction is called a
'm'hngmcy.

Show that p — p is a tautology.




errersri g =i

............................
L L e

Since in p v (~ P)

CITTER) show that ~ (p A (= P) 54 tautology.

Solution :

P -p pACD
S P | F
L F T

: _'1_

Il the truth values are true (T), hence p v (~ p) is a tautolog,

Hence ~ (p A (~ p)) is a tautology.
Remark : p A (~

Solution :

P Show that (p — q) © (~p) V4 is a tautology.

p)isa contradiction as all the truth values are false (F).

=3 A

ln |

q
T.._.._... S
B "

T

F

Hence (p — q) © (~ p) v q is a tautology.
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Gilagialaialsiaies

In the last column all truth values are (T), hence
p—=(@—1)—=(p—9 — (p—r) is a tautology.

ﬂ.{(p_van ~pl—=q
Solution : Consider the truth table.

R I I I

! 4

R T R R - |

i m

Heme ((pvg)a ~p)— q is a tautology.
??’[Ip-ﬂ'q] Ag=n] =(p—orn)
Solution : Consider the truth table.

P——

aedl S R lp—rql_r}_{qw-n}

T T

T

F T

T F




=

1

i TR,

e v gy

e B B o i =

mom -

S ER

Hence [(p— g)A(q—=1] = (p—1)isa tautology.

4 (pag) a~(pve

Solution : Consider the truth table.

1!?':l PY1

bl el [ e

A
T
4l
F
F

- e N - ) R

Hence (pAg)A ~ (pvq) is a contradiction.

5 (p> 9 ergv-p)

Solution : Consider the truth table.

p.

|

| P P24 4v-P p>9 > (qv-p)

T
T
F

F

A
F
T
F

== = |m

[av-p (=g

Hence pv -e--(pﬁqj is a tautology.
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‘ h precedence Rule

le dealing with operations on numbers, we realize the importance ¢
ol According to this rule when calculating the valye of an arithmetic exg

calculate the va e of the Bracketed part then apply. ok diviston, muiipiisusuiE
fﬁlﬂnﬂ and subtraction in this order. oS

imilarly while calculating the truth value of compound
than one connective, we have a similar convention which
ﬂPPI}r first.

Suppose we did not have an order of preference and want to find the truth of ~ pv q.

Some may consider the value of (~p)v q and some may consider ~(pvq). The truth
values can be different in these cases,

Propositions involving more
tell us which connective to

For example :
If p and q are both true, then (~ p) v q is true but ~(pv q) is false. So, for the purpose
of unambiguity, we agree to such an order or rule.

The rule of precedence : The order of preference in which the connectives are
applied in a formula of propositions that has no brackets is

1) ~

i) A

iii) v and @

iv) = and «

Remark :

L. V' includes 'exclusive or' and ‘inclusive or' both.

2. V' and '@ which are both third in order of preference. If both these appear in a
statement, we first apply the leftmost one. The same applies to the — and .

Logical Equivalence

In mathematics, as in ordinary language, there can be several ways of saying the
same thing,

Definition

Two propositions A and B are logically equivalent if and only if they have the same truth
value for every choice of truth values of simple propositions involved in them.
We denote this fact by A =B.

In other words two propositions A and B are logically equivalent if and only if
AS Bis a tautolo

TECHNICAL PUBLICATIONS” - An up thrust for knowledge



A~ P and ~ P A q are sz

8aid to be the duals of each othe
INg ‘A" by 'v' and 'v' by 'A". The




3, Commutative laws

P pvq = qVPp
ii) pAq mgAap
4 Idempotent laws

i) PR ®p

ii) PAP = P

5. Double negation
~(-p) =p
6. Distributive laws

i) PV(@Ar) = (pvaa (pvr)
i) pa(qvr) = (paq)v (par)

7. Absorption laws

i) pvipag) =p
ii) PAlpvg) = p
Logically equivalent

DeMorgan’s laws

ﬂ}_{qu) --Ph__ q

ﬁ}n-(PAq)ﬂm PV~ q

--..-é.».;{q vi) = (pv@vr
Ph':q hﬂ = (p.hq;l AT

[Dual of (i)]

[Dual of (i)]

[Dual of (i)]

[Dual of (i)]

e




e table, truth values of ~ (pv q) and ~ pA ~ q are same for each cho

""(P'H"Q} = -.-pﬁ.-- q
ii) '-[]M.q} =~pv~q

P

Dpvipag=p
#Wpnalpva=p

!
&_I L ——
. WE O o e PNl et O SN o



e table, in last two columns, h'u’thv]

,ach choice of p and g. Hence

From the table, last two columns are identical, hence

palpvg) = p 3
Note : Proofs of remaining identities are left as an exercise to the students,
m P—=qand ~pv q are !bg;‘caﬂy -‘-“iﬂfﬂﬂfﬂ#--

Solution : Consider the table.




4-24

ALY P < q s logically equivalent to (p =)~ (49— p) alge
W’»" equivalent to (~ pv g) A(~ q v p).
Solution : Consider the table.

(P <

P q ;-'-p'-qip-—*qiq—lpijlp—W“‘q"l”;?”“.&"l""l ~qvl,--" i
b ] | | :
g 1| ! | 11 SR SR S G bl 2
<1 e S T T | T L . T A y
oo b AT TG S R I W .0
B r [T | xS
Eaer ol o | 1 | T T T T |
$ 4 - o
From the table, ——————
| Ex
peq = (~pvglal~qvpl=(p—>q)alg—=p) 4
Normal Forms 1
In logic, with the help of truth table we can compare if two gtatm
equivalent.

But when more statements or propositions are involved, then this methog
practical.

[As if n propositions are involved, its truth values will be 27 ]

Hence, it is necessary to apply another method. 4

One method is to transform S; and S, to some standard form S} and S5. Such thaly
simple comparison of 5] and S5 should establish whether 5} = S5. '

The standard forms are called normal forms or canonical forms. '

Disjunctive Normal Form [dnf] 3 E

Disjunctive normal form is a disjunction (v) of fundamental conjunctions (A) -

Now fundamental conjunctions (») are conjunction of simple statements iinﬁ-:--.'l
two statements by ‘A,

le. b pAQ ~PAQ ~PA~q, pAa~p qa~q, pa~q, ~ p are fundi

Hence disjunction of fundamental conjunctions are joining fundamental oo
by 'v.
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| q,,‘..aq,pprmﬂ]‘“ﬂfﬂlﬂ* Hm:fafundammﬂal
:.__-..~:"-?'hvd(pﬂl'ﬂ P) or (g A ~ q) etc., it will be false.

1, Obtain the dnf of the form

'P ﬁ(P."} Q}

= pAa(~pvq)
= (pA~p)V (pAQ) [Uting disirbutive el
= Fv(paq) h -
= (paq) dnf

4 Conjunctive Normal Form (cnf)

Cmqmlchvenormalformmacon}unchun(A}ﬂffundamenhldiljuneﬂonillﬁﬁli
Now fundamental disjunctions (v) are disjunction of simple statements.
[ie. joining two statements by 'v1]

PVq pv~q,~pvq, ~pv~q,~p, ~ q,p,q.ehc.mﬁmdaEM'

‘Hence
byn ﬂmmmcuonofﬁmdammtaldiajuncﬁmmpm

f’..{@vq}ﬁ {q Vr}h (-.- pv~ r}
?T“PQ¥~ﬂ




To find its dnf from the truth table.
Step 1 : Consider the true values (T) from p.
Step 2 : Form the conjunction ('A’)
(P1LAP2A . eADj At APK A oA P )
where if p; is true consider p; and
if py is false consider ~ py
such a term is called minterm.
Steps:'Ihedjsjuncﬁmufnﬁntemmisthednfofthe given form.

Conjunctive normal forms and disjunctive normal forms (cnf and dnf)
Example 4.17 JOl27 mﬂjﬂﬂdfﬂ narma!_farm ﬂf

D~p—=r)alp—9
i (pagvi=pagar)
Solution : i) (~-p—1)A (p—q) | ﬂ
| = -CPVOA PO (As p—q = ~pug
= (pvga(~pvq) enf [As~~p=p|
ii) (pAQ)V (~ pAgAT) ¥
= (pv(~pAagan)a(gv(~pAaqar) [Using left distributive & | .

= (pv=p)alpvgalpv)allgv~plalqvg)algvr)
= (Ta(pvglalpvi))alg v~p)a(g)a(gvr)
= (pvg)alpvria(gv~pia(ga(gvr) conf

skl Find conjunctive normal form and disjunctive normal form for the followin
without using truth table.

(p—=q)Alg—p)
Solution: (p—qg)Aa (q—p)

Example

= (~pvq@Aa(~qvp) cnf -
= (CP)A-qvPIvVqa(-qvp) [Using distributive B

= (~pA~QV(~pAp)V(qA~q)V(qap) S¢
= (~pa~q)vFvFv(qap) fo
= (~pAa~q)v(qap) dnf =

R R e B



s (~pvaA(~pAg)
= (~pAl~pPA9V(QA~PAQ)
= (~pA~P)IADV@QAQA~P)
= (~pAq)viga~p) dnf
ji}{?,g(p-—l-qj} - q

= (pa(~pva)—q

= ~(pa(~pva)vq

= ~pv(~(~pvq)vg

= ~pv(pa~q)vq dnf
Obtain the conjunctive normal form of each of the following :

ipalp—19)
i) ~ (pva) e (pAg)

Solution: i) pA (p—q)
= pa(~pvq) onf
i)~ (pvg & (pArQ)
= [~ (~(pvqvipArglal~(pagv~(pva)]
[p & q= (~PVA(
= [(pvavipaglal(=pv~gVv(~pa~gl |
= [(pvqvp)A(pvqvIAl-pv~av~pIa(-pv~av~gl
= (pv APV A(-pV~PA(~pV~9) -
| = (pvga(~pv~q) cnf R
m Eliminating conditional and biconditional, find logically equiva
| ﬂ'{pﬂ (gvr))=—~p ,
- e-pgp
OWtion :  Using truth table method, find dnf, which is logic




arppearetia

-----------------------

-
i A r};q
i i im

S .
column and choose corresponding ‘Falues !_,.
is true, q and r are falga

L’ GIL AT L L
.
1
-

B S A <A =T

{th‘} o '(P'h g . e
o rly for other (T) values choose truth values from column of p, g, r.
- Hence the logically equivalent form of

Pe@vi)=~p = (pAQAIVE AQADVE AGAT)VPAQAT
v(p'Aq’Ar)

| Example 4.22 .- Eind ﬂﬂf ﬂf
(p—=(qgar) Al~p—=(~pa~1)) by truth table method.

Solution :

(g

R

o B I B
CEC R R R RE

=2 res e S

SRR R EE R RN

b ]

R EC BT O SO
i i)
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5.1 Introduction
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Introduction

Let us consider
Nx>9
2)"x+y S8
3) ‘x+y+z=9
not

These are sentences but no ;
of x in 1, values of x, y in 2 and values of x, y, Z It 3
" ropositional functions' or 'predicates’,

&ld!;um-rtmuwnns'p

Predicats
A Wiﬂond function or a predi
variables are

becomes a proposition, when
can take.
variables X1, Xg, - Xn 18 called an n-place predicate,

A predicate p contains n
1) 'x > 9' is a one place

2) 'x+y <8 is two place
9' is three place predicate and is denoted by p(x, y, z).

3) x+y+z=
The values which the variables may assume constitute a collection called the upj

statements (or PWPWEﬁT’} unless we know B s

cate in one or more variables is a seng _
given definite values from ﬂmmﬂvd:i

predicate and is denoted by p(x).
predicate and is denoted by p(x, ¥)- &

of discourse.

Remark
1. A predicate is usually not a proposition but every proposition is a prediay
(i.e. propositional function). '
2. When specific values are given to the variables appearing in predicate, variabls
are bound. If all the variables are bound in a predicate then predicate becomess |

proposition.

For example

Dpx):x-7=4
Let the universe of discourse be the set of natural numbers.

Binding x by putting x = 3, we get false statement. Binding x by 11 we get .

statement.
A second method of binding individual variables in a predicate is by qumﬁﬂﬂm-i-

the variable.

ST PITETIPII PR e —
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.I -uM‘ ﬂl.lll'ltlﬂ-r
s x}uimm mthtlwvanahlnxu an argument
“I‘qﬁnuﬂer'f@”w whu:hmdmclaedh}r ‘q",gu&ut Propo; :

"Forﬂu"fp(x) which is in
in which variable x is said to

,,dverul quantifier.
M Existential Quantifiers

Suppose for the predicate p(x), v x (p(x)) is false, but i
x for which, p(x) is true, then we say that, X is bounded b

The word 'there exists' mdenntedby i o

Negation of ¥ x p(x) is ¥ x P(x) is not true or i
true. This means atleast for some x p(x) i
such that ~ p(x) is true.

Hence V x [p(x)] = 3x [- pd]
IR Y Determine the validity of following argument.
sy ¢ All my friends are musicians.
§3 ¢ John is my friend.
§3:None of my neighbours are musiscians.
$ : John is not my neighbour.
Solution : Let p : All my friends are musician.
q:John is my friend,
I+ My neighbours are musician.
51 2 p
B‘l H q
Bt

Hﬁtlt“aslns;ﬁsg_,

Le, PAQa~ris statement form.

_%:Iohmmtmy“ﬂghbw
* John is musician.

t
L —___ t2:]John is my neighbour.




.-'-l R e o e S T
kT \: 1 I ™ Tl

R g
As John is my friend and all my friends are music
ﬁa.r&mhmmmw%mwmm

neighbour. Therefore given argument is .
(GERBEERD Determine the oality of rgurent 7
Sy : If I like mathematics then 1 wil study.
s :Eitherl will study or [wil fail.
s : If I fail then I do not like mathematics.

Solution : Let p : I like mathematics.
q : I will study.
r: I will fail
51:p—=24

S5;:qVr
§:r— ~p
So

As corresponding to truth values T, T, Tof p, q, r, 8, is T, 5, is Tbutsisfahe,@_&; |
EZMIEE) Over the universe of book defined propositions 1
B(x) : x has blue cover.
M(x) : x is maths book.
I(x) : x published in India.
) ¥ x(M(x) A I(x) - B(x))
1) There are maths books published outside India.

o AR T B g™, T aln



'm-w-ﬂﬂmmﬁ? e
iii) Some men are genius. -
iv) Some numbers are not rational.
o) There is a student who likes mathematics but not Geography,
vi) Each integer is either even or odd.
Golution : i) p(x) : x is a bird.
q(x) : x can fly.
Then statement can be written as,
¥ x [p(x) = q(x)]
i) 3x [p()A ~ q(x)] or equivalently ~ [v x(p(x) = q))]
iii) A(x) : x is a man.
B(x) : x is a genious.
Then the statement can be written as,
Ax [A() AB(x)]
) N(x) : x is a number. f:":
Qfx) : x is rational, .

Then the statement
"IV x (NG - Q)]
V) 8(X) : x is a student.

M(x) : x likes mathematics.

%0 x likes Geography.
Then the Statement in symbolic form is
- EBAMmA-~ g

B D6y 0

ﬁ&) X vens

O ixis ogq.

can  be written as 3Ix [NCIA~Q(x)] or
SET




D (YneN), (n+4>9),
ﬁJ{V neN), (n+2> alr
iti) (3ne N), (n+4 <7),
) (AneN), (n+6<4)
Solution : i) The statement is true.
As for all natural numbers n+4 is always greater than 3.
ii) The statement is false.
Assayn=3
then 3 + 2 < 8.
iii) The statement is true.
As there exist natural numbers say n = 1, 2 such that 1 +4 <7
' Also2 +4<7
iv) The statement is false.
As the smallest natural number is 1 and 1 + 6 > 4.
EELGIEEXY Negate each of the statement.
DV x x| =x
i) 3x, x* =x
iit) If there is a riot, then someone is killed.
iv) It is day light and all the people are arisen.
Solution: i) 3Ix, |x| #x
i)V x x%#x
iii) p : There is a riot. 3
q : Someone is killed.
Given statement is p — q
Hence ~ (p—q)
=~(-pvg
=Epar~q
= There is a riot and someone is not killed.
iv) p : It is a day light.
'q : All the people are arisen.
~ Given statement is p g,

Hence~(pag=~pv =9




i}-ﬁx*zﬂx

False.
souon*

Negation of 3% X +2=X

“V_xrx+2#'x

i) True-
Negaﬂmﬂfvx,x+1>x
gdx, x+1sx

predicate Formulas : A
Let P(xy,X2,-Xy) denote an n-place predicate formula in which the letter P is 2
n-place predicate and xq,X3,...X, are identical variables. :
In general P(xq,X3,...x,) will be known as atomic formula of the st

A well formed formula of predicate calculus is obtained by using the fol

1. An atomic formula is a well-formed formula. 1
2.If A is a well formed formula then also ~A is a well-formed formula.

3.1If A and B are well formed formulas, then (A AB), (A VB), (A—B),
well-formed formulas. [

4. If A is a well-formed formulaandxisanyvaﬁable,ﬂ'm
well-formed formulas. e

5. Only those formulas wl‘uﬁharenbtamedbyumgnﬁeim
formulas. !

Free and Bound Variables

When a quantifier is used in the variable x or when we a
;‘n‘bh then the occurrence of the variable is bound. An
Mbm“dbyaqumhfmrnrsﬂequalmapuﬁctﬂarmfm a
lmPl“i
1) {x’,'l’(x,y]
P(!'ﬂ 18 the scope of the quantifier. Both occurrence
;mmﬂﬂfjris a free occurrence,
P69 (3y) R(x, y)
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Both x and y are bound occurrence.

Equivalences _ :
' COMMON Universe 4
Let A and B be any two predicate mr?ffﬁm:ﬂa o ?e;?,
Qo
by the symbol E. If, for every aSSignmeﬂA LI resulﬁtinmgl o ”? “hwe

E to f the variables appearing in : : e
truﬂxe:i; Etmv:hneﬂpredlc P tormulas A and B are said to be equivalent to eagh

over E. ] |
If E is arbitrary, then A and B are equivalent, :

ie. AeB

Four Types of Equivalences
“all true”  ((¥x), ()} (= (3X)(~P(x))} “none false”
“all false”  {(¥x),(P())} & [~ (@x)(P(x))} “none true”
“not all true”(~ (¥x),(P(x))} < [(3x)(~P(x))} “atleast one false”
“not all false”{~(¥x),(~P(x))} & {(3)(P(x))} “atleast one true”

Valid Formulas

i

A formula A is said to be valid in E, if for every assignment of object names fromg
to the corresponding variables in A and for every assignment of statements to staw f
variables, the resulting statement have truth value T. i

(vx) (P(x)) = (3x) (P(x)) is a logically valid statement.

Solution : If Vx, P(x) is true in some particular universe, then the universe has at least
one object a in it and P(b) is a true statement for every b in the universe. In pammla]:'- |
P(a) must be true. T

So, (3x) (P(x)) is valid formula.

Qaod

i
]
|
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Maximum Compatibility Block, Composite Relation, Converse of a Relation Trsilive &

WRinSﬁX.
F ==

%
Contents 1

6.1 Ordered Pair

6.2 Relation or Binary Relation

6.3 Inverse Relation (or Converse Relation)
6.4 Complement of a Relation

6.5 Composite of Binary Relations

6.6 Relation in a Set

6.7 Types of Relation

6.8 Fundamental Theorem on Equivalence Relations i
i
L




0 sets then A X B is called Cartesian product of 4
&ﬁwﬂmpﬂm in which first co-c dina
d second co-ordinate is from set B.
 AxB = (ab):acA andbeB
iy T
A=1(1,23,B=(@b
'AxB = ((@b):acA and be B
= {@,a),(Db)(2 a),(2Db),(3 a), (3 b)
(1,2) € AxB

2¢B
(a,b) € AxB
as a g A

(b,3) & AxB
as bg Aand3¢B
= (a,b) & AXB,eitherag A orb ¢ B or both.
Hence A XxB # BxA

So, Cartesian product is non commutative, if A and B are non empty ang
mie.Aatﬁ,BaeﬁmdAaeB

Similarly A xBxC is a set of all distinct ordered triple.
] AXBxC = {(ab,c) : ‘a€Aand be Band ce C)
- ﬂﬂﬂ""‘r“?f

351‘*&2 X.A.Sn.mn = ”ﬂ ];EE,E 3,“.3,“] r al A 1,85 € AZ - EA»‘i 0, EL !

- -




(&ﬂ;xc = i({mb},‘c} {mb)ak XB, eﬁe}
All these A x BxC, (A xB)xC, A X(BxC) are different, .
Nmuypmductofkﬂ C, wedEﬁmasAxBxc
If A, B, C are sets then,

i) Ax(BNC) =(AxB) n(AxQC) -
i) (ANB)xC = (A xC) n(BxC) :
iii) A x(BUC) = (A xB) U(A xC) o
iv)(A UB) xC = (A xC) U(BxC)
Proof :
Let (a, b) e A x(Bn ()
< a€A and be (BN Q)
< a€ A and (be B and be C)
< (aeAandbe B)and (a€ A and be Q)
< (a,b)e(AxB)and (a,b)e (A x C) .
& (a,b)e (AxB) A (A xC) 3
= AX(BNC) = (AxB)n (A xC)

Students are advised to prove the other three results, as an exercise.
Remarks : -
1. 19t s the set of real numbers then % x3 we represent by %2 an
2. RxR=R? is called the Euclidean plane.

Relation or Binary Relation

Let S be a set of family members
S = {f; m, b"l.r bﬂr El]




Number of elements of S = 5 [also known as cardinali tyumeddw.w_
{S|] f - father, m — mother , by, b, — brothers, 84 = sister then SxS, the o,
product is a set of ordered pair.

" 6H  Gm)  (Ebp)  (Eb)  (Esy) ]
(m,f) (mm) (mby) (mb) (m,s1)
5xS = |(by,H (bym) (by,by) (byb2) B1,81)
by, (by,m) (by,by) (ba,b2) (by,81)
(81,0 (s1,m) (s1,by) (s1,b2) (51,81)

Number of elements in $x§ is 5x5 = 25 i.e. cardinality of Sx5S is 25.

Now let R be a relation on the set S say R be father relation.
then R c AxB

R = l(f,bq), (£by), (Es1)])
f is father of b, denoted by f R b or (f, b) e R.
f is father of b,, f is father of s;
i.e. Ric Sx$

Remarks :
1. Relation is always defined on set.

2. Binary relation is a subset of cartesian product of two sets. Both sets may be same
or different. If R is defined from set A to set B then,

R c AxB
3. The sets A and B are also known as set of departure and the set of destination of
R respectively.

Examples :
1. A is the set of natural number N.
The set {(x, y) : x = y} means that x and y are so related that x = y.

then R = ((1,1), (22,3 3 .. [{n)..)
+ A =N
R = {(xy):y=x%)
then R = {(1,1),(2,4),(3,9),(4,16), (525) .....n,n?)..}
3. A = {1,235, ...19 20)
R = {(x, y): x=3y)




R = {{Z?} (’Lﬁ}r

EA,B Cmﬂueeaehmdhcﬂ then
AxC ¢ BxC

Proof :

Let (x, ¥) € th=xeAandyec
=x€BandyeC
= (x, y)e BxC
= AxC g BxC

Result - 2 : s

(as A C B)

A-B)xC = (AxC) - (BxC) i

Lt (xy) € (A-B)xC =
ﬁ}(E(A-B]and}’EC
ﬁ(xEAandeB)mdyEC
® (xeAandyeC)and (xe Bandy € C) .
= {x,y}ehxﬂand{x,y}!{ﬂx(:]
« (x,y)€ (A xC)~ (BxC)

= (A-B)xC = (A xC)=(BxC).

m Domain and Range of a Relation

(<1 A and B be two sets and Rbe a relation from AtoB

ie. Rc A xB . AN
and R = {(a,b): a€ Aandbe B
Th“ﬂtofallﬁrstou—ordmalmofkhm

co—ordjmmofkummumgeom.




domain of R = {a:(a,b)e R
and range of R = {b:(a,b)€ R}
Matrix Representation of a Relation
Let A = {aj,az.-anl

and B = (by,by.:bm
A and B are finite sets containing n and m elements respectively, Tp,,
contain n X m elements.
Let R be a relation from A to B

then R g AxB
To represent R as matrix n X m known as My [matrix of relation] = [mﬁ]
We take
myi = 1 if a;R b; or(aj,bj)eR
0 if a;Rbj or(a;,bj)€R.
STLLCRE A = {1, 2, 3, 4]

B =|rL 41' ﬁr S, 9}
de:fmdmﬂyg’fb:al then find the relation matrix Mp. If

Solution :

R = {(1, 1) (2 4), (3 9]

&

Il
[ SR e TR Ty
== R o T o TR U Y
SO O e
L= E == T - H e T
oo o o om
Lo B S e T = S

S il |
SRS 4 = (1,2, 3,4, 6] =B, |
aRb if and only if a|b then find the relation matrix M. Jf'.
Solution : H}
R = {{11 1]1 {]'J' 2}1 {11' 3}!‘ (11 4:'; (J-r 6}1 {2: 4}; {2, 6]: (3: E]-’ :

(2, 2), (3, 3), (4, 4), (6, 6))
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o OO e

2 4
1 1
1 1
0 0
0 1

0

= I N S
oS e S e W

— ) e s

-""‘!I 0 J5%5

MA ={1,2 35,6, 10, 15, 30} = B,

aRb ,ﬁﬂ|b. Find relation matrix.

Golution :

(]

e I e TN e M = S AR, == = ] B
=t

oo O e T o B s TR T e T R B = |
—
wun
a2
=

o TR e TR = OO = JEE == I == =
oo oo oo o= =

(o YU e Y T Uil — B, =
o T e T e R S e T N R <

ke ek ek ek e e

o S T e Y e S Y e T ]

Loy
L=
—

JBxE

Relation Matrix Operations

Relation matrix is known as Boolean matrix as the entries are either 0 or 1.

Let A = [Elii] and B= [b“] be mxn
then A+B = [aq+blj}
= [c;l
Where {'i_j =1i.faii=101'bij=1
and cq=ﬂlfa,!=[landb"=ﬂ
also
if & - [aijimxn- B=[bjk]nxk
Boolean martix then,
A-B = [agby]
= [dix]
and dik = ] i.fajj=1ancibjk=1
= 0 i.faij=ﬂ0rbik=ﬂ
_-.-__‘_‘_-—-_ - -
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eg.
1001 Al et |
A =101 0], B=|0 11
111 100
|‘111‘|
h+B=ﬁ11
LA U
1 1 1]
A-B = 1
ip+1 1]

Properties of Relation Matrix

lztR1bearelaﬁunfromAmBandR3
matrices satisfy the following properties,

hearelationfrothaC.Thmﬂmmhﬁm

Mgz, = Mri'Mr;

ot = Transpose of Mg

af :
Mgiry) = Mg, Mg -1

m Graphical Representation of a Relation (Digraph)

LetAbeaﬁnitesetandeearelaﬁondeﬁnedonR,thchanbempmmhy

graph.
The elements of set A are represented by circles or points. These elements are known

as nodes or vertices. If aRa then, this can be represented by loop around a. If aRb then
tl'liﬁtanbesha“mbyanarcfmmatnbwithanarmw from a to b.

i.e. a = b. These arcs and loops are known as edges of the graph.

This graphical representation is known as directed graphs or digraph of R.

aRb » bRa

aRa
aRb » bRc

e et




Fig. 6.3

aRb » bRc A cRb
' a (R
| .

Fig. 6.4 T El’
aRb iff a |b (a divides b) then find the digraph of relation.
x ‘mn

R = {{1; 1}: (1, 2), {1! Ql{i’sj’iz‘%‘@:rm :
4, 8), 8, 8) ¢ ol
Mdigaph of R is the following

= ——




Fig. 6.5

CEIXD) 4 - 11,254

I R = ((a,b) | (a~b) is an integral multiple of 2) then find the digraph of relatioy

Solution :

R = {(1 1), (22)(33), 44),(24),.42),153),3 1)
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gt etermined by the digraph and give its matrix.
mﬂj

. A= (1,23456)}
5 R = {(1,1),(1,2)(22), (1 4), G 2), 3 6),4e6), 4 4,
(5, 5), (5, 2), (2, 6)}

erﬂlﬂhﬂnmﬂw
1 1 01 0 0]
010001
010001
MR =15 00101
010010
0000 0 0
L A =1{1, 2, 3, 4) the relation martix is

R = {1, 1) (13)(23),24,31),32,G33),0 4,
(4, 2), (4, 3)}
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Fig. 6.9

Inverse Relation (or Converse Relation)

from A to B then inverse relation of R, denoted by R™! is a relation

If R is a relation
from B to A

R = {(y,x): y€B xeA and(x y) € R}

If (x, y)e R ie. xRy

then yR”'lx or (y, x) € -

The inverse relation is also known as
denoted by R°.

converse relation and hence sometimes it j

Example :
1. If R is father relation on set S then

R = {(f, bl)! {fr bZL l:f, 51"’
then inverse relation of R can be 'son relation’ or 'daughter relation’ so,

R7! = ((by, ), (b2, )} for relation son

n

and R;‘ ((s1 , ) for daughter relation.
2 IfA-{al,az,aaj,B=I1,2}a.ndrelationRiadeﬁned from A to B
and R = ((aj, 1), (a2,2), (a3,2))
then relation R™! is defined from B to A
and R = ((1, ay), (2.23), (2,23))

Results :
If Ry, R, and R are relations from A to B then

i) {R_l}-l =R




6-1
pucwe a0 :

L wlimvl
G mory)T = B OR

= =1 -1
iii) ®;"R2) S

m complement of a Relation

Let A and B be two non-empty sets. A relation R from A to B is defined

o R = {(a,b): a€ Aand be B}

then R’ (complement of R) is defined as
R* = {(a,b):(a,b) e R]

= aR’b iff aRb.

Results :
) ®,URy)" = RaNRK;

, : , De Morgan's laws
) ®,NRy)’ = RHUR] g

If relation is defined between two elements i.e. R ¢ A xB then it is called binary

relation. If relation is defined on set A for one element then R is known as unary
relation. e.g. negation of an element is a unary relation.

If relation is defined between three element

ie. Rc A xBxC then relation is called ternary relation.
Remark :
IfRc AxB

then Rl c BxA

X composite of Binary Relations

Definition

Let R; be a relation from A to B and R; a relation from B to C. The composite
relation from A to C, denoted by R;-Ry(or Ry Ry) is defined as

R,-R; [(a, c}| ae A and ce C and be Bsuch that(a, b)e Ry and (b, ¢)e Ry}

Example :

L A = (1,23,4,5)

Ry = {(1,2),(13)(24), 65

——




then  Ry-R;
also  Ry-Ry = ((3,4), 62 6 3)
clearly R;-R; # R’y
Relation in a Set
Let R be a relation from A to itsell,
ie. Rc A XA,
Identity Relation in a Set

defined by, 14 =@ b):acAbeAa ax 5
relaﬁoninasethisﬂlEBEtofordmd .

then R is a relation in A.

‘the identity relation. Thus identity
A xA for which a = b.

Example :
A = {lx 2; 3J4r5r62 ﬂ
(@, 1), 2 2), 3 3), 44 6 5), (6, 6), (7, 7)} 1

Iy, =
Universal Relation in a Set

Let A be any set and R be any relation on set A, then Rg A xA.
If R = A xA, then the relation R is known as universal relation.

Volid Relation (Empty Relation)

A relation R on a set A is called void relation. If no element of set A is mlamﬁ y
element of A. Hence R = ¢ -

XEE] Reflexive Relation
Let R be a relation in a set A, ie. Rc A xA then R is known as reﬂeﬂveﬁ_
Yae A '
(a, a)e R
i.e. every element is relataed with itself.

TECHMNICAL BRI ICATIAND . dn im Hhrisl fiar knawisdon



_ll: {}
Mﬂﬁmummmﬁ

sen Ris

"ﬂgﬂmﬂeﬂwms&t& ieeVYaeA aRa. _..-.«I..'m
i) In matrix ofrdahm{h{n)auﬁewmwh&u
ﬂ)ng;aphnfreﬂmverelahnnwﬂlhwelmpfmm leme

2 Hgismtmﬂe:dve,&enilisknownasimeﬂeﬂuif.?t!:h

a,n']ﬁa oraRa.

}mcee]lthedmgomlmmEsmMRwﬂlbem.nﬂ
relation will have no loop for any element of A.

Example 2
[ is the set of integers and R is a relation.

R = {(a,b):a|b(a dividesb))
then R is reflexive relation as every element divide itself.

Example 3
If I is a set of integers and R is a relation
R = {(ab); 5|a—b (5 divides(a—Db))i
then R is reflexive relation as [5|a-aor5|0] zero is divisible by ever 7 non |
Example 4
If A is set of all straight lines in 2-D plane and R is a relation.
= {(a,b) :aisperpendictﬂarhﬂb}

ﬂ’fﬂl R is not reflexive relation as no straight line is pe endicular tc
example of irreflexive relation. |

Symmetric Relation

_'W-Rbearelaﬁminaﬁet

f  @b)eR= (ba)eR

Aie R AXA. Then the 1




. is a relation.
Auaaetnfanmaightﬁrmmbnpmmdkma

R = {{a,b) . a is parallel to b}
honasrfalsparaﬂeltobmmbma]sopm

ie. -{aﬁn.;ﬁ}'e R = (ba)eR

Example 2 _ \
Aisamtufa]istmghtlimamz-nplmandR:sarelatmn.

R = {(a,b);ais perpendimﬂar to b}
M'Ris-_s}mﬁicrehﬁmnsifaisparpendiaﬂarmb&enbmalgu

to a. | _
Digraph of a symmetric relation < Q‘b o

aRb = bRa
Fig. 6.10
Ramarks :
Matrix of a relation My will have same entries for ij'* value and ji™" value
Lﬂ-if;a[f=1; ﬂlﬂ'l.ﬂﬂ=1 i

also if a; =0, then a;; =0
in sl‘mtﬁ'anspme of relation matrix (Mg)’ is same as relation matrix (Mg). 1
i

ie. (Mg)" = Mg
Also R = R, then R is symmetric relation.

BXEE] compatible Relation
A relation R on a set S is said to be compatible if it is reflexive and symmetric

Remark :
If R is a compatible relation its relation matrix is s ic with the ¢

L o et a R T VI TSN 1 - R



Sﬂ’ pset’ relation is antisymmetric relation.

:w?"i
aShbﬁa = ﬂ=b =y
5o ‘less than or equal to” relation is antisymmetric relation.
Example 3
As example 2

azb,bza=a=>b :
‘greater than or equal to’ relation is antisymmetric relation.

Example 4
N is a set of natural numbers, 1 ~Tiile
R = {(a,b) : a|b, a divides b} ' u B
then R is antisymmetric relation. ' et
le.iffalbandbla=a=b Vi

buﬁut the same relation is not antisymmetric on the set of intege
24#— 4_ S e ..:-.‘.-

m Transitive Relation

Ai?t R be a relation on set A ie. Rc A xA, thﬂ'th’

B

" (a,b)e R, (b,c)eR = {ﬁ:cjﬁgﬂm ‘:
“’iﬂi ﬂ':-a s related with b and b is related with
o, elation then R s called transitive:




AcB, BeC = ASC

So 'subset' relation is transitive relation.
Example 2
Pa;a]]aeltucmmaisparalleltnc.

a is parallel to b, b is e |
Parallel’ relation s transitive on the set of straight line inZ0pe

Example 3 .
IHIheutofhitegﬁs-deisarelaﬁmdefmedmsetI.

R = [(ab); abl
-ﬂmliﬂmrmiﬁverelaﬁonasifa[bandh]
i-!-{a;bJ-ER,fb,c}ER==[a,c}eR
or aRb, bRc = aRc

e 4
R is a relation on the set of integers L.
R = {(a b) iff 5|a-b}

c= alc

aRb « 5/a-b
then R is transitive relation as aRb, bRc¢
= 5/a-band5| b-c
= 5|(a-b+b-c)
= 5|a-c
= aRc
hence aRb, bRc = aRc
So R is transitive relation.
Digraph of transitive relation
X Transitive Closure

Beﬂniﬁun : The transitive closure of a relation R
i8) the simallest | S . =

Transitive closure of R is denoted by R*.
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Lot A be a set and cardinality of A is n,
Al = #
i-ﬁ-mdmkhearg]aﬁ;onm&.'lm

R* = RUR?UR3U., UR?
Ri = R:-R
RS = RRRE‘t’E-

mlf‘ﬂ‘: {L 2, 3,4 5}

and R= 1‘{1, Z)- f3. *J; {4: 5].! {4¢ Iu}.r I'L I”
find its transitive closure.

Solution : Let R* the transitive closure of R

where

2o R= {(1,2), (3,4), & 5), @ 1), (1, 1)
i R" = RUR*UR?uU..URKU..

RR =R*= {@3,5),(3,1),(42), 41,0, 1), (1, 2))
R-(R-R) = R?

(1]

(G, 2), 3, 1), @ 1), 42, 1,1), 1,2)

R%{&um%&u&umumm
R = ((3,1),32), (1), @402), (1, 1), (1, 2))

Hence Ry= Ry =Rs
So R' = RUR2yUR?
R* =

(1, 2), 3, 4), 4,5), 4 1), 1, 1), 3, 5, 3, 1), 4,2), (3, 2))
Warshall's Algorithm

To find the transitive closure of a relation R, sometime the method of
RS R?, ... s ineffidient for lar
method for finding transitive cl

Let R be a relation on a set

ge number of set. Warshall's algorithm is an efﬁcnen;:

osure of a relation R.

Als {31,31,...3[1}

ol

If %, X1/X3 o Xp, ¥ is a

path in R then the vertices other than
'erior vertices and xRx,

XiRxy, ... xpRy.

in

_--‘-_H_-‘-_-_'—‘—-—\_.u—._
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o X1.X2, w. X, are interior vertices of the path. For 1gi<n,
Wy has 1 in position i, j if and only if there is a path from a,
vertices, if any are from the set (ay,a;,...a,).

Since any vertex must come from the set lag,az,..a), it followg 3
‘W“haaalmpmitimi,jifandnrd}rifsnmepaﬂmichmnmalwith
ii'_

Hence Wn = MR‘

If we define W, = Mg, then we will have a sequence Wﬂ,wl‘_hw
term is Mg and last term is Mg". " Whose py

Warshall's algorithm gives a procedure to compute each matrix W __'
previous matrix Wy_,. Beginning with the matrix of relation R, we Proceed kﬂm t.
a time, until we reach the matrix of R*, in n steps. The matrices W, being ’hh
from powers of the matrix Mg, result in a considerable saving of !“Jepsﬁ !
computation of the transitive closure of relation R. N thy

Suppose W, _; = [ujland Wy =[v;] If v = 1, there is a path from a; toa
interior vertices come from the set {aj,az,...ay). If ay is not an interior Vertex of
path, then all the interior vertices must come actually from (ay.a5,..a g3 l‘ﬂh
uii =1

If ay, is an interior vertex of the path, then @
we must have the situation. Subpath 1 /\
/

tﬂaj h. R :._I- n

Since there is a sub path from a; to a, -
whose interior vertices come from
faj,az,:-:apq), we must have uy = 1,
Ry uy = 1 Fig. 6.12
Hence v = 1 if and only if
1) uij = ]
2) ujg = 1 and uy; =1

This is the basis of Warshall's algorithm. If W,_, has 1 in position i, j then by (Il
W will have 1 in position i, j. A new 1 can be added in position i, j of Wy if and o
if column k of Wy_; has 1 in position i, and row k of W;_, has 1 in position j

Thus we have the following procedure for computing W, from W;_;.
Step 1: Transfer to W, all the I’s in W_,. u

Step 2:  List the locations py,p;... in column k of W,_; where the ﬂlt’}'at'@"
locations q;,q; ... in row k of W,_;, where the entry is 1.

Step 3 : Putl’sinaﬂﬂiepusitionspi,qj of Wy {ifmeyarenotalread}'&
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1
WQIMR’ 2
3l

andn=3 2

First we find Wy, so that k = 1, Wy has I's in location 1 of column
column 1.

ie (1,1) and (3, 1)

and 1 of row 1 and 3 of row 1

ie (1,1), (1, 3)

ij i
p1:(1,1) p2=(31)
ij iij
q;=(1,1) q; =(1,3)
Therefore add (1, 1), (3, 3), (1, 3) in W;. Thus W, is just W with new
position (1, 1), (3, 3), (1, 3) (if 1's are not already there.) 3
3 23 -
1M1 /01
Wi 2(0 1 0
Al ""“-f,f 1




-y m@”ﬁj‘@g}m ‘W which are already 1 in W,
S

11 0
A 1\Ip

P1:(13) p2:(33)
q1:3 1), gz + (3, 2), qa: (3,3
Therefore add (1, 1), (1, 2), (1, 3), (3, 1), 3, 2), (3, 3) in Wy [if 1's are poy s

R* = {(1,1),(12),(13), (22,61 062, 33)
| Find the transitive closure of R by Warshall's algorithm.
Where A ={1, 2, 3, 4, 5, 6} and
. R=(x-y; |x-y| =2
. 15554
o R = {(1,3),31),(24, 42),#46), 64,3 5), 6 3)




wmmmpumwz,suﬂmkzz

PI{‘LE}
cn:{l.&}
s lﬂdpﬂﬂl{‘ig“}iﬂwlmwwz
12 4 5 6
if 0 0 0 0 0]
2l 0 ofol1 0 0
w — I o e b e Al
2= A1 01110 1.0 B
4l 0 1l07]1 0 1 Bl
5 0 0l1/0 0 0 / i
ﬁ_ﬂ D 1 ﬂ 'D_ 111ﬁ
Nﬂwmmpute W3,Eﬂthatk=3 . 1{; 1_;;.-:_
PI . {1; 3}: Pz : (3; 3], P3 . {5' 3} , .]lq |

o W
q::3, 1), q2:3,3), q3:@3. 5

.. add path (p;, q;) ie. (1, 1), (1, 3), (1, 5), (3, 1), (3, 3), (3,5:”{5,!;!;
Wi to get W3. B¢

123456 ']
if1 0 1/0\1 0] - Y
2l 0 0 0f1l0 O
W3 =3101/0[10 )
40 1 0j 1|0 1
511 0 1(0[/1 0
6 0 0 0\1/0 0 |




| f@- W,
- add path ﬁﬂfﬂ
W:s_, hﬁ Wy

Now for W5, k=35
pr:(1,5, p2: (3,5, p3:(93)
q1:6,1), q2:6.3), q5:69) |
. add path (p;,q;), ie (1, 1), (1, 3), (1, 5), 3, 1), 3, 3), (3, 5), 5, 1), (53
Wy to get W i
Here W4 = W5
Now for Wy, k=6
P1:(26), p2:(46), ps3:(66)
:(6,2), q2:(6,4), q3:(6 6) 1-
. ﬁdﬂpﬂﬂl (pi qi) ie (2,2), (2, 4), (2, 6), (4, 2), (4 4), (4 6), (6, 2), (6
Ws to get W, and W5 = Wg. Hence Wy is R* (i.e. transitive clumreofﬁ
i(l »1),(1,3),(1,5),(2,2), (2, 4), (2, 6),
(3,1),(3,3),(3,5),(4,2), (4, 4), (4, 6),
(5,1), (5, 3), (5 5), (6, 2), (6, 4), (6, 6)

iy [ind the transitive closure of the relation R on
A = (1, 2, 3, 4) defined by
R=11,2),123 049 21,23,6 932,42, 43)




ﬁ-';{iﬂ 1
qr’ {1:2}-* g2 - 2 (1, 3), '-'-I3'(1;4} s
. add (pi i) ie (2, 2), (2,3), (2. 4) in W, to get W, .
1 2 3 4
0 11
Wl =

1

2 1
3l 011)0
4 0\1/ 1

| Now we compute W,,s0that k=2

!. Pl;(l,i], Pj_l:(z.r 2]’: Pﬂ:{ai 2]': Pl-{%zl
qliltzfl}: qE‘{z’zL q3.{23:lﬁ *h'[lv‘i}

. add paths (p;, qi). ie (1, 1), (1, 2), (1, 3), (1, 4), (2, 1), (2, 2), (2, 3), (2, 4), (3, 1),

(31 z]r [3: 3}; (31 4): (‘tl 1}-‘ ':44" 2:': (4 3} {44- 4] in wl msetwi

1 2 3 4

1

Wy = 2

3

4

R T S
e e e
e b et
N

All positions of W, are 1, hence
W, =R*
(1,1),(1,2),(1,3), (1, 4), (2, 1),
hence re = 122:(23), (2,4),(3,1), G, 2),
(3,3), (3, 4), (4, 1), (4, 2), (4. 3),
(4, 4)




First we find W, so that k = 1

Wy has 1's in location 2 of column 1 i.e. (2, 1) and location 4 of row 1, je.

P1:(2 1)

q1:(L 4)

add (py, qy) ie. (2, 4) in W,. :

Thus W, is just W with a new 1 in position (2, 4) (1is already at (2, 4) position)
12345 W |

Ly

I

HEI'II‘:EW['=W1=

Now we compute k = 2, column 2 has 1 in 3™ location,
4™, 5% and 6™ Jocation.

ie (2,1), (2 4), (2, 5)
Pi1: {31 2}
q1:(2 1), (2, 4), (2,5

Hence (p;, q;) ie. (3, 1), (3, 4), (3, 5) paths are added to W to get Wy, ie. Wy
in location (3, 1), (3, 4) and (3, 5).

ie. (3, 2). row 2 have lin
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R "0 0f0\1 0
211 0fol1 -1 -
B St [
410 u'\Jjg 0
5| 0 0M\MSO
L v 0 B b
‘Now we compute k = 3. N
p] {4:3}! pi : {5 3) . 1‘,‘ ','
q1:@:1,92:3.2),93:(3,4),q4:(3,5) < teal

Hence (pi, qi) Le. (4, 1), (4, 2), (4, 4), (4, 5), (5, 1),/6/%) (qug
to W to get Wi

Now we compute k = 4.

P1:(L4),p2:(24)p3:(34),ps:(44),ps:(54
q1:(41),92:(42),q93 4 4), q5 4 5)

Hence (p;, q;) ie. (1, 1), (1, 2), (1, 4), (1, 5), 2, 1), (2, 2), 2, 4}:{‘2‘-»

(3, 4), (3,5), (4, 1), 4,2), 4 4), 4 5), (5, 1), (5,2), (5 4), (55 Paths are 2
get Wy,

2 3

B i
2l 3 4uup

W,=3{110
41110
5

Pr: tl, 5. P2:(25),ps: (5, ps: @45 psi 68
9 f5;1}.qg (5,2), q3 : (5, 4), q4: {5151

O
| |k
_ -



[(1,1),(1,2),(1,4),(1,5),
| (2,1),(2,2),(2,4),2,5),
Hence R" = [(3,1.(3,2.(3,4),(3.5),
(4,1),(4,2),(4,4),(4,5),
(5,1),5.2),(5,4),5,5) |

LY Let R be a relation on set A = {1, 2, 3, 4, 5) and
R = (1,1,(1,2)(1,3),(1,4),3,1),(3,2,65,1),65,2,65,3),5,4),65,5). Find tm
closure for R using Warshall's algorithm.

Solution :

4
5- dn=5
First we find W, , so that k = 1
P1:(L,1),py:(31),p;3:(51)
q1:(L1),92:(1,2),q93:(1,3),q4:(1,4)

* add path (p;, q;), ie. (1, 1), (1, 2), (1, 3), (1, 4,3, 1), 3, 2), G, 3), G 4,6 1)
(5: 2)1(5; 3), (5, 4) in Wﬁ to get Wl_ !

12345
1%
[




Fa'ﬁﬁg:k=3 ) T
p1: @3, p2: 6 3). p3: (3
@D a2:3 293¢ (3,3),q4:(3 4
’Iherefm add path (p;,q;) ie (1, 1), (1, 2), (1, 3), (1, 9, G, 1), @-,_
5, 1), (5, 2), (5, 3), (5, 4).

Again. Wy = Wj

For Wy, k=4
P1:(L4), p2:3 4, p3:65.4)
q1*

Hence no path is added to W.
Therefore W 5 =




For WE, k=5

p1: 5. 5) _

q1:6,1),92:6,2), g3:6:3) q4° 5,4, q5: 5 4

Therefore add Pﬂ&'@i.; q;] ,ie. (5, 1), (5, 2), {5." 3), (S, 4), (5, 5) in w_iti "*

Again Wy = W; therefore Ws =R’

e 4),(3,1,(3,2,(3, 3}}
=13,4),6,1),65,2.6,3).5,4,6.5

’ | e o~ 3' 5 5) and R={[1,2)_,{3’4}’[4’5}’(4’1}’{1] 1)} Find :':" i

closure by Warshall’s algorithm. r
m= A={1r2r3.r4:5} =

'y

1
M9=MR=2

. An=5H
mmﬂndwpﬁﬂﬂ'tﬂtk=l,
| Wy has 1 in location 1 of column 1 ie. (1, 1) and location 4 of column 1 ie (41)a
1 in location 1 of row 1, i.e. (1, 1) and location 2 in row 1, ie. (1, 2)
p1:@ 1), p2: 41
I Q' 1), q2:(12)
) mipf"qi} ie(l1,1), (1, 2), 4 1), 4 2), inWy

e




q1:(4,1), 92 : (4 2)., q3
and (PiFQi) r ie. (3: I}J (31 2].- (3! 5}

Now computer W4, so that k = 4.
P1: (3, 4

: (4, 5)

1

[

1
0
1
1

feomme T T = T e T S 5
SIS o o B
Do = o O -




W, = Wi
Hence W is the transitive closure of the relation matrix Mp.
Hence R™ = ((1, 1), (1,2), (3, 1), (3, 2), (3,5), (4, 1),(4,2),(4,5)}

XXX i the transitive closure of R by Warshall’s algorithm
A = (Set of positive integers < 10} and R = {(a, b) | a divides b).

Solution : A ={1,234,5678,9, 10

(1,2),(1,3),(1,4),(1,5),(1,6),(1,7),
(1,8),(1,9),(1,10),(2,2),(2, 4),(2, 6),
R =4 {2: 8),(2, 1{]]:{31 3}1 (3, 6}: {31- 9), {4 ’ 4:'-'
(4,8),(5,5),(5,10),(6,6),(7,7),(8, 8),
(9,9).(10,10)

-

ja—
[
=

{ =1
il
=
i
(Tl - (s e SR T S % I S R
e T e e et
o Ao ek ek
o Y T v oo S e Pt = 0 S e P L
D 000D MO =
O C o 0D ~O 0o =W
e T o T S . T s T e SO o O I O =
(e S S e S o B - S < T - O T o SO

== T{R - BT o FOY o T e R (O = O i

fa—
=
=

0
| L =10
The relation R itself is transitive relati ; H

Dn . - =it .\:J T v -
g on the set of positive integers. Hence

and M, is the matrix of transitive closure.

6
1
1
1
0
0
1
0
0
0
0
the

. : Riis N, .
DR is l'eﬂmdﬂ: relation 1 equivalence relation on
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pisrets Mother: 10 Mathematics 6-33 Relations

i) R is ;ymmetli': relation
@ab)eR = (b,a)eR
aRb=bRa a

ie
or
iii) R is transitive relation

iecaRbandbRec=aRc
or(ab)eRand (b,c)eR = (a, c)eR b s
Digraph of an equivalence relation.

Fig. 6.13
Example 1 ¢

Let A be the set of all straight lines in 2-D plane and R be the relation on A defined
as aRb iff a is parallel to b.

i) aRa for every a € A since every straight line is parallel to itself. So R is reflexive.

i) aRb = bRa, since if a line is parallel to line b then b is also parallel to a, hence R
is symmetric.

iii) aRb, bRc = aRc since if a line is parallel to line b, b line is parallel to ¢ then a is
also parallel to ¢, hence R is transitive.

Since R is reflexive, symmetric and transitive, therefore R is an equivalence relation.
Example 2

Let A be the set of all triangles in 2-D plane. Let R be the relation on A defined as
fora,be A.

aRb iff a is congruent to b. or
a=b
i) Every triangle is congruent to itself. So aRa, ¥ a € A hence R is reflexive.

ii) aRb =» bRa, since if triangle a is congruent to b then b is also congruent to a and
this shows that R is symmetric.

iii) aRb and bRc = aRc, as if triangle a is congruent to b and triangle b is congruent
to ¢ then triangle a is congruent to ¢. Thus R is transitive.

Since R is reflexive, symmetric and transitive, therefore R is an equivalence relation.
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ie. R = {@b);5|a-bl
)Vael 5|a-a
= (a2 €R oraka
‘hence R is reflexive.
i)Ifabel
and5|a-b
then 5 also divides b - a.
jie5|b-a
= bRaor (b a)eR
‘hence R is symmetric.
i) Ifa, b, cel
and5 | a-balso5|b-c
then5 | a-b+b-c,ie5|a-c
hence if aRb, bRc = aRc
hence R is transitive. Being reflexive, symmetric and transitive, R is an eq
‘Note : The same relation R, aRb iff 5 | a - b is not equivalence relation on the
‘matural numbers N.
As 0 ¢ N so R is not reflexive.
Alsoif 5| a-b
iea-beN
thenb-ag N.
Hence R is not symmetric relation.
But R is transitive
asif 5| a-band5 | b-c
= 5| @-b+b-o
ieb5|a-c
e ﬁﬁiﬂmiwe




equivalence relation.

--'q'l,u-__q_-____

Mmm vxeRor(x, x)eR, vxag
Thus, the relation is reflexive.
i) 1f xRy or (x, y) € R

— The point x is at the same distance from origin as y.
#yﬂatﬂxesmdistanmfmmuﬂginagx_
Thus (x, Y)€ R = (y.x) € R

Thus the relation is symmetric.
iii”f"ar'd?Pﬂmts“ndYaﬂdzP“iT‘tﬁmﬂtsmdism-mdﬁgﬁ;‘ F
xyeER (,2)eR = (x,2)eR

ie. x and z are at same distance from origin. Thus R is transitive relation. B
reflexive, symmetric and transitive relation, R is an equivalence relation. & d-ﬂ"

If I be the set of all integers and if the relation R be defined over ﬁﬂ‘lﬁé &
aRb iff a — b is an even integers, where a, b € I, show that R is an equivalence relation. ‘—-
Solution : i) Since x — x = 0 and 0 is an even integer = xRx. =
Hence R is reflexive relation.

ii) If x - y is an even integer then y - x is also an even integer
Hence = xRy = yRx ik
Hence R is symmetric relation.

i) If xRy, yRe

= X -y in even integer and also y - z is an even integer.

e
r': '.'

= (x - y) + (y - z) is even integer
= X -z is even integer

= xRz :
Hence R is transitive relation. Being reflexive, symmetric and tm-ui

MMX-I'IZ ....... , 7)and R = {(x, y) | x - y is divis

R is equivalence refahon Draw graph of R.
Solution =1{1,2,3,4,56,7)

R = {xy);x-y=3kkel

= :i I'I,- i



If xRy = x-y=3k kel
| = y-x=3(-k
Where - ke 1
= yRx
Therefore R is symmetric relation.
3. Transitive relation
’ If xRy and yRz
=Xx-y=3k; and y-z=3k,
= (X=y)+(y-2) =3(k;+ksy)
= x-z=3(k+k;)
= xRz, [asifkie I, koe I = ky+kye 1]
Being reflexive, symmetric and transitive relation, R is an equivalence relation,
Graph

T B i i A R T e e A e



- aﬂﬁ,ﬂﬁ:a‘mdﬁthmMG .*hiﬁlﬂ £

 Pis the set of all integers ; n > 1 is a fixed int

3. :f:m set of all integer then aRb iff a + b hmqu

;Smmynmmptjrsetﬂtma}thiﬁ-a=h.

5. N is the set of natural numbers and S = {(a, b) ; a, b € N}

then (a, ) R(c,d)iffad=bec

6. S=(ab);abelland(a,b)R(c, d)iffa+d=b +c. b
Let R be a symmetric and transitive relation on set A. S}‘wﬂwffﬁf every a

in A there exist b such that (a, b) is in R, then R is equivalence relation.

Solution : R is symmetric and transitive relation on set A. v
Also YaeA = (a,b)eR

(a, b)eR = (b,a)e R [by symmetric property]
also (a,b)eR,(b,a)eR = (a,a)eR by transitive property]

henceVaeR, (a,a)e R
hence R is a reflexive relation.

Hence R is reflexive, symmetric and transitive relation. Therefore R is. equivalence
relation.
Properties of Equivalence Relation T

1. If R and S are equivalence relations on a set A, then R N S is also an equivaler
relation on set A.

Proof :
To prove that R~ S is an equivalence relation, we have to prove that,

) RN S is reflexive relation.

i) RN S is symmetric relation.

i) R S is transitive relation.

1) As R is reflexive.

then @, 2)e R, vaeA.

aso S is reflexive,

then @, a)es, vaca

.__-""—"-"—-——.._
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mfn.blﬁs = (b,.iea
Ther _'______;'f_q,bjfsﬂns = (b,a)e RnS.
ﬂmknﬁhaymmcu'icmhum

iii) R and S are transitive relations

3 (abeR bcJeR = (aceR and
(ab)eS b,)eS = (@c)€S
Therefore (2, b))e RN S, (b,c)e RN S

= (a, )€ RnS '
Hence R N S is transitive relation. Being reflexive, symmetric and

R S is an equivalence relation. O
2. If R and S are equivalence relations then R U S need not be | u.f_::.-_-

relation.
Counter Example : T
Let A = {1,2 3}
R = {(1,1), (2 2), (3 3), (2 3), (3, 2)}

S =1{(1,1),(22),33)1,2),(2 1)
then R is equivalence and also S is an equivalence relation but R
equivalence relation,
as (1,2)e RuS,(2,3)eRuUS
but (1,3) ¢ (Ru S)
i.e. R U S is not transitive relation.

S.HRandSareeqtﬁvalmrelatiunsﬂienRUS alence re
or S C R, that is one is contained in other. e

...
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[a] = !x,(mn)elt or xﬂa}

EII“"PI'.1 e
. wlbeﬂm,etgfanmwgusmdkisamlm .
R = {(a b);5 | a~-bj, then b A

R is an equivalence relation on set A, further if a € I Then equivalence class of
set of all those elements of I which are related with a. -

ie [a] = {x;(x,a)eR or 5| x-a)
hence

equivalaenceclaﬂazera

ie. [0] = [x;5 | x-0}

hence  [0] = {...,-10,-5,0,5,10, 15, ....]

Similarly [1] = {x;5 | x~-1 mx_;l_.:? say i.e. x =5y + 1}

1]
——

hence (1]
[2]
[3]
4] = {w,-6,-1,4,9 14, ..}
5] = {...~-10,-5,0,5 10,15, ...)

From the above example it is clear that 4 € [4], 3 € [3] etc. also two m:gpbg
identical e.g. [0] and [5] or disjoint e.g. [1] and [2].
Hence now let us discuss some properties of equivalence classes. i :
Properties of Equivalence Classes A
Let A be a non-empty set and R be an equivalence relation on set A.
a,be A
Then i) a e [a]
Le. equivalence classes are non-empty.

e e M i S A R L T O e
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=aRaVaeA
=aela]

as [a) = (x; Ra, x€ A)
ii)If bela] = bRa
to show that [b] = [a]

We have to show that [b] < [a] and [a] < [b]

for bl < [l
Let xe[b] = xRb
also bRa is given
so xRb, bRa = xRa
= x¢€ [a]
x e [b] = x¢€ [a]
= [b] < [a]
Now Let y € [a]
=» yRa.
also bRa = aRb
also yRa, aRb = yRb
So y€ [a] = ye [b]
= [a] < [b]
by equations (1) and (2)
[a] = [b]




; HHU& [i] and x e [b]

aRb = [a] = [b]

Let x € [a] = xRa
xRa, aRb = xRb

= x € [b]

o3 [a] < [b]

aAlso

if ye [b] = yRb

also aRb = bRa

and yRb, bRa = yRa

= ye [a]

= [b] < [a]

From equations (3) and (4)

| [a] = [b]

iv) Either [a] = [b] or [a] n [b] =@

if no element is common to [a] and [b] then [a] N [b] =

Lt one element is common to [a] A [,

e xe [a]l n [b]

A e e



= [a] = b]
classes, it is enough to show

cither identical or disjoint. Hence to shoy |
umt.melmmtiucummmtobomhf

AsetP=(A BC, ..} of

.wmdswhﬁuﬁ-;pmumofsnf “
i) AUBUCU ...=S, ie. the set § is the union of ~ A
the sets of P and “ |

|

i) The intersection of every pair of distinct subsets 'f
of S & P is the null set. i.e. if A and B € P, then either /!
A =Bor An B=0D. 2
Example 1 Fig. 6.15 Iu

‘Let I be the set of all integers and R = {(a, b) : 5| a — b} is an equivalence relatign
the set L. oy
Consider the set of five equivalence classes [0], [1], [2], [3], [4] where 4

0] = .. ~10.-5,0,5, 10, 15,..} t.

= ., =9 41,6 11,16,.}
[2] = [“'r = a.r o 3: 2: ?.r 12; 1?,.-.-]'
Bl0= i, -7 -2 3,813 18..} j

™ "!_:: i

o -

[4] = {.,-6-1,49 14,19,.) “ﬂr |
1.

Here i) [0], [1], [2], [3], and [4] are non-empty sets. w
ii) The sets [0], [1], [2], [3], [4] are pairwise “
disjoint.

iii) I = [0] u [1] v [2] U [3] U [4]

Hence {[0], [1], (2], [3], [4]) is a partition of 1. Fig. 6.8
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g=11,23 4567809 10} and its subsets B, = (1, 3),
Eﬁﬂﬂrﬂ'ml'ﬂi' ={2,5, 6}, By = {4, 9). b

The set P = (By, By, B3, By} is such that

) By, By, B3, By are all non-empty subsets of S,

i) BjuBUB3U By =5 and

iii) For any sets B, Bj either B, =BjorB;n Ei =@,
Hence the set (By, By, B3, By} is a partition of §

[EEXE] Relation Induced by a Partition Fig. 6.17

Corresponding to any partition of a set S, we can define a rela
mmtmatmyiffxandybelongtothesame
partition. The relation R is then said to be induced by the

tion R on S by the
subset of S belonging to the
partition.

Example
Consider the subsets

A= (1,47.., 25

B = (25 8,.23)

C = (36,09, 24)
and 9= 1,2, 3..., 25}

then AUBU C =5, An B=@, Bn C=@, An C=@, and A, B, C are non-empty sets.

Hence (A, B, C} is partition of S. If R be the relation induced by this partition, then
we have xRy iff x and y belong to the same subset A, B, C. ' '

Refinement of Partitions

Let A and A, be partitions of a non-empty set A. Then A , is called refinement of
A 1 if every block (element) of A , is contained in a block of A ;.

Let A= 1{1223 4 ‘
adlet A, = ({1}, (2, 3), (4} |
and J'-'&z = {{1!‘, {2]': lsi.r {4}}

Then A , is a refinement of A |. Let Ry and R; be the equivalence relations iml:uaed
by Ajand A 2 respectively.

Then the following theorem relates Ry and Ry




" daakd v
Theorem :

Let A, and A, be partition of a non-empty set A and Mi‘ ‘
Juivalence relations induced by A; and A2 respectively. Then A, re
Rl{;R!.

Proof : 3

Let A , be a refinement of A. We have to prove that R-} < flform mzbﬂw ot

block T/€ A ; such that a, b e T/. Since A refines A 1. T{< T Bameblmkf .
Hence a, b € T; which implies aR;b. Hence Ry C Ry. |

Conversely, let R; S R;. We have to prove that Aj mx; reﬁr;ement Of .1 <98

¥ i ’ 4 47 li a an :

TeA, and a € T{. Then T = (alg, let x € T;. This implies XX hence xR N

Rz:Ri- This shows that Ia}gzc {3}R1' If {HIR is a block Ti' then Ti:Tf which i - ‘_
that A ; is the refinement of A ;. “‘1
:

[EXH Product and Sum of Partitions
Let S be a non-empty set and A j and A7 are partitions of 5 then A ;- A, muﬁ !
the set of intersection of every element of A with every element of A ,. Dﬂﬂbﬂ:qﬂ; |
empty intersections.
Example
S = {12345

Ay = (1,2, 3) (4 5}

Ay = {{1,2 3} {4), 5N
then A;-A, = {{1, 2}, (3} 4} 5))

Product of partition . |
A - A, denote product of partition A | and A, and let A ;- A, be denoted by A"
then A ' refines both A ; and A ;. i
If T refines both A { and A ,, then T refines A"

Result 1
Let R; and R, be the equivalence relations induced by partitions A, and
respectively. Then the relation R = Ry N R, induces the product partition A ;- A3.

Sum of partitions

Let A, and A ; be partitions of a non-empty set S. The sum of A , arudﬂz.f._t-
b}fﬂ.l'l*&z isapartition oszuchthatbathﬂl and Ag reﬁnesA1+Az~m'i.g
a partition on S such that A ) and A ; refines A’ then also A | + A , refines A"

TEMSLIAIT AT D100 m.rrrnu:p S L = P e e R L



partitions A1 and A2 Let R = R, URy)" the transitive closure of Ry
.:n equivalence relation on $ and induced by the partition A , +ﬁ-2 d

Remark

[X} Fundamental Theorem on Equivalence Relations

An equivalence relation R on a non-empty set S determines a partition of S ﬂﬁ
conversely, a partition of S defineds an equivalence relation on S, ind
Proof :

Let R be an equivalence relations on §. Let A b
with respect to R

ie let A = ([a] ; ae S} !
where [a] = {x : x € S and xRa) |

e the set of equivalence classes of § I

Now R is an equivalence relation, Therefore ¥ ac S, we have a R a. Hence a & [a] and
thus [a] #@. :

Further every element a of S is an element of equivalence class [a] in A. From this we
conclude that S = u [a].

aes
Finally, if [a] and [b] are two equivalence classes then either [a] = [b] or
[a] n [b] = @.

Hence A is a partition of S. Thus an equivalence relation R in S decomposes the set
into equivalence classes, any two of which are either identical or mutually disjoint.

Conversely, let P = [T,, Ty, T,...] be any partition of S. If p, q € S, let us define a
relation R on S by pRq iff there is a T; in the partition such that p, q € T,. )

Now S=T,U T,u T.u... therefore ¥ x€ S, 3T; € P such that xe T;.
Hence x€ T;, xe T, means xRx,

thus ¥ xe S. We have xRx, and thus R is reflexive.

Again if we have xRy, then 3T, € P such that x e T; and y € T;.
Butxe T; and (ye T, = ye T;) and x € T;

Therefore R is symmetric.




~

m Mathematics 6-46

Finally suppose xRy and yRz. Then by the definition of R, 3 subsets Y il
Necessarily distinct). Such that x, y € Tj and y, z ETF'.sm Yy €T, and %? v
Ti!""l T, 2. But Tl and Ty belong to a partition of S, Thel'&om qu
implies T =T,. 8
Now T, =Ty implies x, z € T; and consequently we have xRz.

Thus R is transitive, Since R is reflexive, symmetric and transitive, M""R&ﬁ
equivalence relation, '

EXXN Quotient set

Let S be any non-empty set and let R be an equivalence relation defined on S, The S
of mutually disjoint equivalence classes in which § is partitioned relatively , the
equivalence relation R, is said to be the Quotient set of S for the equivalence mia-‘.lm
and is denoted by S/R or by S.

Example

The quotient set of I, for the equivalence relation R,
Suchthat R = {(a,b);5]a-b)
then I/R

or I/R

= {Ig, 11,15, 15, 1,)
{[0], [1], [21, [3], [4]}

QaQa

B
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(Definitions and simple examples only).
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" XN Partial Order Relations

AlﬁhﬂunknnautﬁiﬂcalledaparﬁalordﬂmhﬂMiﬁgﬁ'
i) Reflexive relation
ie.aRaVae A
ie (a,a)e R Yae A
ii) Antisymmetric relation
if aRb and bRa then a = b
ie (a,b)eR (b,a)eR=>a=D
where a, be A
iii) Transitive relation
aRb, bRc = aRc
(a,b)eR, (b, c) € R=(a cekR
where a, b, ce A
Example 1
1. N is a set of natural numbers. R is a relation defined on set N.
R = {(a, b) ; a divides b or a|b}
aRbiff alb
a is related with b iff a divides b.

i) Vae N a|a = (a, a) € R hence R is reflexive relation.

ii) a, be N and if a|b and b|a then a=b hence R is antisymmetric relation.
iii) a, b, ce Nifa|b and b|c then a|cie. (a, b)e R, (b, c) € R = (a, ¢) € R hence R
is transitive relation. Being reflexive, antisymmetric and transitive, R is a partial order
relation.
Example 2
S = (1,2, 3)
P(S) = {9, (1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, (1, 2, 3}}
R is a relation defined on set P (S). |
ARB iff A ¢ B.
Then R is a partial ordering relation on P (S).
i) R is Reflexive
Every set is subset of itself hence A ¢ A

TECHNICAL PUBLICATIONS" - An up thrust for knowledge




. AcBadBcA
A =B
ence R is antisymmetric relation,
i) R is transitive

Let ARB and BRC

sAcBand BC C

= AcC
= ARC

Hence R is transitive. Being reflexive, antis d
ey ymmetric and transitive relation R is a part

3. The relation '<' is a partial order relation on the set of Feal nbnbate
4. The relation '2' is a partial order relation on the set of real numbers.

EEEN Partially Ordered Set or Poset

. 1
_F.

If A is any non-empty set and R is a partial ordered relation on set A, &ﬂps &
ordered pair (A, R) is called partially ordered set or poset.

Examples

1. S is a non-empty set and P(S) is power set of S the relation c is partial
relation on set P(S). A

Hence (P(S), <) is known as poset.
2.aRbiff a | b (a divides b) is a partial nrder relation on set ofnahni’if'
set. Hence (N, R) is a poset.

Inverse Order and Dual of Poset

If a relation R is a partially ordered relation on a set A then the invers -ﬂ,:
also partially ordered relation on the set A. P

Hence (A, R is a poset, known as dual of poset (A, R).

- oy L e



'<'is used to denoted relation on a set 1c
| ) Drauw the digraph for the following relation and determine q
" s reflexive symmetric, transitive and antisymmetric.
A={(1,23 45 6 7, 8 and let xRy whenever y is divisible by x.
Solution: A=(1,2345678
[{1.1},{1,2).11,3),{1,41,(LSML*EMLF'L ]

R =1{(1,8),(2,2),(2,4).(2,6).(2,8).3 3),(3,6),
(4,4),(4,8),(5.5,(6,6),(7.7). (8 8)
i) R is reflexive as V a € A, (a, a)eR
ii) R is not symmetric as (1, 2) € Rbut(2,1)& R

i) R is transitive .
iv) R is antisymmetric.
s
.
[
[
1
o
b
Hence R is partial order relation and A is partial order set.
Hasse Diagrams L‘

Poset can be represented by digraphs. A simpler way of representing poset is Has®.
diagram.

Method to find Hasse diagram
From digraph,
1. Omitt loops as relation is reflexive on poset.
2. All arrows that appear on the edges are omitted.

e e e R P e el . s



R = 1(5 5), (6 6), {3 E}. (10 10), (28, 28), (36, 36), (48, %,
(5, 10), (6, 36) (6, 48) (8, 48))

ofgw

5

Hasse diagram / EEM‘B
8
5 ]

Fig. 7.2

R is reflexive relation, but R is not symmetric relation. Hence R is not eq;
relation,

MR 1t 4 - 1,2,5,4,5,6,7,8,9, 12, 15, 24) be anded by the e
Y. Show that the relation is partial ordering and draw the Hasse diagram.

Digraph

.i-‘T_‘H""'—-‘-—-.____M_

%
%
|



CE T e o we @ @y
6.6, 612, 618, 629, 7.7),
(8,24), (9.9, 9,18, (12,12), (12,24),

24

Fig. 7.3 Hasse diagram

1. R is reflexive relation
As ¥V ae A aRa as every natural number is divisible by itself.
2. R in antisymmetric as if a|b and b |a then a = b.
3. R in transitive as if a|b and b|c = a|c
Hence R in a partial ordering relation.
Example 1 :
Let S = {1, 2, 3}
(P (S), ©) is a poset and Hasse diagram of poset is

-
i




i el

7 = @, 1), @), ), @), 0,2,
P{sj {lg 2, 3?# {1, 2, ‘ﬂrhr%

@O Fh

Chains and Antichains

Let (A, <) be a poset. A subset of A is known as chain if every pair of ele:
the subset are related. The number of elements in a chain is calied the len
chain.

A subset of A is known as antichain if no two distinct elements in a subset are
related. i |

Remark :

Two elements a and b in a partially ordered set are said to be ' not « mpz "
a£b (a is not related with b).

Totally Ordered Set

_ The word partial is used in defining a partial order in a set A because some
N A need not be comparable. On the otherhand if every two elem
ordered set A are comparable, then the partial order on A is called total
the set A with relation < is known as totally ordered set.
In other words if A itself is a chain the poset (A, 9) is called a totally
~arly ordered set. '
-h‘__-"'-"—\—u-_._




S = {a, b, c} Pose (P (8), ©)

(@ (a), fa, b), {a, b, o, @ (al, la, <) fa, b, )

(@, (b}, {a, b}, {a, b, cl}, &, {b), {b, <), {a, b, c]}

@, {c), {a, ¢}, {a, b, c}}, 1@, e}, (b, c}, {a, b, cl]

{2, {a), {a, b)), fa, {a, c}, {a, b, c}} are the example of chains.

{{a}, b)), {{a), {c}}, (b}, ()} {{a, b), {a, c}), {{b, <}, {a cl}, {{a, B}, (b, c}]
atamples of antichains. '

A=1(1,2 3 5 6,10, 15, 30). [Facors of 30] aRb iff a|b (a divides b) "?_.::?.F.-?:j:"
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12,630}, (1, 3, 6, 30}, {1, 2, 10, 30), {1, 3, 15, 30), (1, 5
2,60 (1 2, 6), (3,15, 30}, {1, 3, 15), (1, 3, 6), 1, 5 15), 4
Mﬁghiil“
2, 3), 251 3 3), 16, 10}, {6, 15}, {10, 15),

10, 30), (1,5, 15, 30),
(1, 5, 10) ete,

Empll 1 B1
A = {3,9 27, 81, oyl
27
and aRb iff a|b, then (A, R) is 5 totally
ordered relation. :
A itself is a chain, 3
Fig. 7.8

Example 2 : N is the set of natural numbers
and R is a relation defined as aRb iff a < b,

then N is a chain and hence N is a total ordered set with <
i.e. (N, <) in a totally ordered set.

Maximal and Minimal Elements

Let A be a non-empty set and '< is partial order relation on A. (A, <) is poset.

An element a € A is known as maximal element of

A if there i '
such that a < c. e is no element c in A

An element b € A is known as minimal
element of A if there is no element ¢ in A
such that ¢ € b.

Example
A = (2, 3,5, 6, 10, 15, 30}
Hasse diagram of poset

maximal element is 30 and minimal
elements are 2, 3, 5.

Fig. 7.9

m Upper Bounds and Lower Bounds

flﬂt{ﬁ,fa]beapmet. For elements a, b € A, an element ¢ € A is called upper bound
0 2andbifa<candb <c,
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Supremum. Vi
Similarly an element e is said to be a lower bound ofaand bif e <3 ang

ehmﬁmwm&@m}ﬂamdbﬁmmhm.mv

of a and b such that e < f. glb is also known as infimum. )

Example 1

A = {2 3,5, 6,10, 15, 30, 45}

Hasse diagram

Here 6 and 30 are the upper bounds of
2 and 3. 6 is least upper bound of 2 and 3.
Similarly 15, 30 and 45 are the upper
bounds of 3 and 5. 15 is the lub. of 3 and

5. Also 10 and 30 are upper bounds of 2
and 5. 10 in the lub of 2 and 5.
Similarly 15, 3, 5 are the lower bounds
of 30 and 45 in which 15 is the greatest Fig. 7.10
lower bound. .
Example 2
{21 3; 4; 6; B‘u 12_.- 24, 35]
Hasse diagram
24 :
38 /
N
8 12 ¥
6
4
2 3
Fig. 7.1

Upper bounds of 2 and 3 are 6, 12 and 24, 36 in which 6 is the least upper B

Si ihrl}" lower bounds of 24 and 36 are 12, 4, 6, 2, 3 in which 12 is t
lower bound. :

T IR o 1 B0 I e i Ty L gl o 0 R ot



Fig. 7.12

A itself is a chain. Hence (A, <) is totally ordered set or linearly ordered set.
2.5 =(1,3,5, 15, 30}

Hasse diagram
30
15
3 5
1
Fig. 7.13
Chains are (1, 3, 15, 30} and (1, 5, 15, 30} :
Lattice e ;‘1; 3
A lattice is a poset (A, <) mwkucheverysuhset{a,b}ﬂt&,m:l
and a greatest lower bound.
Example 1
A=(1,2 3
PA) =12, (1), 2, 3, (1, 20, (1, 3, 2 31, 4, w}
(P(A), ) is a poset.
| R e A T




elements has a lub and a glb. Hence (P(A), ) is a lattice,

Here every pair of
Example 2 -
A={23 4,6 8, 12, 24, 36}
Poset (A, 2).
24 36
12
8
6
4
2 3
Fig. 7.15

The poset is not a lattice since the pair (2, 3} does not have greatest lower bounda
also {24, 36} does not have least upper bound. ~ 8

Lattice Operators

In lattice lub of a and b is denoted by a v b and it is known as a join b- il
glb of a and b is denoted by a A b and is known as a meet b. #
& Let A be set of factor of positive integer m and relation is divisibility on &
ie. R = {x, yl|x, y € A, x divides y).
For m = 45 show that Poset (A, <) is lattice. Draw Hasse diagram and give 6
Jfor the lattce

Example




Fig. 7.16
Every pair of elements of A has glb and lub. Hence (A, <) is lattice. _
Join of a and b is a v b (lub). o
And meet of a and b is a A b (glb). '
Table for join and meet
v ' 1 3 5 9 15 45
1 1 3 5 9 15 45
3 3 3 15 9 15 45
5045 15 5 45 15 45
9 9 9 45 9 45 45
515 15 15 45 15 45 o
6 &5 45 45 45 45 45 9

Let n be a positive integer S, hﬂuﬁfqﬂﬂ
relation of ‘divison’. Draw the diagrams of lattices for :
Dn=24 2)n=2303n=6

| ——




Fig. 7.17
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Mathemeatics
piscref®
] subiatics

be a lattice. A non-empty subset S of A is called a sublattice of A, if

Let (A ) AbeSwheneveraeSand beS.

avbesmdn
wplcltp(s}r:}

Flig. 7.20

{a, la, b, la, <, {a, b, c}l, b, {a, b}, b, ¢}, {a, b, <}, [c, {a, ¢}, b, ¢}, {a b, c}} are
sublattice of (P(S), )

However A; = (@, {a}, [c}, {a, b, c}} is not a sublattice asa vc e A,
also A g
[a, bl N {a, c]

{&, {a, b}, la, ¢}, {a, b, c}} is not a sublattice as

L]

aeg 1‘51_2.

Properties of Lattices

Let (A, =) be a lattice

then

1) Idempotent properties
jJava=a

iijana=a

2) Associative properties
Havbwve)=(avb)ve
Maabac)=(anb)ac
3) Commutative properties
Javb=bwva

Eﬂaﬁb:bha

- R
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A latttice (A, <) is called distributive lattice if for any elements a,
Jardvo=(@ab)viaac

lavibac=(avb)a(avec).

Remark : If (A, < does not satisfy distributive Property (A, < s Lanll

b, ¢, exl 1

non-distributive lattice. gy
Mple : (1?[5],. c)isa f;lish'ibuﬁve Iattl:i;e as AU B‘{i.e. A union B) and Anp 4
(ie. A intersection B) [or join and meet repectively). Satisfy the distributiye Pl'% .'
A : lattice (A, <) is said to be bounded lattice if greaterst element and least ¢
If the greatest element is denoted by 1 and least element is denoted by 0. .
then V ac A -
O<sac<l. A .
aviD = a anl=0
avl] =1 anl=a
Example :
(P@©), <) is a bounded lattice as @ € P(s) and S € P(S). Where § is the greatest
element and @ is the least element of P(S) : g
alsoV A e P(s) A B8
2 ACS i
also AUG = A AND =@ E

AUS";S AnS:A ..J.

EEXE complemented Lattice

Let _(Af <) be a bounded lattice. The greatest element of A is say 1 af
element of A is 0. An element a’e A is known as complement of a€ A.

T T I T .|
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wﬁ,@mmlemmwmnms), is bo :

W“ 1. Emprysetfam&elmtmtofrﬁj
2.5is the gmamst element of P(S) also [ﬂ}’ = [b, g}

bl = {a ¢

¢/’ = fa bl
fab)’ = ¢
a0 fabicl’ = @
and @" =5

EEXX] Modular Lattice

A lattice (A, <) is known as modular lattice if V a,b,ce A, a<c
= avibac) = (avb)ac [Modular equation]
Boolean Lattice

A lattice (A, <) is known as Boolean lattice if

1) (A,<) is complemented lattice.

2) (A, <) is distributive lattice.




Recurrence Relaﬁm :

- o
-

- —

e : .r.ﬁ-
.-n. Recursion, Recurrence Relation, Solving, Recurrence Relation.
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’ .__..2gﬁ~j!.mldd5t02hgetﬂiemttﬂm?.'Ihethjrd;i:.:?..
28!?8 to add 5 to 7 to get next term 12. By following ins 12
I we denote the sequence (1) as a;,

! 8y =2

and we may rephrase instruction 2 as

2n S anoa+5 ; nz2

a3, ..., Wwe may rephrase instruction 1
a8

Teking  n = 2in equation (3)
a = 245=7

taking n = 3 in equation (3)
283 = a2+5=7+5=12

wm (2) and (3) are equivalent to instructions 1 and 2
Equation (3) is an example of recurrence relation.

of its predecessors. ‘_ i th value in terms of et
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F;+F
F3 = F2+F
Fy = F3+F; etc.

We obtain the sequence of Fibonacci numbers which begins

0,1,1,235.8 13,21, 34, 55, 89, ...

Example

The sequence < 0!, 1!, 2!, ... > satisfies the recurrence relation
an = Nnap.y, (n21)

Conversely, given this relation and the initial condition ay = 1, one can
entire sequence by iteration :

a, = nfn-1a,_,]
= n{n-1)[(n=-2)a,_3]
=nn-1)n-2)..321

= n!

Homogeneous Linear Recurrence Relations

Xp = a1Xp-1+asXp- 2% .. +akxn_k+fn
Forn2k, where AL &g rre: akareconstantsmdfk,ih guu

Weahaﬂmsmctourattmhmto&uehmnogm linear r
fw“’hﬂhaﬂﬂnfnmo These are the recurrence relations
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Discrete Mathematics 8-4

forn 2k, or equivalently

Xpn —21Xp_1=a3Xp~2 -~ akXn-k = 0,
forn 2 k.

Example

Consider the recurrence relation

Xy +2Xp_1-15%3-2 =0

For n 2 2, where xy = 0 and x; = 1.

Z 3

be the generating function of the sequence Xg, X1, X2, ...
After multiplying by z and z* we find that

3

zﬁ[z} = XgZ+ xlzz + X227+

22G(z) = xgz% + xlz3 +oo

we now form the expression

G(2)+ 22 G(z)- 152°G(z). BecGTUse of the recurrence relation most of the tem
cancel and so

GN1+2z-1522] = xqg + (x; + 2xg)z

Using the initial values xg = 0 and x; = 1 and dividing by (1+ 2z- 15 z2) leads o the
closed form

e
1+422-1522

We have 1+2z-15z2% = (1 = 3z)(1 + 5z) and we want to find numbers A and B suh
that,

z e 5 B
142z-15z2 1-3z 1+5z

Solving this for A and B we find that

&=landﬂ=-l
B 8

Thus S | L
58 3[1—33} 3[11-52]
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e formula for (1=2)"", replacing 2 by 3z for the first term, and 2 by -
.‘! tﬁ,’ﬂi 'wgm _ I fa* £
B - 14824322 43720 )= L 1= Sea 522225353

e cocficent of 2" in G(2) is x, and from the expression for G(z) just f
pave the gol'l.lﬁan-'

1 n_l_ n

4o our recurrence relation.
This example suggests that the solution to a homogeneous recurrence relation isa
ton of n'" powers. If we know this to be true we could solve the prev ious

Prﬂbim as follows.
stop 1 Find the value of A such that x, = A" is a solution to the recurrence relation.

stop 2 Find out what combinations of the solutions found in step 1 satisfy the initial
conditions.
Here is how this approach works for the previous example
Xn +2Xp-1=15%X,_2 = 0
For n 2 2 with initial conditions xy = 0 and x; = 1. First substitute x, = A" in to the
recurrence.
After cancellation we see that A satisfies,
M+2A-15 =0
That is, (A—3)(A+5) = 0 and so the only solutions for A are 3 and - 5.
The next step is to put x, = A(3)™ + B(-5)" and find the values of A and B which
satisfy the initial conditions.
Le. we must solve

A+B =20
3A-5B =1
therefore Ko X amiands S
8 8
hus Xy = = [3"]-= [(-5)"]
8 8
as before,
‘--'_'-—-__-_“___M._
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Glz) = it_p-*.x,*;a-r:xix? +x327 4o

Then E{z) = xgz+ xy22 # %22 # oo
‘and therefore (1-az) G(z) = Xo- Thus the generating ﬁmcﬂﬂﬂ[gr _

i?m_.n::l we have x; = axg by assumption.
On the other hand, if n 2 1 and x, = a"xg

then Xnel = aXp = aaxg = A Ixﬂ

‘Completing the induction step.
3 Second Order Linear Recurrence Relations
Xy = aXp.1tbxp_p, fornz2
If xg,x7,%5, ... and xp,x7,X3 ... are two sequences which satisfies the r
relation and if A and B are constants, then ;
X, = Ax,+Bx[ also satisfies it.
Thus the linear combination (A x;, + B x;; )Jof the two solutions (x3,) and (
solution. This is a very important property and holds in general for all
linear recurrence relations. A

The general solution to second order recurrence relations
We introduce the generating function G(z) of xg, x1, x5, ... and observe

ZG{Z) = Kﬂz+xlzz+x223+.“
2

Zz G{Z) = xnzz+x1z?’+.._,
Therefore

G(z)~az G(z)- bz*G(z) = x, + (x1 = axg)z
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Xn = AAY 4+ BAY

mm&msecondcase,ﬂ'kecuefﬁdmtofznis

Xn = Alr{+B{n+1}?.."1‘={A+B}l’£+nﬂl‘i

The characteristic equation

l1mdlz.am&termtsofﬂlecharacteﬁaﬁcequaﬁon
M-ar-b =

f1-az-p;2 o (1=212)(1~1,2), then the general solution to the recurr
mimEx, o +bXn_, for n 2 2 is either
Xn = AAY+ BAS or
*n = CAT+nD A} according to whether

M # 2y or Ap=a, respectively.




then Xn = [.&1111“-1-:&1 nk 1+53 nk=3 4 +A, 0 is th

mﬁﬂuﬂwﬁﬂawwmfm
(i) a,~7a,_1+10a,_, = 0 given that ay=0, a; = 3
 (ia,-4a,  +4a, ,=0 giventhatap =1anda; =

‘Solution : (i) The characteristics equation is
AM-7A4+10 = 0
KE=h: ?. 2

‘sélﬂﬁun of the given recurrence relation is

; mwmﬁ% B (27)
To WME are constants
To ﬁndaf\.md B putting, r = 0 in equation (1)
‘ A+Tap = A+B

| i - - A+B =
Also putting r = 1 in equation (1)

5A +2B = 3

s From equation (2) and equation (3)
A =1
B = -]
Hence the homogeneous solution of the given recurrence relation is
a, = 57-2r
(i) The characteristics equation is
A2-4r+4 = 0
(*=2?* = 0




ﬁ&m:ﬁmaw&%!nﬁh
ag = A
b g ﬁ =1
| a; = (A+B-1)2!

6 = (A+B)2
= A+B = 3

or 1+B = 3
or B =2
Hence the homogeneous suluﬂmofmgwm
= (1% 2r) 2t

I}d,, =2, _;-d,_, with lmhafcendmcmdi =
Zjdn" 3dy_1-2d

. _-,_)‘
15 d;=3 |
"= EWIthﬂutmImhodeE_z’a‘é\gF
Selution : (1) d, - 24 —1+dny_5 =0, dla..?:. d1=§
mmmhcequahﬂnm
MB-2A+1 = 0
A-1)% = ¢
A=11 -
dy = (A+Bn) ()"
Where A and B are constants
ToﬁndAandB putting n = 1inaqmﬁmm
d; = (A+B-1)

A+B

n




A24+3A+2=0

(A+2)(A+1) =0
A==2-1

Therefore the solution of the given recurrence relation is
dy = A(=2)"+B(-1)"

where A and B are constants.
To find A and B putting n = 1 in equation (4)
d; = A(-2)!'+B(-1)!

-2 =-2A-B
2A+B =2

Almptﬂﬁ.‘l'lgn=2
d; = A(-2)%+B(-1)2

4 = 4A +B

From equation (5) and equation (6)
A=1 B=0

Hence the homogeneous solution of the given recurrence relation is
dy = 1(-2)n

S




PE) s, -3, -1 =" *‘E‘lrwﬁ&mﬁ 1 usi
.ﬁ;,-.ﬂ-n,-._l- =2 .

. r T
'-llr:r i Sa1"~-*1 z' = 22

-'WIEL summing for all r

Zi::z"

T=1

Az) = ag+aztazz? +..

= Y a;z" = A(z) -ag

For i B.l._lzr =z i ar—lzr_l

1'1!1 '['-1

~
=z ¥, Az
r= ()

zA (z)

also Yzt =z4z22 4234 424 _'-__1; .

[Using sum of infinite terms of geometric progression (GP)

Sl’l. = a+ar+art+.. . 1._,-

then .

r<1]

1=z °

(A@) - ag] - 32a(2) = 2

(1-3z) A(z)

]
e




hence

‘which is the solution of the given recurrence relation.

(X'!'Y}n = xI 'i'ni:] }""n(‘z x = 2}"2+___+ncrxnur

{1.{--&)“ = l+na+

Ve
{1+a}-1 = 1-a+32_a3+,..
If.l=_b
(1-b)! = 1+b+b?..= ¥ b’

A@ = Gyi-5) T 1- 2

(2) 1+z
Alz) = T E

i 2 = z}=2{1 32)" 1= (1-2)~1

= 2[1+{3:}+(3:}2+(3z]3 ..... 1-[+z4224,3

A(z)

2 i _{3}1'31'__ i (I}rzr

g () = (L), 20

(when n is a positve integer)
_.!'_” 2 n(n- n-2)
2 D +

(if n is not necessarily positive integer)

3359%*{.
%‘




[Uning ﬂtpumnﬂal a,arluj e

TR
: A{z] =(1+2)" ne, l}s r<n

0, r>n
o [Using binomial expansion],

Total solutions [For non-homogeneous recurrence relation]

In the previous section, we have seen the method to find the solution of the
h{,mggeneous linear recurrence relation. A homogeneous relation is obtained by putting

f, = 0in the equation
Xp = a1Xp-1 tagXp_p+.tapXng +h - (1)
If £, # 0, the equation (1) is known as non-homogeneous. The solution of equation (1)
is called the particular solution.

There is no general procedure for determining the particular solution. It depends on
the nanue of f(n). The homogeneous solution of the hnear recurrence relation is denoted
by a ) and the particular solution is denoted by a . The addition of these two
solutions are called a total solution of a given non-homogeneous linear recurrence
ralation with the constant coefficients.

Thus, the total solution a,, is given by,

ay = as) e al)
The homogeneous solution a js found out by finding characteristic roots of the

characteristic equation of corresponding homogeneous recurrence relation.

However, there is no general procedure for determining the particular solution of the
given recurrence relation.

In some cases, the particular solution can be obtained by the method of inspection of
£
Cases
1. If f, is a constant

P (constant)

w
=
]

IS Oy Cin (linear fum:tmn]

- AL LT by PR B e ey




then 2 = ﬁq-ealn*l?zjn- '-‘-'-'-'--"**---ﬁeﬂk
4, £, = g.b“"p:oﬁﬁedbismt'admmﬁgm
P)
n
fa

= Pb"
. o b"whmbm&mmmmucmatufﬁweqmum
multiplicity (m - 1)
then al’ = P@™ 'b". 1
EEEIEE) soloe the difference equation with given boundary conditions, .
a, —5a,_) +6a,_3 =2" +r,r22 ag=1a; =1
Solution : The corresponding homogeneous recurrence relation of ﬂ*gl?qﬁ
rehtim is given by, |
a,-5a,;+6a,.n =0 .
The characteristic equation is
AZ-5h+6 = 0
= (A-3) (A-2) = 0
and A = 3,2
Therefore, the homogeneous solution of the given recurrence relation is

o

-

aih.] = A(3lr+B(2}’
To find the particular solution we consider the term f(r)
(right hand side of the given equation). y-
f(r) =2"+r

2 is the root of characteristic equation hence particular solution is,
Pirl(2%) + (P, +P3r)

Substituting in given equation :

(Pyr 27 +P, +P3) ~5[Py (r~1)2"~1 + P, + P3(r—1)] + 6[Py(r —2) 2" 2+P, +P3 (=2 -

e e e AN e e T e . | g Aoy O e el S e e



I R et ‘ : . |
- 2*[.%1*1] +(2P3) r+ (2P, -?pa}.zrﬂ'» =L SRl

£
—-% = 1,‘2?3.:'1; ZPz-‘-'?Pa.tﬂ'

. 1 7 T

E - al) = 2r@)+3+7s

Total snlutimis a, = a{l._h*} <+ H{.P}

- wit uo
a, = A{S’)+B{2=]-h{2r}+%+§r "
| ;
Using boundary conditions ag=1l,a;=1, X '
we get B
ag = A+B+i

2

ie .A+B+-l-=1
2

or A+B=1

2

FDI' r = 1]

a1 = AG+B@-21.214147 4
1 &

3A+2B

9
Bl
4

. 1
3A+2B = T
From equation (1) and equation (2),

Kb % 5. 08
&:.wI,‘B I




A +6A2 412048 = 0

= A+2)3 =0
: : e S
\ Hence the homogeneous solution is
’ agl} = (A 1n2+A2n+A 3] (—2]“
The particular solution will be of the form P(2"). Substituting the given
we get,
P2™)+ 6 PQ™ 1 +12P 2™ )+ 8P (2" 3) = 27
- A
: 6 12 8 ‘
= a —+—+—-| = 2"
2 P[1+2+ 2 +8] 2 *
Or P[1+3+3+1] = 1= P =%
i ag’} — 1(2“] o 211-3
8
Total solution is
an = aM+a® = (A n2+A, n+A 5 (=2)" +2073
ag = 'U,EI ='ﬂ,32 =
1
0=A 3 +§
o AT _1
= Az 8

o e T (e By Gt e o T 24 e o e A e S ST e e T



- =

[&14*5& 24A 3)

' S

4(4A 1 +2A 5 +A3}

ra |
1l

3
4A +282%¥A3 = 3

= ‘
From eqﬂﬂﬁmﬁ (1), (2) and 3) A =0, A 2 = %;A 3 t_% “

= l ._,]_', B R | n-=3

Solve the recurrence relation
=28y +30y2 +57, n22
Given ag ==2,a1 =1. o ¥ -
Solution : The characteristic equation is

A2 -2k-3=0
= (A+1) (A=3) = 0
2 R
So the homogeneous solution is
a®

= A(3)" +B(-1"
For particular solution, f, is of the form 5".

Therefore, the particular solution is of the form P(5"), S
Tecurrence relation,

we get
P5n -2P5“'1_3P5n-2 = B
= snplq_2_ 37 _,
'5—2- =35
12]
P ———
=




An 513“?""3(-1)1‘ e (5™)

initial tions
Uﬁﬁg:ﬂﬂt mi -2,31=LWEsf-'t

ap =
25
-2:_&4-34*12
. e
Or S
1=3A- B+ (5}

125
3A-B= 1*—12—

113
Sﬁ.—B = -'-i"z,—

| T
| = ac = Py

ﬁn - -13]{3}11 { 1}!’! {5)1‘!

IIPRY Solve the following recurrence relation : a, -3a,_1=2 12l ﬂg=1

M,ﬁm : The characteristic equation is
(A-3) =0
Fhig A=3
i Hence homogeneous solution is
| a™ = A@)"
i Particular solution is of the type P (constant)
| Hm a, =P

a, =P
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. miﬂiﬁﬂ condition ag =1
1=A-12A=2

|

ap = 2(3M-1
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1 Mwm.mmmehim
ﬁ;xGxG.ﬂ. n times) - G

then
rqﬂ"“"”*

a,)e GxGxG ... n times

,,,,,,,

28223 Py L eF

En:l,fi!lmmaﬂmar}rmﬁm
{i n = 2, f is known as binary operation, “
If n = 3, f is known as ternary operation, 4
and so on. 3

In the following chapter we are generally dealing with binary operation.
n Binary Operation on a Set

Let G be a non empty set.
ThenGxG:[(a,b):ae G be G)L _1|
Iff: GxG — G then f is said to be a binary operation on the set G.
's' is a binary operation on set G.

iff YabeG = a*beG.

and a * b is unique.

Binary operation on a set G is also known as binary composition.

[Bhltymmtnhnglelemmtsamdbmdmﬂumwiﬁhm
operation].

eg
Jand 5e N
= 3+5 .

=8eN

hl““"“f)*np!mhmfmmeutw

hﬁi!rwo:d; thepmpertyaibEG Vauﬂhiﬁh&hﬂﬂum

Le,
._____Ei'_c_lmﬂm&iupemhm o',

Jp———




ﬁ%‘ﬁiﬂw%w to multiplication operation

3. 7eN,9eN

but7 -9

==-2¢N

This shows that subtraction operation '-' is not binary operation ch

4 4eN,5eN Q)
but 4+5¢ N ;'

.He_medivisianianutabimryopmﬁonnnthesetofnahual
- Hence addition '+' and multiplication " are binary operations for natyral

But subtraction '-'

anddwuinn+arenotb1mr}ropenhommhl _
=) _ Tnmuke subtraction ' a binary operation we need to extend set N ?’

uuuuuuu




th*‘?!I'
soaﬂmwgnwdmexmmmﬂmmmdwemhnmofﬂm'
aumbers

| numbers

pation@

Q = {x;x=%fpmqu['q:G}

' and " are binary operation on Q as they are binary operation for subset L.
For division +

9¢Q 8€Q

= 9+8€ Q.

Hence '+' is also binary operation on the set of rational numbers. But in case of Q,
square root of natural number /a where a € N is not always possible.

o extending the set to real number set R.
R = {x;x=a+h,ﬁ, a&beQ andpe Norpe Q+}

In case of real numbers R, square root of negative numbers are not defined. So
complex numbers set €.

C = {x;x=a+ib,aandbe‘31,i=ﬁ}
Hence NcIcQc Rc .

Composition Table or Table for Binary Operation

If S be a finite set, consisting of n elements, then a composition * in S can be
described by means of a table consisting of n rows and n columns in which the entry at
the intersection of a row headed by an element a € § and the column headed by an
element b€ S is a * b. Such tables are called composition tables.

Example
1.
" a b c
a a*a a* h a*c
b bsxa bxb b
¢ c*a c*h c*c
_‘_\-“_\_\_‘—v\.— s L T —
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"mr
o
1

S = (1,-1,i, i), where i=(-i)*=1

1 -1 i -1

1 i 4 o 1
L i e T
mmA {0, 1}. Is A closed under
- i) Multiplication
B
1

Aﬂcloaedmﬂt resp-ectto"asﬂunbviuus fmmthetahle.
A is not closed with respect to '+

asleA, leA

but 1+1=2¢ A

[EEE} Algebraic Structure
A non empty set G equipped with one or more binary operation is
g N i
Suppose ' * ' is a binary operation on G. Then (G, *) is an algebraic structure.
N, ), N ) N+, 64,04+ ), 0, Q4 Q) &) (&5
‘examples of algebraic structures.

- M{N,#),{Lﬂmnnta]gebramstmﬂum
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_3,55.5:

. vﬂ,b,CEG
at(*c) = (@a*b)»c

(2+3)+5
5 2.(3-5) (2:3)-5

ie. '+ and " both satisfies associative law on set of integers.
pt (2-3)-5 # 2-(3-5)

Hence '-' is not associative.

g
(=)
=+
=
+
L

i

Remark : (a * b) * c means first operate a# band then combirie the mesult el
but at the same time if it is same as combining a with (b + ¢). It shows that 1o need of
brackets i.e. we can write elements as a * b * .

3. Commutative property

Vaandbe G
If a*b = b=*a
then " * " on G is said to be commutative.
eg. 9+4 = 4+9

15-3 = 3.15 ‘etc.
Algebraic structures with one algebraic binary operation

Groupoid

A non empty set G with bina r}ropera&nn'*'iscaﬂedgroupnﬁdifﬁle:bimy_
Operation ' * ' satisfies the following property. |
1. Closure property
VabeG = a*xbeG
In other words every algebraic structure is groupoid.
eg. (L +), (Q! "'}r (€, _} etc.

e

ST s e L e s o M e R L SRR S S SRR L




(N, +) is not a monoid,

Va,beG=a*tbeC
VabceG

ar(b*c) = (@arb)*c

eg (N, +), N, ), @ +) @) @Q +), (Q, ) etc. are examples ﬂf-.lm.i--f roup,

.l'[;..i"'“_;, not semi group as - is not associative also + on Q is Nt assogjs

(Q, +) is not semi group.

A on empty set G with binary operation ', (G, *) is called monoid f s g
1. Closure property Va, be G=a*be G :
2. Associative propertya*(b*c)=(a*b)*¢, ¥a b, c,eG
3. Existence of identity
There exists an element e€ Gsuchthate*a=a=a*e YacG
The element e is called the identity. A
0 is identity element for '+'and 0 € Ias 0 +5=5=5 + 0. 3
So (I, +) is a monoid as I satisfies closure, associative properties for '+! o

alsoOe L

Other examples of monoid,

@)

1elandl-6=6=6-1

So (1, ) is a monoid.

ﬂ (Q ), (%, ) and (C, ) are also monoids,

also (I, +) is a monoid.

=(Q #),(®, +) and (€, +) are monoids,

o

a3 0 g N

B o el BT T -



{n other wﬂ,d; semi group with identity element is c

ﬂw Whﬂh’*ﬂm*ﬁlmmmmufw

) pivision i) E:'ponenﬁnﬁan

sduhﬂ“ l}ljwismnon the set of integers is not associative.
‘fb}fc 2 a/(b/c)

E,q;onenhmﬂﬂ on the set of integers is not associative.

(ah]c 2 a(b’f}
Show that the algebraic system (A, +) is a monoid, where A is set #

and + is a binary operation giving addition of two integers.

solution .LetAbEﬁlES'EthallmtegErsand+lsﬂEUP“ahm!ﬂ i on

have to show that (A, +) is a monoid.

as

4. Closure property
leta, beE A
Ma+bEAasa+bisajsoaninteger.

Z.Aslo:ilﬂvnpmplrty 7
Let a, b, c € A.
then a + (b+c)=(a+b) +¢

3. Existence of identity :|'|
Yae AJ0e A :
Suchthat a+0=a=0+a
Therefore (A, +) is a monoid.

SR What are different properties of operations applicable to algebraic systems ?

set G equipped with one or more binary operations is called

Solution : A non-empty
an algebraic system.

If G is a non-empty set with binary operation * then (G,
System or algebraic structure.
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ed with one binary operation * is called

axioms).

1




waﬂ

: Qvﬁx 3-acel

~a)=0=(-a)+a i
MM I+{ a) ( Ul

Hence (I, +) is @ BrOUP- PO
{L.t.]igagmupmfﬂl"“}:{ﬂ , +) and (C, +]mahum

2. Associative property
VYa,b,ceQqy = (a-b)-c=a-(b-¢)

3, Existence of identity el *'-T,__ -y
1eQq o
Suchthat 1-a = a=a-1, VaeQg

4. Existence of inverse S Y
VaeQp 3 beQy - =
Suchthat a-b = 1=b-a

':E‘S*.IE%E Qg Eimiisa]manelmtof@g..

5




'Ilﬂn«iﬂn (Qg,) is a grouop o
If (Qq,) is a group then (R,) and (€ ") are also groups. l
Remark :

Qg — set of rational numbers without zero.

'0" is not having any multiplicative inverse, hence in case of "
without zero element.

(L, -) is not a group. |

asif2el, %:I

operation, set shougy,
|

Such that 2- =1

o] =

So (I, ) is a monoid but not a group.
Abelian Group or Commutative Group

A group with commutative property is known as abelian group or commutative
Broup.
ie.VabeGifa*b=b=*a

' * ' is commutative on G.

Example
1. (L, +) is an abelian group as (I, +) is a group and also V a, be L
a+b =b+a
2. (Q, +) is an abelian group. |
also (R, +) and (€, +) are examples of abelian group.
3. (Qg. ), (Rp, ) and (€, -) are examples of abelian group.
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—* Associative property T
i.e.Ya b, ces = as(bsc) = Eﬁl:’i) wg e
] —+ Closure property .
Monoid ——= Associative :
— Existence of identity elemant
ie.vVae S3ec smmn#;:-‘-‘i.‘f
—= Closure property

. & ;
—-Amdaﬂvapmpany

—* Existence of identity element -
—= Existence of inverse element
ie.¥ae S3ibe S.suchthatasb=e=phsg
—= Closure property _
e dll BN |
commutative group | Existence of identity element

— Existence of inverss element
L& Commutative property
ie.va bes

arbh=hs«g

Fig. 9.1

Fra

and b “'&""1

Some More Examples of Groups
CEBEEED et Q. be the set of al positive rational mumbers and "
Q, dt;“iuadlry,a*b=£;3 is an abelian group.

Solution : 1, Closure property
YabeQ,

a binary

= i‘b=fib-eQ+

'huqu- is closed with '




ab ba

 asba b,




guch that 4+(-4) = 0=(~4)+4

5, Commutative property
vabe2l
a+b=Db+a
'Hence '+' is commutative on 21
S0 (21, +) is an abelian group.
RemarkLet S be the set of odd integers.
B =i =8 =113 b
__ then S is not closed with '+




a+hb = ﬁlri‘vﬁliﬁﬂ'*‘}

Mrwummmmamm(rn},u aq.g
be S MShmmmmpaﬂm:ddiﬂm

2. w property
The elements of S are all integers and addition of integers is assq

3. Existence of identit

30e S, such that
0O+a = a=a+0, Yae$

‘Hence 0 is the identity.

4 Exist of inverse
Iatmrbeanaxﬁluaqr element
Then (-r)meS [-T is also integer].

of S where r is some integer.

A.lnn(—r)m+rm=-(— r+rm=0m=0
- — r m is the additive inverse of r m.
Thus every element of 5 possesses additive inverse.
Hence (S, +) is a group-
mwtﬂqudlmtwfﬂumbma

a*b=a+b—ab is an abelian group:

‘Solultion : 1. Closure property

a,be Q,

jea#l, bzl

a*b = atb-abeQ,

» # is closed on Q1.

ther than 1 with operation *

| ,,W*e = (a+b-ab)*c=(a +b-ab)+c—(a+b-ab)¢

= a+b+c-ab-ac—bc+abc

G et e LR Sy mmﬂm '



= a¥(b+e~pe)

=2 a +b+¢-—-ab-..

n&'i-{bll-c-bc)_ T .
AC=be+ aby ﬂ{b#-e..bq]

Hmant_‘btc}-{a*h]*c,}mnm't'hmmmq_l_
3. Existence of Identity

VaeQ; 3 eeQ, ie el
Guch that a*e = 3

= ate—-ae = 3
& e{l-a) = 0
i E=Dasa=&1
mne=ugQl,hmceidentityispresmtin@].
4. Existence of inverse

VaeQ, 3 beQ,
Suchthata*b = ¢

a+b-ab =
a+b(l-a) =
b = —2
b =i
also a # 1
- a
hmte b = I—:__HE Ql

Hence inverse is present for every element of Q.

5. Commutative Property
Ya ,be Q 1

a*h = a+b-ab=b+a-ba =hsg

Hence (Q1 %) is an abelian group.

Example 9.9 J of all nxn non-singular matrices M having their elements as rational (real
or complex) numbers is a non-abelian group with respect to matrix multiplication "

Solution . Let M be the set of all nxn non-singular matrices with ﬂ'teirelemmts as
"8tional numbers, (A matrix A is said to be non-singular matrix if |A| # 0).




1. Closure property

Let A,Be M

i.e. A, B are n xn, non-singular matrices.
hence |A| #0 and |B| =0

Now A -B is a nxn, matrix.

Also |A| #0, [B] #0 = |AB|*0.
Hence A - B is non-singular matrix.
Therefore A-Be M

HenceV A, BeM = A-BeM
Thus M is closed with respect to "

2. Assoclative property
Matrix multiplication is associative.
3. Existence of identity
Let I, be a unit matrix of order n, also |I,|=1, i.e. I, is a non-singular matrix.
= I, e M
also I,-A = A=A- 1=
Hence I, is multiplicative identity element.

4. Existence of inverse

Let AeM

= A is a non-singular matrix.
ie. |A] # 0

(adj A)

= A1 exists and A"l =
|A|

also A-A71 =1=A"1aA
Hence (M, ‘) is a group.
Note :

1. Matrix multiplication is non-commutative therefore (M, -) is non-abelian group:

2. If elements of A are integers or natural numbers, !;lw.-mI'u!lif:rnt:-’:i?tS""“’1"1i"rm-l
respect to matrix multiplication. The reason is that all such matrices ar s

inversible.
—--—“"_'_-—'-._-'-.-...




| 2 3
A."43

| = 41e. |A| =0

|A

uﬂiﬁ“”‘“”ﬁ'

| ﬁi,nm'ﬂh‘sd”’qmmm‘

a8 ol

T TR R L
2

Eh al) the elmnents of the matiix A~ are not integers, therefore this matrix does
M;FG= [n+b-ﬁ;a,be{2}, then (G,+) is an abelian group.

solution : 1. Closure property

et x, y be any two elements of G. Then x = a;+b;v2, y = az+b.g-ﬁ

whereﬂpﬂz;blrbl € Q'
Now xX+y = {al +b1 ﬁ}+{az +b2 \E:' = {al"'al:l"' (bl"'bz}ﬁ
iffajand a; € Q, then aj+as € Q

Ihﬂbl,b:'EQ, then b1+b2EQ
I-Imr:ex+yEG,Vx,}rEGtherefnreGiscloﬁedwi&lrespecttoadditim

2, Associative property

The elements of G are real numbers and the addition of real numbers is associative.

3. Existence of identity element
0+042€ G is the identity elememt of G

a8 2+ by + (04 043) = (a+0)+ (b+0)vZ = a+by2

4. Existence of Inverse
a+by2e G = -a+ (-b)v2e G

!il'uae ﬂ.,hEQ = "'3;—bEQ

-----__-“___-_
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= L

s T

uer
240°
300°
0°
60°
120°
180°




(‘leQE

B or, =180, 6

penst®" e 180 607 = 120° o 24

= 360°=0° 44

m-{;fb}‘c :
I = (120° * 180°) * 60° = (300°) * 60°

= 360°=0°

it is obvious from the table that 0° is the identity element of R.
4. Existence of inverse
VaeR3beR
Suchthata*b = 0°
‘From the table,
Inverse of 0° = (°
Inverse of 60° = 300°
Inverse of 120° = 240°
Inverse of 180° = 180°
Inverse of 240° = 120°
Inverse of 300° = gg°
hWMﬁmmv&u




Discrote Mathematics 9-22 Algebra,
CERRIXRE G s o group and there exists tuo relaticely prime positive integgy S
ﬂ“:hHmfambm'bmammaﬂaﬂnbﬂdﬂﬁrﬂuﬂ:bﬁcnPmtthﬂtgksn:l .

: [,
Solution : If m and n are relatively prime 3 integ Pandqsu‘:hthp+r“l‘1-

To prove that G is an abelian group we have to show that,

ab = ba
Now REHRIm = (™ a )
and @™ p"H)™ = ®" i

Now @™ pM)P™ = @™ b™) @™ b") ..-.... (@™ b™) pm times
= am {bnam}{bnam} ______ {‘bﬂ amjbn{thllhm
a™ (b" am}Pm'lb" =a™ (b™ a™)P™. (b" a“"'}*"- pn

= a™ " a™)P™- (@™ b~ ")b" [as (ab)~t =bye)
= (" a™)Pm.aMa™™ [as amb“‘=bma“,yaeﬂl
Similarly (@™ b™)® = (" a™)¥
a™ b = (a™ b™)™P* = (a™ b")™P . (a™ b")™
= (" a™)™P. @™ b")™ = (" a™)™P. (b" a™)™
=(baMymprnd. = BB o™ va, beG

Now consider ab = aPmtan EPMHqR - 5P 90 BP™ K9

aPm (a9)0 (HP)M 9N = aPM HPM 440 [
= bF"m 3Pm hqn aqn - = bFITI bi:[n apm- aqn
- (b]Pm"'q“ (a)Pm*an = blal! =ba

= ab = ba
Hence G is an abelian group.

Let G be the set of all non-zero real numbers and let

a*bh= Ei!l' show that (G, *) is an abelian group.

Solution : Let G denote the set of all non-zero real numbers and ' * ' is an f :
defined on G.

Such that a's'b = %

We have to show that (G, *) is an abelian group __/___/’

 —) |
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):at(btc)

wnfldlntﬂy "
mmmberemﬂhe&leldmht}relemmtleEGmdﬁeta=a a*aﬂ"g‘ﬁ:ﬁu

Nuwe*a—a=-e23—a X

= (%} (e=2) = 0 _'

= e=2sinceacGanda#0
Now 2 € G, and hence

ll.':

2*a = 2—;~=a=a* 2.V ae G

Therefore 2 is the identity element.

4, Existence of inverse
Let a be any element of G. If the number b is to be the inverse of a, then we must

have,

b*xa=e
=b*a=2 2
e |
ba
w4 _2__2 -llre.-‘..ﬂs 't,:'
= b=i romiym P .
d . "-}::F

Now a is a real number hence, bs_isa]soamnlnumbumdmvﬂzﬁ'ﬂ

e 2 O L o -
-
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e e w2 wavh

Hence inverse of a is f:'

5. Commutative property
Let a, b € G, then

ab _ ba
a*b T=T=b#a

Hence (G, *) is an abelian group.
AR [t G = [even, odd) and binary operation @ be defined as,

T —— T T T

.......

Show that (G, ®) is a group.
Solution : 1. Closure property
Obvious from the table,
eg evene G, odd e G
= even & odd
=odd e G
Hence G is closed for &
2. Assoclative property
even @ (odd @ even)
= even @ odd
= odd
also (even @ odd) @ even
= odd @ even
Hence even @ (odd @ even) = (even @ odd) & even
'Hence @ is associative operation.
3. Existence of Iidentity
Jeven € G,
 and even @ odd = odd = odd @ even
~ Hence even is the identity for &
| = ?ﬁ = TEGHNICAL PUBLICATIONS - An up thrust for knowledge.
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add$ﬂdd = aven

every element is its own inverse
A { e\’Eﬂ}-l = aven
(odd)™ = odd

Hence (G, ©) is a group.
Note : If every element is its own inverse then G is an abelian group, hence (G,®) is

in abelian group-
(@ Addition Modulo m
A new type of addition is defined as addition modulo m '+,,' and written as a +,, 0
vhere a and b are any integers and m is a fixed positive integer.
fence a+mb = T, OSr<m

where  is the least non-negative remainder when a + b is divided by m.

For example
4+?B =0
nee 4+8 = 12=1(7)+5

i.e. 5 is the least non-negative remainder when 4 + 8 is divided by 7.
milarly 9+53 = 2

Thus to find a+mb,weaddaandhmmeordmarywayand&mfromﬂ‘waumwe
move integral multiple of m in such a way that the remainder r is either 0 or a

witive integer less than m.
Congruent Modulo m

When a and b are two integers such that a - b is divisible by a fixed positive integer
then we write,

a = b (mod m)
f,l_"_i_Ch is known as "a is congruent to b modulo m".
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Wm | 3
 is defined as multiplication r ,:
mmgmandmunﬁmdposiuvﬂnm~, L5

415352 .
& _”.I.ﬁ_wwpmduﬂgf‘imdSlebutlzlﬂgteater&lan.'jww
ansmmmmdemz
alio 5X76 = 2 efc
Result 1
The set {D, E 2y i n - 1} is an additive abelian group of mtegemm
Result 2 ‘I
ThesetS=1{12 ....P— 1} where p is a prime integer. .

S form a multiplicative abelian group of integers modulo p.
G =101 2 3 4, 5 6 7} and operation is +g add:mnm

Solution :
+g 0 1 2 3 4 5 6 7 L
0 0 1 2 3 4 5 6 7 :
O 2 3 4 5 6
' 2 | 2 3 4 5 6 7
3 3 4 5 6 7 0
4 4 5 6 7 0 1
5 5 6 7 0 1 2
: 6 6 7 0 1 2 3
1 S T S




Obvious from the table, if a and b e G Satgbe G if asp tf":i'i
mdlfl+b23md1ﬁdehaumb}psm “ i
]'ﬁ'# is an glemmt of G.

Obvious from the table.

e
7,2, 3
(7+g 2D +g 3
=1l+g3=4
also 7+g(2+5 3)
=T7+35=4
Hence (7+g2)+33 = 7+5(2443)

3. Existence of identity
YaeG3I0eG

SﬂChﬂ'lﬂtﬂ-Psﬂ = a='D+Ba
Hence 0 is the identity element for addition modulo 8 i.e. '+5'.

4, Existence of inverse
VaeG3IbeG
Such thata+gb = 0=b+ga
eg Inverse of 0is 0
Inverse of 1is 7
Inverse of 21is 6
Inverse of 31is 5
Inverse of 4is 4
Inverse of 5is 3
Inverse of 6is 2
Inverse of 7 is 1
Hence every element possesses inverse.

e .

L A e e mmmnM. Mlﬂmﬁm [ f.’._ |



e _F | 1 FT 0L




of Inverse
;E-GSbEG
axsb=1=bx;a ”

1#

eg

Inverse of 4 is 2
Inverse of 5 is 3
Inverse of 6 is 6.
Hence every element possesses inverse.
5. Commutative property
Obvious from the table,
e 4x73 =
also I3x74 = 5

Hence G = {1, 2, 3,
modulo 7. ie. 'x 5"

Remark: G={1,2,3,4,5,6, 7], x g is not a group.
as 2xg4 =0
but 0 G

Hence closure property is not satisfied.

HﬂmmcludedmﬂtesetGmmﬂcarmuthavemvenemdhﬂmﬂm
group,

Le. multiplication modulo a composite integer cannot form a
multiplication modulo a prime integer can form a group.

Show that < Z g, + > is abelian group.
Solution ; Let Z; be the set of residue classes modulo 6.

e
= {0}, 1,(2.13, 4,5}, +
--“"“——-—-_______

B TR R B M A TR e i s B







EURS s e | .. ..
Obvi0 e @ = 1} = 3) + (4) 1
. L[Zﬁf"'}i’mm}immp' .o 4_
I i aw i i
m properties of Groups s
element Is unique e
' proof : Let (G, *) be a group and e and e’ be two identities of (G, *). .

Mwehave
E.e’:ﬂﬂﬂ"iﬂﬂlﬂidmﬂty.

mete’-e’aseisalmidmﬁty_
Eutg#e'isurﬁqueelementaf{ﬂ, *)
hencee* e’ =eande*e'=e' = e=e’
Hence the identity element is unique.

2. Inverse element is unique
Proof : Let a be any element of (G, *) and let e be the identity element.

Euppmbandcarehmimrerseufa
then a*b = e=b=*a
and A®C = e=Cc*3a
= be(asd = bre=b
dso (b*a)*c = e*c=c
Using associative property

b =c¢

mmhvmﬂfﬁﬂ&mmtismﬁquﬁ

3. Cancellation laws hold good in a group
If.a,b,cmany elements of (G, *), then
a*bh = a*xc=3b=c¢c

and h*a=¢*a=b=c

TECHNICAL PUBLICATIONS - An up thrust for knowisdge.
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@hﬁaj;denﬂty element of (G, *), then we have
alra =e=a*+a’l

(@) sfa e o] = (@)l ee

_:__1.]-:..*; - {ﬂ.-lr-l * e

floe =7




"'hrb =e= hﬂlh"i -..JH

-
Tl
e, L

@en)*®7* a™) = ﬁﬁ*b}'b'“}a-"’:-&hi._'
Now = @*®*bra’ =@

= a*al=e . iy

bl a-1 is inverse of (a * b)

i @a*b) =bT*xa™
Wk: 1_H{G,*}isanabe]ianm,ﬂm
a*b=b*a

Hence {b!a}“l = 'I;;u-lta;i

Therefore (@a*xb)?! = alepl

2.1fa b, ¢ d e h, are elements of G

en (asbecrd ...+ )T mhla ndite clablea!
3.1 (G, +) is a group

then —(a+b) =(-b)+(-2)

Some Results on Abelian Group
1. If every element of a group G is its own inverse, then G is abelian group.

Snluﬁnn:leta,bEG,ﬂtena=a'landb=b‘1
Asoa,be G=abeG

Hence (ab)”! = ab

But (ab)~! = bta’

Hence bla-l =ab

and bl =b also al=a
Therefore ba = ab, Va,beG.
Hence G is an abelian group.

2lVabeG




Discrete Mathematics 9-34

(ab)? = a? b® then G is abelian group.
(ab)? = (ab) (ab) = a (ba) b

also a2 b2 = (ad) (bb) = a (ab) b

Now (ab)? = a° p2 =a(ba)b=a(ab)b

By left cancellation law (ba)b = (ab) P

=3 ba = ab [By right camdhhm h'l]

= G is an abelian group-

Permutation

Suppose S is a non empty

finite set Ifaving n distinct elements. Then a 2
function from S to S is called permutation of degree n. el

Remark :
1. The number of elements in the finite set S is known as the degres
per:m:taliﬂn-
2. 3n ! distinct permutations from S to S.
3. Set of all such permutations is known as permutation set and is denoted by P
Hence P, ={f;f:5-*5isaune-one onto function and deg (S) = n}

Permutation group

If P, is a set of permutations and composite of function is a composition defined on
set S, then P, forms a group and is known as permutation group.

If n < 2, the permutation group is abelian group.
And if n > 2, then it is a non abelian group.

Symbol for a Permutation

Let S = {alxaz,__...-al'l} be a finite set having n distinct elements. If £ G-
one-one  onto function, then f is a permutation of degree n.

Let f{aﬂ = blr f{ﬂz} = bg, . f{an] = bn,

Then f can be expressed as,

f - [a] 32 ...an
by by ...by,
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dment of second row is f-image of the element of the first row lmdm@ 1 )

ﬂ product of Two Permutations
a‘ az ...a“\'
by bz - by

by by ...by)
S & fl Cay . Cn)

'

then

" a-l az ...an

oy
For § replaces a, by b; and then g replaces by by c; so that fg replaces a; by ¢;

similarly for a2, a3 .- @

m Identity Permutation

If ] is a permutation of degree n such that I replaces each element by the element
itself, 1 is called the identity permutation of degree n.

1 - aI EE ...an
- ﬁ] 32 an
For example, S = (1,2,3]. Then P3 is a set of all distinct one-one onto functions from S onto

itself. P3 = {f : f is a permutation of degree 3) degree of P3 = 3! = 6.
Hence number of distinct permutations in Py will be 6

b o (123 (123)(123)(123)(123) (123
3 % N223/l132)\21 3/ 23 312)(d2d
123)  _(123), (123), (128}, (123
123f 1 (132)? 223 26 aaia

Let I = [
fs = [ And composite of functions is defined as operation of Py

J

1 2.3)
231

Nﬁw‘ f] fz = 4 f3







i i |
| g |4

» [G: *) be a eruP' . : "-. & ST
Let oty subset H of a group (G, *) is called a cc

Any none

: AN |1

ﬂSuwrﬂ“P

. ﬁ(ﬁr‘]mawpandﬂisasubﬂetufﬁ g s
'i,g.HEG' : . ﬂ.ll Of
and (H #) is als0 2 BTOUP: i
M(;.L-a-}isk:rtownassubgmup of G. - Madl

1= 1 u..

1. (I, +) is a subgroup of (Q +) also, (I, +) is a subgroup of (%, +) and
4 {Qg,'} is a subg-mup of {mﬂ:,}‘

3. (Ro,)is @ subgroup of (€ )

Remark : 1 Q
(I, +) is a group.
(Qp ) is @ group:
But (I, +) is not a subgroup of (Qq ).
As 1 is not a group with respect to the same operation defined on Q. o e
If (G, +) is an abelian group and H C G, then elements of H will '
and commutative properties as elements of H are also elements of G and
associative property and commutative property. L -
So in order to prove that a non empty subset H of (G, *) is a s : bgroup of G
sufficient to show that,

1) H is closed with respect to *
ie.Va,be H= a*beH
2)3eeH,suchthata*e=a=e*a _
3 YaeH 3be H T
Suchthataxb=e=b *a.




i.e. (H, *) satisfies closure property, identity element by, H Ay
a€ H, a~! also exist in H. an
Theorem 1 : If (G, #) is a group and H is a non empty gy o

Then, H is subgroup of G iff
1) Ya, be H = a*be H (closure property)

2)VaeH = a'e H, where a~! is the inverse of a in G,

Proof :

The conditions are necessary ‘

supmﬂt}isasubgroup of (G, *}ﬂ'lEl’!{H, *} itSEEiSa

closed with * operation. b ""hﬁ,__ﬁi
ie. Vabe H = a*beH '
and also for every element ac H3 a~le H.

Such that* a™! = e=al*»a

The conditions are sufficient

1. Closurs property
Since ae H be H = a* b e H, therefore H is closed with respect to ' » !

2. Associative property
The elements of H are also elements of G. The composition "* ' in G is assocatn
Therefore the same composition must also be associative in H.

3. Existence of identity
The identity element of the subgroup is same as identity of the group.

Now a € H = a™! € H [From the given condition 2]
alsoacH a"' e H=a*a! € H [From the given condition 1]

= ecH

Therefore, the identity e is an element of H.

4. Existence of Inverse

5 Since a € H = a™' & H, therefore each element of H possesses inverse. HeN® =
a group for the composition in G. So H is a subgroup of G.




! n s
1 B B e

1 i p ‘EE : '-~I Wi . | e LUl
ol eH where b is the inverse of b in G,

(G, *) then (H, +) itself is a group. s
(M beHmbleH \
abeH=ab'eH
ableH=a*bleH

g

a,beH=a*beH

aecHbeH=a*»bleH

We are to prove that H is a subgroup of G.

1, Existence of Identity
Wehave aeH aeH=a*a"'eH [By given condition]

=eec H
Therefore the identity e is an element of H,

2. Existence of inverse
Let a be any element of H.

then eeH aeH=e*aleH
=aleH

Therefore each element of H possesses inverse.

3. Closure property
Leta,be H
=ableH [Asifbe H= b™'e H| .
=a*b)leH 5
—a*beH [As (b~))! = b] 1
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maﬂmmmm.ﬁc The compoi
Therefore it must also be associative in H. ﬂm

Hence (H, *) itself is a group.
Therefore (H, *) is a subgroup of (G, *).

Remark : 1. If H is a non-empty subset of (G, +) then 7 ’
for H to be a subgroup of G will be, "Sary and ¢

YabeH = a+(-b)e H

ora-beH

2. Theorem 2 gives us a very important characterization of a sy}
are required to show that a non-empty subset H of a group (G, "}Ei
we would make use of this theorem.

ie. YabeH = a*b™ le H

Theorem on subgroup
Theorem 3
Intersection of two subgroups is a subgroup.

Proof : Let (H;,*)and (H,,*) be any two subgroups of (G, *). Then H
since at least the identity element e is common to both H; and H,.

In order to prove that H; n H; is a subgroup, it is sufficient to prove that,

aeH;nH; beH nH; = a*bleH;nH,
Now aeHnH; >aeH;andae H,
also beH;nH, =be H,and be H,
But H; and H; are subgroups of G.
Therefore
a€H; beH; = a*bleH,
also acHy,beH; = axbleH,
\ I’IM'#E!H1HH;, beHnH;=a*bleH;nH,
‘Hence Hyn H, is a subgroup of (G, #).




A n
Leta € i.TlHi e

= A€ Hj,
b a‘b-‘JEHi‘u’iEN [As each H; maauhsmupafG]

v ie Nand be H;, ¥V ie N

il
-le n Hi

]
ma*b €,

iy ,E, H; is a subgroup of G.
j=1

pemark : 1. The union of two subgroups is not necessarily a subgroup.
For example, let G be the additive group of integers.
Then Hy = fororrerr—4,-2,0,2,4,6,......1
and Hp = {....,..—6,-3,0,3,6,9,....}
are two subgroups of G.
Now HyuHj ={.....,-6,-4,-3,-2,0,2,3,4,6,89,....}
2¢e HjuH,, 3e Hiju H;
But 2+3 =5 ¢ HHuH;
Therefore H;U H, is not a subgroup of G.
However H; " H; ={.....,— 12,-6,0,6,12 ....} is a subgroup of G.
2.1f we take Hq =|...,—8,-4,0,4,8, ...}
then HjuH,; = H,

and H, is a subgroup of G. e
Hence union of two subgroups is a subgroup iff one is contained in the other. m e

¥
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Sllluthn: LﬁGheagaupde,
5 a subgroup of G.
itiamﬁduﬂmm&mb
i) G, is a subset of G.
ii]‘ﬂ'a;bEG,-rabEGx
iii) V x€ G = xle Gy

Gy is a non-empty set as atleast €€
Hence G manmempt)rsetalsoeve:}relementnfc is an el

G,cG.
valeta,bEGx,&HLwehavetuprﬂve that abe G,.

={aEG ax#xa}&lmw‘

Gy becausea*e=e* 3,

‘Now as aeG, = ax=2xa
be G, =bx=xb
then (ab) x = a (bx)

a (xb) = (ax) b = (xa) b = x (ab) ’- i

Hence abe G,. ._r.
To show that x e G | ‘
ea = a=>x"!(xa)=a .

- ) e A
x1(ax)x~! = ax |
(x71 a) (x x71) = ax”

(xla)e = ax”

I RRE O U S

xla=ax"

Hence G, is a subgroup of G.

-mf is a group of integers under addition, H is a subset of I €0

multiples of a positive integer m : that is
H={..,~2m, -m, 0, m 2m, ...}, show that H is a subgroup of L

i A
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Do Algebralc Structures

:Hmaﬁuh&efUfImpmmﬂtitiﬂsuhmofhiti&sufﬁdumm-pm
va be H=a+(-b)e H
i kmée H, kyme H = kym+(= kam)
= (kj=k;)me H

is an integer, ¥ k; and k; € L

As ki —K2
-k;) m is integer multiple of m.

Hence (k1
Hence H is a subgroup of L

m Cosets

Let (G, *) be a group and H be any subgroup of G. Let a be any element of G.

Then the set
H*a=(h*a;heH] is called a right coset of H in G generated by a. Similarly the
mgtH:[a*h;hEH}iSEallEdaleﬂCDHetﬂfHﬂ'lG+

H * a and a * H are subsets of G.

Note : LEGi.sanabeliangmupﬂxenH*a=a*HLe.eachrightcosetani.nGis
also a left coset of H in G.

Example
Let G be the additive group of integers
ie. G = fu=2<1,0123 %
Let H be a subgroup of G and
H = {..,-10,-5,0,5,10,15,....}
Let 1 € G, then
Bl = fm8od 16 A o c

For 2 G, H+2 = (., -8-32712..} ”
For3e H H+3 ={..,~7,-23813..} v
For4e H H+4 = {i,=6,-1,4,914/00) v
ReSe H H+5 = (..,-50,510,15,...) v

Nﬂw H=H+5 FI":

-_‘_‘___\—
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. 3, H+ 4 are pai ..
HOM+HUH+H=C
these right cosets of H in G gives partition of G-

-

4

Proof : Let he H, then to prove that
H*h=H
Suppose h’ is any arbitrary element of H.
. Then h” * h is an arbitrary element of H * h.
B Since H is a subgroup, we have
' h'eH heH=h'*heH
Thus every element of H * h is also an element of H. Hence,
H*hc H
Again h' = h’*(h*h) lash'=h’+e=h
=(th'*h)*h _
eH+*h lash’eH hleH=h
Thus every element h’ of H is also an element of H * h. |
Hence Hc H=*h
From equations (1) and (2)
H=H=*h
Similarly we can prove for

H=h=+H

|

Theorem 6 : If a and b are any two elements of a group (G, ¥) ﬁ, gHoup .

G, then
Hr*a=H+boaxble H and
a*H=b*Henlapey

Proof : AsHis a subgroup of (G, ¥)
. Hﬂnce[[-[’*} itself is a group

TECHNICAL PUEE 1raTumise® o



H*b
— ae H#*b
— a*ble(H=*b)* b™!

— a*bleH* (b*b™})

Lyeac=

= a*b e Hx*e
= a*bleH
Conversely, a*bleH
= H+*(a*b)=H
= (H*a)*b™' =H
= (H* a)*b'*b=H=b
= (H*a)*e=H=*b
= H*a=H=*b

‘F-«

Theorem 7 : Ifaandbarean}rhmelemmisofagwup{c,t}uﬂﬂr

of G. “_
thenac H*beo H*a=H=*b ‘H.'.

Proof : aesH*b = a*b"leﬂ*b¢b-1
= a*bleH=*e
= a*b~leH

Conversely let ' ’

H'a = H*b rllf'd#?.
Sinceae H * a ' "
-t.n".i."!ﬂ'. ™
Thereforeae H * b :

Theorem 8 : Any two right cosets (or left cosets) of H”ae: G are
mt- ].j -




\ H*a=H« b or {H'
*a)n (H * b) = @, nothing to prove, o

e carH b
=ceH*a andceH+*b

- =c=hy*a andc=h, *b
W‘-h;.hz eH

Then hy*a = h,*b

= hil's(h;*a) = hi'* (hy*b)

={O7*h)*a = hileh,)sp

= e*a = (hi'shy)sp

= a = (hilshy)*b [hi'*h,eH)
= aeH=*b

= H*a = Hxp [By theorem 7]
Hence, two right cosets of H in G are either identica] or disjoint.
Remark :

1. i)aeH =+,
i) H » a=H*b=axple H
iii}lfaEH*bﬁH*a=Hmb

iv}EiﬂurH*a:H*bur(H*a}n{H*b):ﬁ.

CDSE'IS} of Hin G i!
classes, as in equivalence classes we have following properties

(i) [a] = [b] @ aR b or (a,b)e R
(i) if a € [b] & [a] = [b]
(iv) Either [a] = [b] or [a] A bl =2

b g ] ] T Y

e




B it cosets of Hin egm&
; i,,r.ﬂﬂm to set S.

w(G,*}beﬂlePDfﬁlﬂhmdern.Numhuﬁfm
P"’" as order of the group and is denoted by O(G).

w{ﬁs}asubgmupnfﬁandoﬁ-{)-m
Let hy ho, o ,h,, be m distinct elements ofHandletaeG.‘I‘hmEt

H * a has m distinct elements,
mhta:h-*&:&h~-h~
Mefnreem:hnghtcosetofl-!mGhasmdmﬁnctelenmﬁn}rmdﬁﬁl‘:&._;”z; .
cosets of H in G are disjoint, i.e. they have no element in common. :
smceGmaﬁmtegmup,thenumhernfdlsﬂnctﬁghtdeinGwﬂlBﬁm
say equal to k. .
The union of these k distinct right cosets of H in G is equal to G.
Thus if H * a;, H * a,, .., H * ay are the k distinct right cosets of H in G then
G = H¥ajuH#*au..UH#*a,. '

= Number of elements in G = NumberofelmentsmH*a1+NumbHﬂfelmm
H#*a, + .. + Number of elements in H * a,. [ As any two right cosets of H in G are

disjoint]

= O(G) = m+m + m .. k times :

= 0(G) = km VR
D(G] _ - v o -

= D_I:ﬁ;l_k where O{H)—m ]

= O (H) is a divisor of O (G)
= Order of each subgroup of a finite group divides order of the group.

Remark : However the converse of Lagrange's theorem is not true. 4

I m is a divisor of n, then it is not necessary that G must have a subgroup of order
m. order

-----—-—_‘_-_'—"—rm-—
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Integral Powers of an Element of a Group
(Composition denoted by multiplication )
Let (G, ) be a group and letae G

then by closure property;
a-aeG

je.a’eG

alsoa-a-a

ie.a’eG

and also

a-a-a. a (ntmes)

ie.a" € G

a™ is called integral power of a (as n is positive integer)
If e is the identity element of G, then for some a” of G

a" = e

EXTA Integral Multipies of an Element of a Group

(Composition denoted by '+')
Let (G, +) beagroupand a€ G
Then by closure property

a+aeG

alsoa+a+aeG
anda+a+....+a(ntmes)e G
ienaeG

n a is called integral multiple of a (n is positive integer).
Order of an Element of a Group
Definition :Let (G, ) be a group.

By the order of an element a € G is meant the least positive integer 0 if ane ex
such that

a" = e (The identity of G)

If there exists no positive integer n such that a™ =, tl we say that a is dm ]
order or of zero order, I

Remark : 1. In any group, the identity element e is always of order oné and 7
only element of order one. :

T T o T i T e il |




g @{a} = 1

L a = e
3 b w of the group G is number of distinct elements in G.

1;{;,-:_-}isagrm1pufinﬁrﬂt2mder.

2 “1: 2: 3.r "]’! xﬁ} is a finite group of order 4.
3,(10,1,2,3,4, 5, 6,7), +g) is a finite group of order 8.

Example
G = {1, - 1,1, - i} is a group with multiplication.

1 is the identity element of G.
hence 0Q) = * ’
Now for O(-1)
-1n? =1
also -1)% =1 A

But least positive integer n such that
(-1)" = 1is2

Hence O(1 =

Similarly O3 = 4 I
As it =1

And O(-i) =4

s -9 =1

EEEEN Some Resuits on Order of an Element of a Group
Ihe order of the group. ‘
2, mcrdemfmelmuongmupismwﬂ
ie. O (a) = O™
3. Order of any integral power of a can not excee




MG mnbeexpmdm{a]
= {a}

ie.
Remart .
Aﬁnitegtﬁupﬁmcydmﬁorderofandemmtofﬁiaﬂumduofﬁw
i e 0@ =0(@G
Example 1 : Cyclic group
Three cube roots of unity forms a multiplicative cyclic group,

G = {l,0,0%
Such that o3 =
and l+o+w? =@
o and ©2

are two generators as all three

elements of group G can be ‘

element ® or only element 2.

o, 0, 0’ = 1
ie. G = (0}
or o, (0%)? = @, (@)% =1
ie. G = {0}
Hence G is a cyclic group.
Example 2 :

qufnur&nmoiaofumtyfnrmacychcgmup.

G=1{1,-1,4,-i.

 Benerators are (i} and |- i

12 = =1
i3

= -j




. nn*' roots of urut_-.r forms a mulhphcaﬁve 8roup. This group is
= flLo,0?,e3,. ..

2ni
::.-- M =en

- then each element of G can be expressed as ™ where m is sox

f--r

l
- 2
Also, 0" = [e n ] =a2ni
] = cos2M+isin2x [Usi Buler's a1t
=1

i Hence G is a cyclic group.
Result - Every finite group is cyclic.

ifﬂlsmelemmtainthegnmpﬂ
Mﬂuto = e the gen

(@) = O (G) then a will be the generator of
H@.@'{[ﬂ,l,l

e e M= 1], ) ’

and ({1, 2, |, . P - 1},X'}wherepispﬁﬂ=m"itu“
G =10, ..l 70, g

O() = 8

OG) =38

B p = el PI T T ER -




e~ = =

7487 = 6
(7+87)+g7 = 6437 =5
7+ 7+37)+g7 = 5+37=4
T4+g7+37+37) 457 = 4+g7 =3
{7+3?+3?+3?+3?)+3? = 3457 =2

{?1‘3 ?+E ?""E ?"‘B ?'l‘a?} +B? = 2+E? =1
Also,

1.
5

{?+3?+3?+37+3 7+g ?"'8?3"'3? -

= 1+3 7=0 .
Hence every element of G can be generated by 7. Hence 7 is the genaat

m Some Properties of Cyclic Groups
1. Every group of prime order is cyclic.

AhnD{a)Eiaamﬂyidmﬁtye]emmtisnfurderl. o

By Lagrange's theorem m must be a divisor of p- But p is prime and
Hence m = P

“H =G, Since H js cyclic therefore G is cyclic and a is a ge
2. Every cyclic group Is an abellan group




Xy = yx
'-_5.3 an abelian group.
1 from results () and ()

e of order is cyclic and eve 2 o S

Honﬂ" mal Subgroups

Normal subgroup

Definition : A subgroup H of a group (G, *) is said to be a normal syt
¥ge G and for ¥ he H,

grhrgle H

.......

Remark : Every group G possesses at least two normal subgroups namely G i
the subgroup consisting of the identity element e alone.

These are called improper normal subgroups. There exist roups for v
the only normal subgroups, such groups are known as simple groups,
Simple group

Definition : A group having no proper normal subgroups is called a sir ple group.
EVery group of prime order is simple group. ;

Some resuits on normal subgroups o

L The intersection of any two normal subgroups of a grou
Subgroup of G, .

r'J"""E=1"1'0-1:ifia;sauzmv_-m:i::1!1tarmauc'l:h':.muf'




|
|
|

r =
-
B

2. The intersection of any family of normal subgroups 8 53¢
3. Every subgroup of abel i,ngrouphnm_
4.1fﬁianmbgmupofﬂ'mdﬂin'nnmmlmbwpaiﬁ,: .

normal subgroup of G.

Quotient Groups
Let (G, *) be a group.

Let (N, #) be a normal subgroup of G. e
If a € G, then N * a is right coset of N in G. Also N being normal sub

BﬂChrightcosetofNinGwﬂlbealeftcnaetofNinG.
Let G/N be the collection of all cosets of N in G.
ie. G/N = [N*a;aeG|
G/N is called Quotient set. This quotient set forms a group with r
composition ' * * of cosets.
(G/N, *) is a group known as quotient group or factor group.

(D) /. s« v

Solution: G/N=[(N=*a;aeG]

L

R

1. Closure property

Let a, b € G. Then,

N=*=a N*be G/N

also (N * a) * (N * b)
N#*(a*N)*b
N#*(N#*a)*b [As N is normal subgrmlpﬂfﬁ
N*N#*a*b=N=*(a*b)

a*beG
Hence N * (a * b) e G/N.
Hence G/N is closed with respect to ' * .
2. Associative property
Leta b, ce G
Then N*a, N*b,N*ce G/N
We have (N * a) * [(N * b) * (N * ¢)]




>

i
= N+*a*[N*b*c)]=N=*(a)*{b=o

- N*(a*b)*c=(N=*(a*b))*(N+*c)
- (Nra)*(N*D)* N+
ot in G/N satisfies associative property.
us

nce of Id.nﬂw

3, Exist®
WEMVEN=N*EE G/N.
mﬂifN-raEGfN

Then (N * @) * (N * €)
= N*(a*e)=N~=+a

Therefore normal subgroup N itself is the identity of G/N.
4, Existence of inverse
Let N *ae G/N, then N * a~' € G/N and

Nea)*(N*a™)
= N*(a*a)=N#*e=N

Hence N * a~! is the inverse of N * a. Thus each element of G/N possesses inverse.

Hence (G/N, #) is a group, known as quotient group.

Homomorphism of Groups

Let (G, o) be a group and (G, *) be another group then a
mapping f: (G, 0)— (G’, *) is said to be homomorphism if,

f(aob) = f(a)*f(b)

ie. combine first the elements a and b of G with
operation 'o’ and then take the f-image or first take f-images
of a and b, ie a’,b’ from G’ and combine them by *
operation, i.e. a * b. If the resultant is same it is known as f

(G, 0) ——— (G, %)

a a'
b b
aocb a'vh'

Fig. 9.3

preserves composition and f mapping is known as homomorphism from group (G, o)
to group (G’, #) and two groups G and G are called homomorphic to each other.

m Properties of Group Homomorphism
1. f [E} Er
4 fal) = [f(@a)]"]

[Identities corresponds]

[Inverse corresponds]




aeG thenf@eG'
chcY. | et identity of G|
= f(a)* f(e) [f is homomorphism]

= e’ = f(e) Wh&mﬂﬂnﬂmmh
2letaeGthena™'e G,as G is a group.

Also e’ = fle)=flaoa™)=f(a)*f(a™)

= fa™) = [f@]?!

Isomorphism of Groups

£:(G, 0) = (G, *)

Let £ from group (G, 0) to group (G’, *) is a mapping.
Such that f (a o b) =f(a)*f (@)

anda]sofiscme-oneantnmappmgﬂmnfmhmmas

(G0 t0 (G, *) and groups G and G are known as isomorphic grough.
G = G

Le. a one-one onto homomorphism is known as isomorphism.
Endomorphism
Homomorphism from group G to itself is
Let f be a mapping from (G, 0) to itself.
ie. f: (G, 0) = (G, o)
such that f(aob) = f(a)o f(b)
then f is known as endomorphism.

Automorphism of Groups :
Isomorph:smffromgroup{c 0) to itself is known as Autor orphis ~‘~
Iffmamppmgfrom{G o) to (G, o)

£:(G,0) - (G, o)

Such that
1) f(aob) =f(a)o f (b)

2) f is one-one onto
Thmfishuwnasautomarpl:ﬁsmonttmgmuptc,n).

R el L e DR WSS S T A F .

called as endomorphism.




/ ,f-{l-hj _e=ee=f@f()

S pa boto O |
Consider the two algebraic systems : (1, ;mmﬂfaﬂ
Mlmopemi‘wﬂﬂfﬁlkgm (B, @JMBﬁﬂ__

i W i
® ~ Positive Negative | Zero .
= Positive ~ Positive Negative Zero
 Negutve | Negitve | Posive | Zero
: Zero Zero Zero e

Show that (I, ) is homomorphic image of (B, ©).
golution : Let a and b be any two elements of B.
| e have to show that,

if f is a mapping from (B, @) to (I, /)

a
I ie. f{B:@}—P{L) b —
|

Then f is 2 homomorphism. To show that f is a aeb
homomorphism from B to I. We have to show that f —

| preserves composition.

e fla ® b) = f(a)- f(b)

| Let f{a} =

where a’ is positive | : .
| Ty Positive integer when a is positive, a’ is negative integer when
Wmﬂ”a'=BWhEnaiszem. ! TR T

e 1f:a and b both are positive then a ® b is positive integer.
fa ® b) = Positive integer = a’- b’
fa ® b) = f(a). {(p)

I \-‘-—""’"-—-'-—-——_.______.___ b, |
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Case 2 : If a and b both are negative.
Then a @ b is positive integer.
Hence f(a ® b) = Positive integer

= a'-b’ {a'andb'arenegaﬁ?f buthrOthh

= f(a) - (b) sty

Case 3 : a is positive and b is negative.
ie.a>0,b <0 hence a ® b is negative then a’>0, b’ <0, a’"-b’<g
And f (a @ b)
= negative integer
= a’-b'<0

Hencef (a ® b) = f(a) . f(b)

Case4: a=0,b =0, thena’=0,b'=0, a®@b=0
and f@Ob) = 0=a’b’=f(a)f (b)
Therefore f is a homomorphism from (B, ®) to (I, ).
Hence (I, ) is homomorphic image of (B, @).
Cayley's Theorem
Every finite group G is isomorphic to a permutation group.

Proof : Let (G, -) be a finite group. If a € G, then for every x in G, the product ax is
also an element of G. Now consider the function f, from (G, -) to (G, -) defined by
£, () = axVxe G
The function f, is one-one.
As if x, y € G, then
fa (x) = £, (y) = ax = ay
= x = y [By left cancellation law in G]

The function f, is also onto as if x is any element of G then 3 an element a~ X€6
Such that f, (a~!x) = a(a”! X)

= @al)x=ex=x

Thus f, is a one-one anto function from G to G,

TEGWMPUEUCAHOH&“- W Tir N il i L et g =



wflfﬁ)EG Ma,bEGﬁmdﬁr&mdm“&@5» SR

0 = G [B0]=f Xl =a ®x)=(ab)x
= fap(x)
Hence 8 = fab
Also ab € G then f, € G” and thus G’ is closed with respect to comp
3. Associative property
Let £, B, fc € G
Then fa(ﬁ:f:] = f; fpe
= Lo =fave =fap ke =(fa f)f
Therefore composite of functions is associative on G".
3. Existence of identity
feeG, then f, e G’
Andf, fe=fhe=1
Alsof, f, =fos =1,
Hence f, is the identity element of G,

4, Existence of inverse
VaeG 3 a—IEG,
"mﬂl‘lﬁ"’miﬂ"'5(.-'w'&l'u.'lfal_l(.-'.1:;'r
Mso ff 4 =f =F
hn_d il = £, =5
Hence )t =
hG’i’ﬂg’.‘O’ﬂp.




T N TR PP
¥ =y

Now to show that G and G’ are isomorphic, let us define a function
$: GG’

Such that ¢ (a) = f,

1. ¢ Is one-one

0@ = ¢ ()
= f, = f
= f,(x) = f(x) Vued
= ax = bx
= a=b [By right cancellation lay]
2. ¢ Is onto

Vi, eG'3aeC

Such that ¢(a} = f{a}

Hence ¢ is onto.

3. ¢ preserves composition
Ifa,beG
o(ab) = fap=fafp= 0@ 00
Therefore ¢ preserves composition in G and G".
hence G is isomorphic 0 G’
ie. G =G’

Kernel of Group Homomorphism

Definiion : ¥ f 8 2
homomorphism from a group (G, *)
into a group (G’ 0) then the set K of
allthnaeelemmtﬁuwahichare
mapped by f on the identity e’ of G’ o
is called Kernel of homomorphism. homomorphism
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}=e'whme is the identity of G* )

K= ja€ G;f@
fis a h,;,mumnrphism from (G, *) to (G*, o).

q:
it is a homomorphis from group (G, *) to group (G*, 0) with kernel K, then K is a
Pwafzwfbeahﬂmﬂmﬂfphiﬂmﬁﬂmsmﬂpfﬂ.*] to group (G, 0) and K is kernel of

Dmorphiam .
K = faeG;fa)=¢"} f
lll'I,En [G- ‘} —ee e {Glp ﬂ]

Kisa non-empty set as atleast e € K

guch that f(e) = €

leta, beK 0]’-'-

f (a) e’ and f(b)=¢€'

=5
We have,
f(a* b

f(a)o f(b7") = f(a) o [f(D)]! Fig. 8.7

e’ o {e’]‘l =e'0e =g

= aibAIEK

= K is a subgroup of (G, *).
Now to prove that K is a normal subgroup of G, we have to show that,

vgeG, keK
= g*k*g_lé K

fgekeg™) = f(@of(kof(g™) =f(goeof(g™)=f(@ofg™)
= f(gegH=f(e)=¢
= g*k*gle K
Hence K is a normal subgroup of (G, *).
Fundamental Theorem on Group Homomorphism
Every homomorphic image of a group G is isomorphic to some quotient group of G.

Proof : Let (G’ 0) be the homomorphic image of a group (G, %) and f be the
corresponding homomorphism. Then f is a homomorphism of G onto G'. Let K be the
kernel of this homomorphism. Then K is a normal subgroup of G.

———

e
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G/K, *) = (G, 0)
HaeG, thenK *ae G/K and f(a) € G".
~ Consider the mapping ¢ : G/K = G".
Such that ¢ (K * a) = f(a), V ae G. '|
First we shall show that the mapping ¢ is well defined, ie. if a,b e
K*a=K#*b

e ¥

I

then
We have

0(K=*a) =¢(K=*b)

K*a=K=*b
= a*bleK

flaxrbl) = ¢’ [Identity of G]

f(a)of(b™!) = e
f(a) olf B! = e’
f@olf®)] " of(b) =e’ o f(b)
f(a)oe’ = f (b)
f@) = f )

¢ (k*a) = ¢ (k* b)
Therefore ¢ is well defined.

R S S

¢ Is one-one
We have,

0 (K* a) = ¢ (K*b)= f(a)=f(b)
f(a)o[f®)I™ = £(b)o[f ®)]™
f@of(®d™) = f(b)of (b
fa*b™) = f(babl)
fasb™!) = £ (e)

fasb™) = e’

Y

A T T P S L e s e ST gk o e R



G,m x be any element of (G, 0). Then x

= ¢[K*axb]=f(a*b)

= f(a)of (b) = ¢ (K*a)op (K*b)

Therefore
Hence (G/K, *) = (G',0)
[ Rings
suppose R is a non-empty set equipped with two binary operation called ed addition

and multiplication and denoted by '+' and ' respectively.
Then the algebraic structure (R, +, ) is known as ring if the fo
{postulates) are satisfied.
1) (R, 4) is an abelian group
i.e. closure property for '+
)¥va, be R = a+beR
ii) Associative property for '+'
Vab,ce R
a+(b+c) = (a+b)+c
ili) Existence of identity element for '+’
Vae R30e R
Such that a+0=a=0+a

0is known as additive identity element or zero element of the ring.

o
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"'? ae ﬁ = . lt
Such that a+(-a)=0=-a+a
- a is known as additive inverse of a.
2) (R, ) is a semi group.

i) Closure property for *

VY abeR =abeR

ii) Associative property for *'
Vab,ceR

a-(b:-g=(a-b)-c :
3) Multiplication "' distributes over addition '+ from left and also from
' V abce R

ijJa-(b+c)=a-b+a-c

iiy(a+b)-c=a-c+b-c

Example 1: (L +, ) is a ring
as 1) (I, +) is an abelian group.
2) (I, ) is a semi group.
3) Multiplication distributes over addition.
)2-3+4) =2-3+2-4
Also(3+5):2=3-2+5-2

Example 2 : (Q, +, ) is a ring.
Example 3 : (R, +, ) is a ring.
Example 4 : (C, +, ) is a ring.

EEI) commutative Ring
Ring (R, +, ) is a commutative ring,
ifY abe R, a:-b=b-a
- Example (1, +,)
L .




%mm respect to addition (+) and mulhplm fj g‘
solution * 1. Let A and B e M.
._mh+BEMandA+BEM.

2A,B,CeM.
Then A +(B+C) = (A+B)+C
Aso0 A (B:-CO=(A-B)-C
Hence addition '+' and multiplication ' operations are associative on M.
3. Existence of identity for addition. o

0 0
E[D 0]_051'4

SuhthatA + 0 = A =04+ A
1 NE

01
Such that Avl= A=aT.A

Lis Multiplicative identity element of M.
3
> Existence of additive inverse

"&EMHBE M

IeM




VABCeM

A+B=B+A

A-B+C) =A-B+A.C
(A+B):C=A-C+B-C
Hence (M, +, ) is a ring with unity.
Properties of a Ring
If R is a ring, then for all a, b, ce R.
i) a0 =0-a=0
ii) a(-b) = -(ab)=(-a)b
iii) (-a)(=-b) = ab
iv) a(b-c) = ab-ac

v) (b-cJa = ba-ca
Without Zero Divisors . i

If a and b are two elements of set S, then S is without zero divisors. If,
a:-b=0=a=0o0 b=0

J3

or az0,b # 0 = a-b # 0

In integers, product of two integers is zero if one of them is z +
integers is without zero divisors.

With Zero Divisors .

Ifaz0, b#0buta:b =0 the set is known as with zero divisors.

10 o0 -
t.g.a 00 r - 0 1 ;
a=z0 bzo0 )

But ab=10
=» Matrices are with zero divisors.
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b I' tion distributes over Hmmﬂm

';9_1 =
e R e

b,gga-ﬂmb =0.

- 1. @+ )

o1, +,)
3. {a +, .)
4%+

[EH Fleld

multiplicative inverse is known as field.

ie. (F, + ) is a field,
| if 1) (F, +) is an abelian group.
2) (F,) is an abelian group.
3) Multiplication distributes over addition from the left mﬂ .]m
-
LQ + )
2.(R, + )
3.+
are examples of fields.

Remark
H{Fﬁ- }lsaﬁeldﬂlchmtamatlemt




Z3
' je €=fx;x=a +ib;a
Phe 73923 = (ag+ay)+i (b;+b2) € C
—by by)+ifay by+a; by)e €

beRandi=-1)

Also z1-23 = (ag az

Asaja;-bybyeR

Alsoa;by+ay b €R

2. Associative property
Vzy,2;,236 €

= z;+(z3+23) = (z1+22)+23

also zj-(z;3:23) = (z1-22) 23

hence '+' and "' are associative compositions on €.

3. Commutative property

Yz, 23 € C
= Z1+2; = Z74+2
Ahﬂ' Zy+23 = 25323

Hence '+' and "' are commutative compositions on €.
4. Distributive property
V 24,253,236 €
Z1-(22+23) = z3-27 42y -2,
Also (21 +2;) 23 = 21°23+2 24

Hmee * distributes over addition from left and also from right.

as a;+aj and by +b; are rey
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;nce of identity
-~ g vz = atibe € 3 0+0ieg
ﬁw{aﬂb}*m*ﬂﬂ |
=@+0+0b+0)iz=ayip

! B

0 i is the additive identtl}r element of C
’ma 1+0i
S“dlthnt {ﬂ“l'lb] {1+Dn - {a' 1“'b ‘ﬂ} + {b+ i+ a.ﬂ)i

= a+bi

Hence 1 is the multiplicative identity element of C

g, Existence of inverse
Vz = a+ib3 c+ide

Guch that (@ +ib)- (c+id) =1 + 0
Then a-c—b-d = 1
a-d+b-c = 0

¢ i ]

ﬂ.z+b2 : 32+b2
wherec,de Randc+ide C.

]

a ; b

and c+id = -1
al+b?  aZ4p2

Hence (€, +,-) is a field.
SRORFLY Show that (F,+,) is a field where F is set of all rational numbers and + and -
are ordinary addition and multiplication operators.
Solution: F is a set of rational numbers and +, - are ordinary addition and
multiplication.
Then

1. Closure property for '+' and “
Y a,be F=a+beF
and a-be F

Hence F is closed with respect to addition and multiplication.
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= akbed = @b

Ad a9 =(ab)c

‘Hence +, - are associative operations on F.
VYab,ceF )

= a+b=b+a I

And a-b=b-a

Hence '+' and "' are commutative on F.

4. Distributive property -
YabceF
a-b+c)=a-b+a-c
Also (a+b)-c=a-c+b-c
Hence "' distributes over addition from left and also from right.

5. Existence of identity
Yae F30eF

such that a+0=a=0+a

hence 0 is the additive identity element of F.
Also 3 1€ F

Such that a-1=a=1-a

Hence 1 is the multiplicative identity element of F.

6. Existence of inverse
YaeF3beF

Such that a+b=0=b+a

Then b=-a

And b is known as additive inverse.

Also3ce F, ¢ # 0

Such that a-c=1l=c-a




al-(a:b) =al.g
(@at-a)b =0
eb =0 v-=
b=0
Nowleta:b=0and b #0 = b=l exists,
a-b
@-b)-b~! = 0.p~!

n
L=

a-e =1
0

Thusinafielda-b=0= 3=
Therefore a

g § o B g

Dorb =0,
field is without zerg divisors and hence is an integral d

Remark : Converse is not true. Every integral domain is not a field, e
~ Example : (I, +, ) is an integral domain but (I, + ) is not a field aswp,
element is inversible. _

Theorem 11 : Every finite integral domain is a field,

OO 1ot S be n finite oot vtk binary operations '+ and muliplicatic
~ anintegral domain (S, +, ) is a commutative ring without zero divisors. .
i LetS=(a;,a,,.... +an} be n distinct elements of S. o
| Iﬂm'dertnprovethatsmaﬁeldwehavetushdwﬁﬁf;
| les

ie. Vaeg v
- a:1 = a=1.3 ; ool e
- M



e L
=

1L ._:IT"- i a -:. .

 a-b = !
awoes -
araj,a-az,....,a-a,

All these are elements of S as S is closed with respect to "' also al 1d
fistinct

For suppose
a-a; = a-aj

= |

.
. B
(]

=) a=10 or ai-aj =0
as S is without zero divisors.

But a#0 = aj =aj
So a; # a; hence a-a; # a-aj.

Hence a-a,, a*d3,.....,a-a, are all the n distinct elements of S plmd
order.

H!!wennenfﬂimelementswﬂlbea.'lhusﬂanelement,lss.
Suchthat a-1 = 1=1.,
Now we have to show that 1 is multiplicative identity.
Letbe S Then 3ce S
suchthat a.-c = b

1-b = 1-{a-c}={l-a]-c=a-c=b=b-1
Hence 1 is multiplicative identity.
Now as 1 € s,

....... +@a, one element will be 1.

Let a:‘b = 1=h+au[5iammn1utativeﬁng]

= b = a~! where a=0
= Every finite integral domain is a field

e el




LetR= i
6 2e€ R.Then,
_"'5_'+79‘le thd az +b2 R L

g

D2 E e

1.
+byV2) + (a2 +b,42)

";l.":fﬂ 1
+b3']~r2_ e R
(HH!H s STl

Ji}x(azq.hzﬁ} = {alx11+2bl}{bz}+{llﬁhi+l‘lﬂw

i'h'ﬁl 82
“,6 pave (@1

S

* -

M’n{al'fbl
walxai...zblxb:,alxb3+a1xb1E L .
Thu,nisdmedw:mrespectmaddtummdwﬂﬁpﬂm *'

All the elements of Rarerealnumbersmdweknuw&mtaﬁdmmarﬂ T
a7e both associative as well as commutative compositions mﬂmn&nfml

Further we have 0+0+2e Rsince 0 e L.
ffa+by2 € R, then

04042+ (@+bv2) = (0+2)+(0+b)V2=a+by2
. (0+0+2) is the additive identity. e
Again if a+b~2€ R, then (- a) +(~ b)v2 € Rand we have d
[(-a)+(-b)V2] + (a +b+/2) = 0+0+/2 therefore each element nfk pemu& ‘

inverse,
Further in the set of real numbers multiplication is distributive over addition

Again 1+0+/2 € R and we have
(14042) % (a+b+2) = a+b+2 = (a+b2)x (1+0+2) 3

Therefore (1+0+/2) is the multiplicative identity. .

Thus R is commutative ring with unity.

N"W in nrder to prove that this is an integral domain, we have

Let (a +b/2) and(c+dJ_]hemy mumueimgn.m
@+b2) x (c+dV2) = (0+042)

e ; —a




 given ring is without zero divisors.

herefore it is an integral domain.

Mﬂﬁnﬂtn field.
e-s«3+9&mnmummmt oftlmsnngR.ltn inverse

3+9J5_(3+9J_ )(3-9&] *'153 1537 15

Which is not an element of the ring as -2 & 1

Example
(Zs,+5, xﬁ} 1s an example of finite integral domain which is a ﬂ;ﬁ

= {0,1, 2,3, -ll}
. 2 9 4
T B
3 14 o
o B 3
1 8 3

1) (Z5,+5) is an abelian group.

2) ((Zs)g,xs) is an abelian group.

3) Zs5 is without zero divisors,

4) x5’ distributes over '+5' from left and also &amtmﬂsiw...
is an integral domain which is also a field.
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iﬁfa (1, + ) isalsoa ring.

:W.(L.;.,-}iaasubﬁnzﬂff‘l +. ).
_.ﬂ{c’d.‘_}iaarina‘

{c€C. Qc€, RcC

also @+ )+ (Q + ) and (R, +, ) are rings.
W{L+,-]i§ﬂ$ﬂbl’ingﬂf{c,+,-]

(Q + ) is a subring of (€, +, )

also (R, +, ) is a subring of (C , +, )
Necessary and sufficient conditions for subrings

Theorem 12 : Thenecessaryandsuﬁicientcondiﬂumfora _
(R, +.°) to be a subring of R are
j)vabeS=a-be§

ii)vYa,beS=a-beS.

Proof :  The Condition is necessary
Suppose (S, +, ) is a subring of (R, +, .
Since (S, +) is an abelian group.
Therefore Va,be S=acSand-be§

= a+(-b)es
= a-bes

Also (S, ) is a semigroup.

Therefore V a, be S= a-be S

Hmceﬂ'teconditiomarenmsmy.

The conditions are sufficient

PPOse S is a non-empty subset of R and the conditions (i) and (ii)
e — I
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~ abeS=a-bes

| = a-(-bes
= a+bes

B S st vith respect to addition. Now § js 4

- Property and commutative Property of addition must |
.{S,-f-) is an abelian group.

From condition (ii) S is closed with

. i Hv Sk

_,I s ﬂuy hglda:.: Ifisl:l'ibu € property of multiplication over

Hence (S, +, ) is a subring of (S, +, ).

'.}‘Ms.ﬁ ':':‘ =

since at least the additive identity element 0 1S common to both SiandSs,, e

hmﬂerhupmveﬂmt51n52 isasubﬁng,itissufficimtmpmethat
aeslﬁsz,beslﬁsg Sa=besS;ns,

|

Nﬂwaeslnsz =a€S; and

EESE
alsobes_lnsz =beS; and

i
be Sz :
ButS; and S, are subrings of R
Therefore,

aEsl,bE 51 = a-be 51

and a-be §,
also a€ S,,be S, = 5 beS; anda-be s,
I'IEI'IEEEESIF"I SE,IJESIF'\ 52 ==-a-—b551r'151

and a-be 5;n S,
Hmce'SlﬁSziuasubﬁngof(R,-q,,.)

ST
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= hx"
- a€S;andbe S, Vie N u;-_auﬂlj,l._
= a-be Sandabe S, VieN [Asieachs iy ainan ui

nS
-be n S;
= a b i=1 i
n
ﬂdﬁbeﬁjsi
i=
n
ﬁiﬁlsiiﬁﬁﬁubﬂngofk_

Subfields

Definition : Let (F, +, -) be a field, Anm-anptysubaetlcofﬂwmfli;ﬂ
subfield of F if (K, +, -) itself is a field. ek
Examples
1) (R, +, ) is a field.
Qc Xk
And (Q, +, ) is also a field.
Hence (Q, +, -) is a subfield of (R, +, /)
2) (€C,+,") is a field.
QcCC, RcC
Also (Q, +, ) is a field and (%, +, ) is a field.
Hence (Q, +, ) is a subfield of (C, +, )
And (R, +, ) is a subfield of (C, +, })




‘Theorem 15 : The necessary and sufficient conditions for a
field F to be a subfield of F are

ijjaekK beK = a-be K

fi)ae K, 0#be K = a-ble K

Proof : The conditions are necessary.
Suppose K is a subfield of the field (F, +, ), then (K, +, ) is a field,
Hence i) (K, +) is an abelian group.

ii) (Kg,) is an abelian group.
iii) multiplication "' distributes over addition.
Now (K, +) is an abelian group,
Hencebe K=-bekK
ThereforeVa, be K = a-beK
Also (K,) is an abelian group,
Hence 0#beK = ble Kk
Therefore Va,beK = a.b-le k
Hence the conditions are necessary.

The conditions are sufficient

Suppose K is a non-empty subset of field (F, +, ) and conditions (i) and (ii) are
satisfied.

To prove that (K, +, -) is a field, we have to show that (K, +) is an abelian group and
(Kg,) is an abelian group also multiplication distributes over addition from the left as
well as from the right.

As associative properties for both '+' and *, commutative properties for both '+' and *

and distributive properties are satisfied by the elements of F and hence these propertiés
must hold in K.

Hence we have to prove that

i)VabeK = a+bek

AN e e W 0 a9 . ogm -y



beky = abe K,

WY p20, beKy I blg Ko

cuch that b-b 1 =1=b"1.}
| i:,ﬂ;mﬁm{i}
| €K aek Sa-aeg
=0eK
Now OeK ack =0-aegk
m=ack
And VacKbeg =aeK -pek
Sa-(-bjek
=a+bek
From condition (ii)
Vaek, ack, =aaleg,
= le K,
Now 1€ Kp,ae K, = lalek,
= al e K,
andVae Ko, be K, mise Ky, b7le K,
= a:-b™)e K,
= a-beK,
Hence all the conditions muﬁsﬁmbyelememomhu@;’mﬁ:ﬁ |
b@gaﬂlbsetnfl:, (K, +, ) is a subfield of (F, +, ). o
_-‘_"'""-—-—--_._____
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S is known as ideal of a ring R if

i)  is a subgroup of R under addition.

ie. (S, +) is a subgroup of (R, +)
i)¥seSandvreR

s-reSandr-se€S.

Remark : 1. If S is an ideal of a ring R, then S is also a subring of R.
2. To prove that a non-empty subset S of a ring R is an ideal of R, w
that,
i)Va,beS = a-be$
ii)vseS, YreR = s:reSandr-seb.

3. Every ring R always possesses two improper ideals : one R it
consisting of 0 only. These are respectively known as the unit ideal and the

Any other ideals of R are called proper ideals. A ring having Mr
known as simple ring.
Results on ideals
1. Intersection of any two ideals of a ring R is again an ideal of R
2. An arbitrary intersection of ideals of a ring R is an ideal of R.
Example
nﬂe*:'ﬂﬂaﬁng.
21 is a subset of L.

(ﬂ: +, ') is a HUbﬁn,g of {I’ +, } also (21' + .} is an asal ef{L 3 5
Vnel 3 p

= m-ne€ 2L

2) (Q +, ) is a ring.

(I, +, ) is a subring of (Q, +, .

But (I, +, ) is not an ideal of (Q, +, )

o T L el



. jarly (%, + ) is not an ideal of (€, +,).

@ Quotient Rings or Rings of Residue Classes

(R +, ) is a ring and S is an ideal of R. We can form o
R is an additive abelian group, therefore if a € R then right coset S + a

hﬁmﬂta+5
mmﬁofSinRareca]ledttwreaiduedamofﬁh-R.

WedmohemesetcfauresiduedassesufSiannyS.
R/S = {S+a;aeR}

RfSis:aﬂedqunﬁentaetoraetnfcmeﬂofSinR.
R/S form ring with '+' and “' of cosets and is known as

class ring.
Addition in R/S is defined by

S+aeR/S, S+beR/S
Then (S+a)+(S+b) =S+ (a+b)eR/S
multiplication in R/S is defined by
S+a)-(S+b) =S+a-b
Ring Homomorphism
~ Let (R, +, ) be a ring and (R',+,)) be another ring then @
R',#',) is said to be homom orphism if
"---.f_(f:b) = f(a)+'f(b)

R T ar- mmﬂﬂ\‘!-'




f {I -b) = f{a}-'f {b] {Hﬂ'ﬁ}.
Le.l.AddelemmﬁuofRandfhﬂ‘mwfaT ad—
nrﬁmmkeﬂwfimgesofnaﬂdbmd"hm G b———
R’. Resultent is same. :h - n
2 Take a - b and then fimage or fizst take JAG% .

i ¢ t &
nfaandbandmentakerductmR-RESUlfe““ Fig. 9.
same.

Ring Isomorphism 3

¥ f:(R +) = R+
is homomorphism and also one-one
R’ rings are known as isomorphic rings;
R = R

Kernel of Ring Homomorphism

Definition : If f is a homomorphism of a ring (R, +, ) into a ring (R%,+',-"), then the
set K of all those elements of R which are mapped onto the zero element of R is called
the kernel of the homomorphism f.

Thus if f is a homomorphism of R into R, then K is the kernel of f

onto then f is known as isnmorphiﬁm-mﬂlfw :
and is denoted by :

K = {aeR;f (a) = 0, where 0’ is the zero element of R’,

i.e. additive identity element of R’

Result

1) If f is a homomorphism of a ring R into a ring R’ with kernel K, then K is
ideal of R. |

2) Fundamental theorem on homomorphism of rings :

. g R is isomo kuctﬂsumquouﬂﬁﬂ
(residue class ring) of R. P

ie R/S = R’

B
e Y
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roUp _____ . Subgroup [ (\Hc G, Heg ___Nmnu '
Jl (M%) | (i) (H, ) is a group subgroup

—w Subing F()ScR,sz20
; S:+) L@)(s, + )isa nng]"‘ o

MKcl, Keg

Integral __ Sub integral Domain YT
" [{ii}{l{.t-)hminmubmm]_ 3

l:K. * :'
{lr + ']

)

F;BE‘} —— Sub fields (ScF sz@
(F. + B+ i) (s, + ) is a field

-

Fig. 9.10
Necessary and Sufficient conditions
for subgroups, subrings, subintegral domains and subfields.
Remark : Associative,

| commutative and distributive properties are
they are true for set. If set is without zero divisors, then subsets are

i T T

s
AE i i
B [ | P e e U




i)vabek =a
iijvabek
o .= a 'h"!"'"h'zf d

‘ I.
Field —————= Subfields Thaorer }: :
B (S.+.-)is @ subfield of (F, +, )

ii)va,besS =a 4.5_'1'-;;_@;.5
Where b 0

Fig. 9.11
Remark for Fig. 8.12 : Behaviour of cosets and equivalence classes are g

Properties
Properties Nae@ -
lJaeHea A 2)[a] =[b)ifaRb b
2)Hsa=Hsbiffa+b 'c H 3)befale[a)=pp] )
: orfal=[b]

3}.beHxaﬁH¢a-H,h 4 Nl e
-‘}E“hHH-nlﬁH,h.ﬂ :IE]II“ “‘] M

oHr*a=Hasp

{



b b'=

b b’ = f(b) 0 L o i

8 e a+b fla)+fib)

ash a)ofib) asb fla) ' fib

fla+b) = f(a) +' f(b)
flasb) = f(a) o f(b) fla:b) = f(a) * f(b)
(a) (b)
Fig. 9.14
Groups Ril‘rgﬂ
Subgroup Subring
H
Normal subgroup ideal
N
Quotient group Quotisnt ring
GIN
Kemel of group homomorphism Kernel of ring homomorphism
¥

Fundamental theorem on groups Fundamental theorem on rings

(Every homomorphic image of a (Every homomorphic image of a
group G is isomorphic to some quotient ring R is isomorphic to some quotient

group of G) ring of R)
Fig. 9.15
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Syﬂablﬂi

Graphs Introductlon, definitlon, examples; Nodes, edges, adlacent nodes, directed and undirected
wdge, Directed graph, undirected graph, examples; Initlating and terminating nodes, Loop (sling),
Distinct edges, Parallel edges, Multi-graph, simple graph, weighted graphs, examples, Isolated nades,
Mull graph; Isomorphlc graphs, examples; Degree, Indegree, out-degree, total degree of a node,
examples; Subgraphs: definition, examples; Converse (reversal or directional dual) of a digraph,
eamples; Path : Deflnitlon, Paths of a given graph, length of path, examples; Simple path (edge
simple), elementary path (node simple), examples; Cycle (circult), elementary cycle, examples;
Reachabllity : Definitlon, geodesic, distance, examples; Properties of reachability, the triangle
inequality; Reachable set of a given node, examples, Node base, examples;

Connectedness : Definition, weakly connected, strongly connected, unilaterally connected, examples;
Strang, weak, and unilateral components of a graph, examples, Applications to represent Resource
allocation status of an operating system, and detection and correction of deadlocks; Matrix
representatlon of graph : Definitlon, Adjacency matrix, boolean (or bit) matrix, examples; Determine
number of paths of length n through Adjacency matrix, examples; Path (Reachability) matrix of a
El‘fh, examples; Warshall’s algorithm to produce Path matrix, Flowchart.

Contents
10.1 Introduction
10.2 Directed Graphs or Digraphs
10.3 Complete Graph
104 Diractad Complete Graph
10.5 Regular Graph

10.6  Bipartite Graph (or Bigraph or Bicolorable Graph)
10.7  Null Graph
10.8  Subgraphs
10.8 Factors of a Graph
10.10 1somorphism
10.11 Complement of a Graph
10.12 Non Isomorphic Simple Graphs
10.13 Operations on Graphs
10.14 Path (or Walk) and Clrcuits

10.18 Raumal_;m




[ommn pla et w-a B ;
TTTT S p L (gt —— i, #,/—N“

IPRLE ey e R

;rl... ] L= \ ’ '-ur-ﬂlﬂh.:mﬁglm'

T emp— F;Fﬂ‘rj;i‘ Bary % M kot o pry Ft oy Them we

st ww # ant s rE ik i e Tt e --." ARy

e Y i, apty D, SO Moo % ol epreny,

1 1 P "’# g il pebetell W By St o e

PP TT WS — ™ Ty, AT BT Lalsy CaTS ey

T30 e Ak ""-l:-"-m! I7H2) beaca T leer o g Swry whee & (% 4

¥ 1 ety Agpeen i Prisiay Lnstusd uh t b ioni el btuces o Linagiuey beitgp Priem. Toem —
#*h..lhw.‘h wanﬂnhwhuhr*;.;ﬂm
P mrﬂdﬂh-hwiﬂ'ihﬁlﬂ-—,‘ﬁ.“

e — ﬂmmwﬁmqhm‘m e

rj;i
: w:
|
Fg M1 & par i Homapileey
;anmi—anm-mnwu
1 H"&-ﬂlﬂn&iﬂn—ﬂ'ipﬂhﬂt|:ﬁl
wmx—cﬂnnm_‘-ﬂh—ndmmh

”--m.hnp-lum-t ﬂﬂh'ﬁ.fhm.ﬂ_-“
“ﬁ#mf—lﬂw#bﬂi"ﬂm

XKD Greere
h\'HH—mﬁdFﬂﬂIhnﬂdhﬂ“pﬂﬂ
bl pase [V E) B hooen o T
huu‘rm&-m-m—u&ﬂ-mﬂ#"
deertn of [ arw brews a slge S g, beweh, g
Velohodel gt of versm
LIE T TR PR L ay @t ol wlp

S —— T e
e, P i i g

e ——



Fig. 102

3 g are known @ end vertlces or terminal verti o
' fimes denoted by a ad] g). The vertex " g

slmilar & and g
with each other Irmxsw”#”“‘ﬂwmm,m’;

wther
EIEEY Muligraphs

Il““'”t"ﬁ‘lphmmm“,dmm..
; walf Joops are nat jin two vertices, but no :
Fhumlﬁ!rb‘u‘tm“w o ﬂﬂfﬂnmh

eg allewrad

EJHE‘mmdw o

a b
==
Fig. 103
hﬂmnﬁh?hmnhlqh%mh.mmﬂm
Ii 1 ﬁ-—‘_hh_—‘__‘__-_'_'—_‘—'_# e T PR

. A

10-5

/ -— G
= udographs

pai
ﬂw"muwm“&'““mumu

P

Fig. 104

huwwphcﬁisﬂilmp. g5 and ey are parallel edges betwesn vertices 2

and &
wwmwhhwuww

MBIm;hBrlphl
1 no self loop uﬂmpmlleludgumwﬂmwh,dumnm“

simgle graph-

Fig. 10.5
wpdﬂmpmﬁmhwm“

will refer 3 mligEph ot poeudograph 38 g5t 114
sl Joops as simple grephs

In the above graph no loop i
griph is known as simple graph-
Remark : In our discussion, We
a graph without paraliel edges and

e
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Flg. 10.6
mmdhvml'ulﬁrl.ez:ejmhmm Bleut i y
gy = o bl 27 = [a) e = (8, eh 05 ={ae) Verny
Widle considering degres of b, edges ey, 85,84 A%e Mncident with b,
Hence dig (5 =3

ey =8l g = d)l eg =1 &)
Hene the edge (s counted in degree of both the terminal vertes.

This way the self loap €3y = (< £) henee eyg i counted twi
digres of ¢ twice while considering g,
Theredore degree of c is &
edges 03,8y, 05.04p are inddent with e

g =(gah ez =fodl ey =[5
Similarly
ey =4, degle)ms, def{f)=1,
deg igh =0, deg (h) = 0.
Awmmmmmm:mmmmmm
mﬂmdmumhmuuhm-nﬁhuhhdw
vm;mhmmumﬂwummumrw&MW

@lhm:.HEmdhdwafﬂum' of & graph is twice the mumber of
5 degw; = 24
Remark ; As every edge is eounted in terminal vertices

mﬁmkmhnmwp:mﬂhmhmuﬁum

Y e

[ -

dep vl

il !El““"”“m"“’"ﬁ"“mhw h
Igﬁa#ﬁ;;ﬂﬁddm:ﬂm & e sum of deprens of
degival = deg {v )
T R
d,mﬂﬂdﬂﬁﬂ‘mmumgﬁ
Ve *Fhl‘m
deg Ve
dEEd'EH = 2e-3 35 Ve
= mqu&ﬂmuﬂnﬂﬂﬂmﬁmmwasmm
EM{"‘"EW
hﬂryﬂ' vertese af 8 simple n vertices i at the most [n = 1)
'-‘], o : swith ain=1)
lwmﬁnﬁq&gﬁmamm nvertioss s ——
nwh_a.“:mzmmtvuﬂmmrhﬂfﬂw{nrllhxwmdh,

ez 1-

E degvy = e
fr=11+m-1pF

1
=
£l
[}
=
1]
e
=

1

e 5
Hmmynﬁummmymmmrnﬁipipﬁxﬂtmﬂv_ om0
il each pode i of degree 2. ;
salgtion : Suppose there are n nodes (vertices] in the graph with § edgs.
Each vertex is of degree 2.
Then by theorem 1,

n
¥, deglvy) = 2e
iml
243, .mlimes = i
2+2+ i
n = g
mwhldlud\mﬁ
Hmu:wmnqmndmmmﬁiﬂ'?h‘“m’m _
s " ith eacty g i e
m:anmwﬂﬂmiw -
mmhﬁml L
wmﬂmﬁ"”"ﬂww




B 10-8 ' Ll o !
m L~ s mmber of edges i« graph wi
mw"mwwﬂ” wm"”"‘"‘*%‘ fﬂwmﬁﬂw ‘m'““!'ﬂlmﬂ’
2 odes o degme > 5> 1" pcorem 1 (Handshaking e
galution & w= Y odegvy = 2e

= (2+24242)H(E44) = ¢

out
i,
El
Fig. 107
Drﬂl,gw*wﬂdmdﬁmi?dgu.
A oo 1]
=] Soltlen £
/)
e ' 1
=
5; : is) i
)
Flg- 108
. ﬂﬂﬂWMthﬂmﬂkmﬂhnlﬂnﬁ
Faemeark : Tt s a maltigraph as there exist two edges between b and d, qﬂmmﬁﬂmﬂmﬂuuﬂﬂﬂmduhﬂp&:

However a simple graph with 4 vertices and 7 edges is not possible as i . Cun this odd sihustion ocour 7
nin=1) s Bﬂﬂ’ Wugﬂu:hpﬂmlmhﬂﬂlh“m

with 1 vertices the masiomum number of edges will be ———=,
e 2 mwwammwmds‘m“ﬂwmu.wﬂﬂ Bra
mmumhmmﬂﬂwwﬂlh‘%ﬁ-ﬁ mﬂﬂamuimmmtmmdnﬁﬁ:ﬂ;wmd
] =
is & contradiction to the corllary of theor=m
(EERERY 5 ehee vt regu graph o degree 5 om 9 pertices 7 mmmﬂfhm“;mrwhhﬂmﬁm
h Solufinn 1 Arqdupwhﬂﬂh!vuﬁ:uuddegruﬁwﬂhulhpwma thuﬂuuddpiﬂ}'hml’ﬂm!‘ ) ey find & ot
& T degiv) = 5x9 =45 mmwmﬁﬂtwﬂ_ﬂ:ﬂﬂf*mi
Which is an odd mamiber. mwwwrm*“"”:;:ﬂmwmﬂmwﬂ““
Bat T deg (v) = 2 & which ; complcated by the fact that the hushends sty man present. Comtrst
e B always even hence such type of regulsr graph is nd! mbhhﬁliMfﬂ'mwMﬂ

ponsible
I— mm_ #'"--u-’
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b | madE ka4
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Fig. 1010
Bemmark The parsle in roasmp]
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EIEES Welghted Graphs
Apphummuww&suph if soma

assigned to each vertlces or each edges or to both, ""‘lﬂ*ﬁmmmn
Example 1 ""huﬂl,h
L] 3 .
. a
S L 13
i
Fig. 10.12
Hﬂﬂlmdhinhgmn
A graph with fmite aumber of vertices and Anite _
gagh mﬂt'ﬂm“ e
If & graph 5 not Finite, 1t s knawn ay infing —

EIE Directed Graphs or Digraphs

Hin =
mm‘mmdﬁm'ﬂmhhwhmudwmw

Esamples :
L

Fig. 10,13
The aboye
PR i of aqusvalenc retaion,
L PUBLEATNE. i =

L3

Flg. 10.14

2, Fig. 1014,
In
.Ir.u,.b.r,:!..t,n Is sat of vertices.
f-l,l]_.l:.-"!u!l J25. 05 I8 set of edges.
ennte (B
:Liuﬂlﬂbliuldﬂiﬂﬂh?ﬂﬁnﬂj od b
E:upthm’rluhmﬂmmhm o e

0= b el ey = (o, dh ey m (b d)y e =fhoeh ey =bblk
;HMMMlmﬂ:.Ina&um%hMuthﬁmh
w.ﬂmmmh.

uummmbuﬂh&mmmhnga-mm
mwmmnwumw

[IEE] Adjacency for Directed Graphs

Twn vestices are sald 10 be adpcent {f thiey are jotned by an edge -
In le 2, F 1034 &y = (b, ) herce b and & are sdact YETECR Sinilarly
hﬂMtiﬁma;{h.anunMudewmmwu
ey are ot Joined by an edge-

o ¢ = (k)
lhh’““lﬂhﬂﬂﬂhm\uhmﬁhhhﬂudﬁﬂﬂﬁmhmﬂm
S mﬁdddpﬂmm
T"Wﬂaw-ui.wyahmﬂu

ineident iriny a and bs dencted by,
Ww-haﬂw
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=Y

X

- 14

p—— N
deg (3}

l -ﬂ.djwhiﬁﬁﬂlﬂd
m_h“mﬂ vertex 25 Py,
wiich are cident from a and is denoted by, "o

=]

eamgl L
wwee S
mhee &=

Remark : For self locp degree is considersd in indegree s vell a8 i oundegrey
== .
-2 bl
m:1. g (e =0
a0 @am=g

EEEEY Underlylng Graph of a Digraph

The ot : ;
g Y08 g o 2 lgraph 1 cbtained by neglecting the directins of g,

Equmple :
"

SIEN

Gy
{n)

] Fig. 10.45
2 Fig. 1015 b) is undestying graph of Gy, Fig. 10.15 (o),

Hemark :
s :haptnlldld;qbtbwamcanddhuucg aamwmcl

KA Compiste Gragh

n"‘ﬂ‘ﬂﬁ with ny h‘}qw'ﬂ each vers

%mﬁﬂm*ﬁmhmb}rx
nl

TECHCAL Lt AN e Ereiacips

-~

T0- 15

rigeg
b

s}
o A
L
ey
o E
K,
el
Ky
1)
Forn=8 @
Ky
il
Fig. 10,18

nin=1
1

Remark : Nurber of edges in a complete e

- Q= troreee
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1018 ' e == Sty ‘

Doy sben?
—\-\ﬂ-h. rf

s T degivi) = lr
ﬂwﬂﬂnvﬂﬂﬁﬂ-lhﬂtw@l
is & regular graph as
mnmhdcamuranph gﬁ,mw degree of each verie,
A.{mdﬂdmhﬁlwhﬂa'ﬂvz_fﬁmiiupphmwchm ¥
;nwbetwamuhpl.&:d'daﬂnﬂvm. hmﬂ}h
Example 2
:: immis[ﬂbawwﬂﬂmuﬁmw "
tw
i pl
U‘y,ppnuﬂ'l?hﬂ_gﬂ]i‘h Henco every complete graph i
ﬁmmwmﬂmlm-h.mmmmh
% | doﬂpﬂl'
A
|-.I w
- it complete gER = Regular graph #
1 | Hmmpmednnth true. Fig. 10.18
4 | plpartite Graph (or Blgraph or Bicolorable Graph)
| mﬂﬂ[mbv.“?mhmmhﬂm
e 1
f.fnd"’:ﬂ‘h“m“’“"fcﬁ‘“"l with Vs abso VyuVy = V and
'I'.I"lvi.'

J, Vestices of ¥y are mak joined.

3 Vertices of V3 are not joined.
1wsﬂphm'thlﬂ$d] laop.
Eramples !

L

{eh
Fig. 10,17

BT Reguter Graph
hnmphﬂdepunfﬂdimhm,ﬂmm:gnphhhmum

I.zﬁﬁ 1016 [a] is & segular graph as degree of each vertex is

MMWmemhw o




I 10- 18
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10-15
Vy = faq by ey dy)

'1.'1 -] la-lt.h‘l.f]-dlll
Vi ¥y =N, Vyn Vy =0
N . &vlmm\ﬂ&ﬁmﬂf vl-

e - M
L

by
g | I
Flg. 10.20 !
V= la.'h.t..d,eai.&ﬂ |
Vy = hf'?-erﬁll

| LI -
| Fig. 1022 {a)
YVi=Tdth
then Viu Va=V and Vi Vyui,

Nosber of edges ace 6.
Ahu:isﬁmd\ﬂ'ﬂib,dudhtt.vmﬁ ‘lr-li.'l-iﬂmiﬁﬂ‘l.\’!lﬁmnf
V3. Similarly b of Vy is joined with a, g and ¢ of V,
mmmmmnﬂ; are joined,
Ehuhibwegaphhahlpmuglﬁm

By

EIXEN complete Bipartite Graph :; ;u,
hb&puﬁuwhhhmnumﬂmﬁpaﬁhmphﬂﬁmvmnihis}ﬁmd

\ﬂﬂlﬂuy\'m&‘h'z.
A complete tiparite

Kiz
Fig. 1022 ()
mumwtmwmmuhm&hm
mu‘dmmﬂudvuﬂmaivimnmwmﬁunleﬂguhamph
Hmmkmnhm

andmhmmﬁmuﬂrlm

s e —— L I

mw.mmmwm

Tl - e st et
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s e e,
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oy By £y
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Fig. 10.23
Miamber of edges are 5.
x“u;mmbipuﬁwmphwhﬁumﬂpﬂuudmﬁm "
Herxe a complete bipartite graph is regular if in K, . m = n, % Flg. 1828
L
. b & Kubhlmﬂ?*“bwbmmm“m
I K”hmllumﬂﬂﬁ"‘l’h'
mﬂullﬂﬂﬂh
‘Mhmﬂmmﬂmmdmedphmnumnmnumwxr
* % Ky ° % pample :
Fig. 10.24 . L
8, fa] 2 Wartizan L K,
o} 3 Varsican LKy
" L]
Fig. 10.25 . .
KU-"%MMMBNI far. (¢ 4 Varsius Lu.Ky
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] § Vertices Ls. W,
Fig. 1027
MM'WW%MM&MW.
Saludon : A complete bipartibe graph Ky, o is not regular if m e
af Kax. Kyae Kago By Ky p et

.8

2 Ks

Flg. 1024

i Kis
zﬂKuWﬂmﬂT-lsmw' Mnxﬁmhiwnuhi

%5

w N

) Ky 15 8 complete bipastite graph hence marber of edges o 4503y

s subgraphs

, E) be a graph. A graph H=(V5E') & said 10 be 2 sbprah of G 1
ngm.mﬁv.mm&uﬁphrmmqé

wtG=
et of
e FETOES

mV
b & i Y
. I i uh
I (]
] L]
[}
k . ) Sl grach My
(s} Graph b
I
h% f '
-
b
Sub Hy
{£) Sub graph Hy desaas
Fig. 12.30
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ECXXN Properties of Subgraph
1. Every graph is & subgraph of itself.
2 Null graph obtained by deleting all edges of G is also a subgrapy, e
3. single vertex of graph is also. 2 wubgraph of G.
4 A single edge along with end vertices i also a subgraph of G
5. A subgraph of a subgraph of & graph G is a hﬂﬁul

relation is & transitive relation). Fubgray
ETEE] spanning Subgraph
A subgraph of G {s said to be 2 spaning subgraph f it contains al the
Vetticpy
Fxample o

% H
H (=}

. d ] 5
h . h "
] 1 : .

a) ®

Fig. 10.31
H is a spanring subgraph of G as H contains all the vertices of G,
EIXEY complement of Subgraph
The complement of a subgraph Hy = (V% E’) with respect to the graph G is anather

et =V7E") such that E”=E-E” and contains only vertices ‘which ha
end paints of E*. those

TECHAICAL PLBLICATONE - ds i M o tcowdecips

:ﬂwmldfﬂ
B 4
L]
fe]
Fig. 1022
Wﬂuﬁwmmgmmmduﬂu-ﬂmns
i 8 subgraps of G, wehere

vi=iA B, F) and £ = (IA, BN (A FII
ill-"-f!..t‘..ﬂ]de’:HB.C.l‘. {8, Bl

Selotion &

4]

A B

a
Fig. 10:33
XX Hun subgraph o s o G810
1059 ()
g cnmmcd o £ 02
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[a] My
Fig. 10.33 [s)
v = IABE E'=[ABL AR
H = Wﬂfﬁhm!lmﬂiGHFi&ndlwmﬁc‘
@ V' = BCD,E={ECLBD)
H = [\r',E']hambgnphanasv';\rmg*cr_
K] Factors of a Graph
hKMdiWhmwhlmw“hy%
degree of each of ifs vertices being K, ie. a K-factor is reguilar of degrea ¢ | T e
Eﬂhhmdbmmmﬁhﬂlﬁlmwﬂm.
efactorable. is
mﬁm:lm“rﬁt.uhdau&mmnfmmmmm
of G are point disjaint.
In particular Kz,,1 cam not have a 1-factor but Kz, can have I-factor of gragh ¢
Example :

vy

Y4

EE

—
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Fig. 1037
hrrﬂtpouﬂﬂ!fmkjguh.
Yy E’Wsﬂph mmmuﬂ
8 s 2 P of
" ﬂwﬂhllﬂl
Fig. 10.35 - -
5 are said to be i
) 2Factorization of ”W‘w:umwvuﬁmm socorphic f e
':':f “h'mwl KT M mm#lﬂﬂ‘“h:
Example 1: ™
/ ! ,wmmwﬂumnmupmr
i of vertices are same.
1Wuladgumm
L UG mnuuﬂn!!nldquk:ﬁml; st bas
K ; 3 ve exacly n vections of dege
;Miﬂpmm
| conditians sbove are satisfied, then the graphs GGy er koown w
sorphic graphs.
Eample !

03 hj_J

\ 'v o : "
Fig, 1038 (8) Fig. 1330 I
pt ipamarphis &

Graphs G ; in FI;.'IDBB{:}MG;MH;—MM
peamnbeef

1= Facter gragh
2= Fattor graphs
L]
Fig. 10.38 H 1 Number of vertioss In G | are same & of veriem 2 G-
e —— 1Ntmbnﬂ!'dﬁﬂmﬁ1mmunmrbﬂdbi$'“'ﬂl'
ST —— __________.,_—-————__-—P'—"—_ﬂ_-_'__._._
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w 0.3
1030

o Maee____—— S,
3. degpee of ol vertices in G are 3 and degeee of dll verices n 3, o,
Hene G i isomorphic to Gy and is denoted by '

Gy = Gy
Remak : Fo the sbove exaple Giyand G dre complete grph i, 4y
regular graphs

Reoiark aphs
hﬂﬂpﬁmhw“‘l‘ﬂmmm =
i Emthawﬁkwm.
2 1 gragh G is iseenorphic to Gy then graph Gy {8 somorphic o
3 1 graph G is semerpic to Gz and graph G 8 Bomorphic ty g,

graph Gy is semesphie o G Ph'-:,q-q

. mwwmmmrmhmh

cephise is an equivalence relation of graphs.
Graphs
8, oy
k. R 3
3 r r'I; 3 "
bl 15N
Ly E.t' 2 ] i
e L] =
Fig. 10.38

G@hﬁ,fnﬁ;M{ajaﬂﬂ;hﬁg.lﬂaﬁm}hﬂémm:&m
m.mmmﬂdpmmmmzﬁwvuﬁmmwjd@
mmsg{smmpﬁqhﬂzu-dj-mwbmmmd.

hWhE1,hmmi|ﬂ#pue3isi{ﬁi¢mlw“1d@nm dy) and
Féc 3 degren wertices Le. (e and byl -

yrhmﬁ,mamma.wmmdemdmsm

A2 @y, 63,833 are 3 degres vertices and each of adaceny degpee
them is
and ere, three degres vertice, o

Phnlﬂjlnrqimmmpdudﬂwﬁllcl.

ML PR T LU R —"

- Wﬂ:ﬂdwnwxuwmmkm
>

K1y

Fig. 1048 )
Ky
Fig. 10.40 (a)

are ot isomorphic as degree of each vertex of Ky i 5 while degre o
R T e

Eg # Kis
QEIRIED) s o el s

Ajﬁr‘ :
"\

oy u;u G
9y Fig. 1041 b
Fig. 10.41 (a)

p—————L Lt




‘N"‘"-“l.\\. i, T -0y

LA AT

& [ By
Gy
Fig. 1041 g}
Salution : For graphs Gy and Gy
Gy is & graph with 10 number of vertices and 15 number of edges,
Also G4 s & graph with mm&mmumﬂdm
I Gy degree of each vertex is 3 and in Gy also degree of each vertey 1 3
Mg adiarewy i preserved and henecs,
Gy = Gy
=k
by - &2
€y =+ hy
dy =iy
L )
Iy = ay
B1 = by
by =gy
iy - dy
i1 =+ ez
Hence, Gy = Gy

Kow i Gy abo
ach vty o edges we 15, rumber of vertices are 10 and degre o
e

mmuunmf,h_mvm

0.1

y"w is preserved and. hence e

o

anidl Gym= Gs
Wplll“'“'- of a Graph

ﬂ p]!S"thmFma{ﬂdm:H 5
wﬁb‘;‘mudﬂmﬂﬁﬂmﬂhm b7 G

#ﬂsﬂuﬁ#fﬂnﬂiﬂmhﬂ- P70 VGl M
o 2
oo™ |
L ;E I
G )
Fig. 1042 (a) Fig. 1042 (b
L4 . b . ]
'@ﬂ | |
¢ a4 ? § ’
ng.!ﬁ.da-!{-ll e i
Complement of a complete praph is a null groph. &
L] !-“‘
Guky . 1044 b
Fig. 10.44 {3)

T e
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Timrmie LisSwraicy 10-34 l T0-38
ioa “mnrphln Simple Graphs ]

wlwmnmi-

. Fig. 10,43
o : ith 3 verke
GmKy "'W‘Wmm g elge Eadge
Fig. 10,45 (u) N G :hl a . Ve
- [=) i
3 A Fig. 10.48
Wit 3 vestex
1edge Tedge
GuKy Gl
Fig. 1048 (a) Fig. 10.48 (b}
A mhhnmnmw, iff it i isomarphic to it compbemment.

Q ﬁ - ;

e G
Fig. 10.47 (a) Fig. 10.47 (b)
—— i.d'lm
H'““‘F@Ghuﬂmmm}—, Fig. 1
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A5
§
Witk § retor il

0 edge

L] 2
] ®
Fig. 10.51
)
i
2 edges !"“”5# ledge
2 edges

feh : i ‘
3 edges 3 edges 3 edges *
1 edger
fa) i & *
4 edge 4 edges
Z | M
=)

L m

X _-”Mﬂ
TECHAL P ICATICNS e i vt b bt TECHCAL AUEATIONS”

Fig, 1051 N - -






S N . Y

W'M"’mhw

Sre, ‘ﬁ : 10 edges e

(m) Fig. 1059 "
D e 7 R
e
m
291 WD)

'*%L%% VR

s

Fig. 10.54
tkflon:  Yes, the graphs G, and G are isomorphic as

il G‘ud(i;hn'thhuﬁnuu-bﬂdverﬁm.

) Both have & number of edges.

i) G | and G m:ammmzmmmﬁawlmm
VErex.

Wlin G4 4 degres vertex v umpmm:.mmﬂuyﬂm
Mﬂhﬁlimwmuibmmlmm L2 depee
vertices henoe v —+ Uy,

Alsain Gy 2 three degree vertices t-zmdwhmwulld@ﬂ‘:“”

id 1, 4 degree vertex, and in G, 2 three degres vertices g and uy are adgaoes
degee vertices and 1, 4 degres verte,
-~ e

TECHMCAL FUBLICATIONS = As tp Il by o




Dcra Marwmalts 1m0 -4

P wwwﬂ“m"‘“:hwmmm — g
Agam i Gy 3 two degve verNes ar ¥ 3,4 and v, in } *-h-e%

band dis 1, and
dtacet o L 4 degree verten and 1,3 degree verer Whike v fs gy 0 v, J,uﬂ’:mﬂ'u' ¥ %ﬁhtawdn
degree vertoes and in Gy 3 two degree vertioes ane us, uy and ug iy g, g i{umﬂ“’m oubdegree of u ang ¢ 4 3

Benoe v s =4 Gy, Vo=b Uy

|

mmmﬂmuﬂqutmmdLidegmmmwhmubm m““’“u N&d,ﬂshzmmw“‘wtﬂ-
Segroe vertioes a7 P g, indegeee of 245,009 78 Land gy,
Howe vedwy, vy-ug and vy=ug Mm;ndsulmmmmmzu RALHT)

mc.mﬁzmm Gi=Gy #Iﬂﬂ
® "CT: i__.sﬂ'h.—}'f* d=2

A e b Mdi
/ i »t o x5, e+ 8 g6
*-1\ Sy i ‘f}s‘@{ .
JZ L
PR 5 7 Wic of the gophs shon bl e e

"-i“'.
%
-.‘. o -
R

=g I

":z * -

hpﬂ:ﬁtl"ﬂd hyvu'ﬂmu{ﬁlmﬁ:l

'S

-

he A Ja ; st Wy
8 Fig. 1058 " “ J
- Salution: .
H Ih“ ¥ tﬁ'; -
o *Fumuﬂ&!m!:m .2“mu‘ﬂ*“m"|“ﬂmh "
4 is adjacent two 13 2
{ WWHWMZIWWLQSdm‘mhth‘WM ¥ :f
Tt - degree verti 2
mehmdﬂnﬂdﬂg.mmkmmu;:;w adjarmey j
Gy m Gy 2 2
: m " . L ‘t \_f
L
I
| 1
. 3
| d .
8
] G z 5
5 ; 4 ..-lr
| Gy ;: u gy ;":"r,:" =
] % o, c"E: L2 TQL‘,
- Fig. 10.58 18 ?}':’: L
- iy e T s %_':ﬁ "';: £
e —— .




Cesoreta Mpthomatics

mhmp}um:l,Ad@urmiadwrﬁmwazd

am-:;.ummwa;,wc,nmmmbczumc"’%.
muwlu,adegumﬁmwmﬂ.uﬂﬁ,,u%%?*
mzmmmzzmvmm-@mnmm * M,
Therefore,
Gy ® Gy
alsa Gy s Gy
hmdﬂimﬁg,ldjtmqrhpmdhfmﬁmufﬁ|mdﬁ3,”
1—;u,,-l-ru;.l—:u.,3—+u;5-ﬁ-u;*ﬁ-ﬁu3,?—m1
Therefore, Gy = ’;3
EEREIRIRDD Find whether K, and K, 5 are isomarphic.
Salution ; No, K, is not iscmorphic to K; , a3 number of edges in K, .,,!.?_;3“.‘“
nurber of edges in Ky ; are 2x2 4,

Operations on Graphs
HG=W,EI|IMG‘=W,E'}mmymganuﬂhnm\imhhﬂuﬂmwm

etc. operations can be defined on graphs,

where

V= I-l-]abhtpd-l] Vim flpbp'-‘:-fﬂ

E = lej,eq,e5,6;,0 E= lezsey ey, e, 05,04

Solutiom : Gy, Gy and Gy whmmmvmruﬂm

da e
pe P

” Gughiwhwhmewmmi:?u\" #nd g

and G"=(VLEY p‘ﬁhﬂub
Wﬁ_p.r,ﬁ}

Flg. 10.58 g}

" is & graph with vertex set fay, by epad bl
2!!"’!3‘!!t[-=|.II:.-!.1"’!'1-r"‘-““""ﬂj"E;"“:I

Graphs
mmmcﬂnnnf .
jon CrvG* I a graph whose vertes st 8V 1
G and G* intersection
For the graphs
E*.
pdedgeset BEA
Fae the graphs G and G* in Fig, 1058 s
G* ls a graph with wirben set [aq, byl and eige
G




T B PR T, o - i

G* .

G = v is obtsined by £

T ﬂ,mwmph remrig o
fot eV ﬂi‘,mﬂﬁ,mﬂ"d& all these edges alsg v m'l'u'h:. Eml

TW '

whose vertex sef 18
utdmmadguwhﬁdlmuﬂminﬂwmc'
trat et in both
For the graphs G and G* in Fig- 1055
G & G 8 a gmph with  werlex :
tay. byocy diefil and edge
’r=1v¢i-!s-¢a.rrr.¢megl
ETEEXY Removal of an Edge |
a
For 2 graph G = (V. E. -
Let ¢ € E , then the graph G - ¢ is a graph obéained by removing an. edge ¢ from g, Fig. 10.59 (&}
graph-
Example : ﬂrvh#m
3
| Fig. 1058 [¢) |
mFinduumm‘ intersection wrhsm-a’ﬁrm.m
G
Fig. 1050
G—Ebhw}. |
I.:
c
Gma
Fig. 10,59 (a)

W'*‘D“hh "



1= 48

Gyt

Fig. 10.60 fc}
g . Intersection of G and G is the graph G 1 Gy,

ﬁ . ) 'l . b

H

Gyreliy
Fig. 10.80 {d)

Ring sum of the graph G, and G s the graph G; 9G-
L]
. I

E’-\UJ?;] ~/

_______;1.-&

Fig. 1081
G_uuasﬂl’h

Fig. 10.82

.;-.!slsﬂl’h'

G fs an alleratiE e
A walk of a graph o dinﬁ“w\ it
“ ¥l #ria \rnlﬂﬂﬂlﬂs Mlﬂ“u
e two vertices immediately P _"_,---""'
w’-ﬂ

FECHNEAL




v -8y
Ciscrete Mamamats 1980 N W

This walk for path) jolna vg and Vo e degetsfer Eeah
voand v, are called end vertices a0d ViViseoVouap are yog, T T
vestices i i'“ﬁ'lﬁ Ll as

o anhwﬂg.‘ln.ﬁs

It is some times called as vo—v, walk I vg = v, the path for o, i p
dwadp-hmdithbﬂwnﬂﬂpmﬂm”“ﬂ’“n-ﬁmdP“hh‘L:hm.mh I""‘ ettlﬂsqhaﬂ“hwmuwﬂt
clreuit. i - . u""ﬁ'nu sel -Plﬂ'l
gimpl
mlﬂﬂ?hchumm“m“h““‘"ﬂm.hh
% oy ﬁndwhmh]'mmlmnh@hm
b * WH‘H‘.
7 ﬂ -
" (s said to be an elementary path U vertices do not epent it put,
By L ;I:‘:ﬂwmmhlhﬁg.Wﬁmdmmm
L] L [ g "
Fig. 10.84
Fathl:aejcegeerdeg fegy g
FathIliae; besdeg fepy g
PathMl:aeybeyco deg fey g
m"'lltlﬂmmroﬁlt:piﬂuﬁmnmg.
Mpnﬂﬁsmhuwnﬂnpmpqﬂuuhe& Fig 1088
'“"‘“‘P"S"Phﬁlnmhnthmwmm,d i
mww:mm,mmdw“““““dhhmﬁ s Path | ey puh 25 e e 80
wl: g =
|l|bt-;aﬁ|.¢¢‘!lmmn5'6ﬁnm o
This is a simple path-
B
Fath 1 . ,hmﬁimﬁtﬂm’#
1éjbegaegeydey deg ats 4
mﬁnupﬂtiﬁﬂ‘mplﬂh
repeat in the P
Also it is not simple path as edge &5
By o coruit
e mm'ﬂ# o 1,,-1*-"‘
dreuit 12 VoIV
#on A dlosed path s known 88
Fig. 10.85 Yg=v,.
T w//

W_‘




Fig. 10.67
beycesde, fez bin the Fig. 10.67 is a cirous

Also dey ey dIn the Fig. 10,67 is a circuir,

“md"ﬂﬂm.nl -

nm Fig. 10.68
called 3 in the Flg: 10,631 an elememtay et s ol nd s
ﬂ'l'l”. cll:l.lh |t1b::-|::lj heg:

Ih"l:a. Tuit n & gragh G is udmpkmmrﬂirdnumlh:dmh I“uu-.r[!aﬂfiﬂ“lb'”‘m"uh‘lli!l&”af!ﬂ:hmmm*

J ,m.ldm 3
y
. ’ eybezces dey ees cepy heg o inthe Big 1089 is not elemeneary dirt a
But 2

; #¢hh‘du&!dhﬁ¢ﬁ'.

length is m, the mumber of edges in i
qf.FﬂH’i\'u,\'l....\'“ | |
= n{.gnphﬂ.dmhdbyg{ﬁ].hhh?gﬁlﬁlmmuﬂwlm
;Eﬂmmnmmmm

XA Reachabllity .
hmvd:mhdhpphhmdhhuﬁnhh&mhmuu
disgraph, exists a path from u to ¥.

aeibeye Fig. To.ea ol
1
6 b : “mh%m‘““‘ﬂmﬁmt Gaodealc .plmdndwn-mm-m
e I vertex v Is reachable from the vertex U, then
deg deg ferceya i L
s eey ceya -
[L]
m:wr e simple The length. of gnndﬂi:fmmmﬂmﬁtm‘l‘"i'w - 4
. 'w:'h'd’ Ireult § LR
’-"dlﬂud;m..' A '"t”'“thhImum clrcuit as ey edge 4 d fu, v} m;ﬂ'hmﬂm-u
The distance from a vertex u o @ ¥ g -
: TenLary cireyiy Wisfies following properties . e
A circuit is said iy pe . ; :
Exoept the end ﬂﬂhmmhmww fwv) 2
_________“H!:.

_—_“'“*_H-w dieu) =0
e
-h'hhw 2

canwd - A1 =



Alsa, diw V] * dlv, Wi, Ay, w)

mﬁl}‘ﬂ}“m“ﬁ"ﬂ'hﬂqﬂlﬂvﬁuﬁm \
dfy, v} = = redchap),
ETEQ connected and Disconnected Graphs

&Whmﬂdﬁewpﬂhﬂmmm
graph is disconnected. W‘F%%
& directed graph is said to be connected If the undirected grapy *
ignoring the diseciavs of the edges s connected and is said dertved fogy
to be g ]t'br
A disconnected graph consists of Iwo or more compenents
connected graph. Sach of whig, |
A directed graph is said to be strongly connected if for B
hwh&ma;m&mnbnbumﬂu:p:&xﬁ-mez{:ro
A directed graph (or digraph) is weakly connected if it &
its underding graph is connected. ' it not strongly comngceg
A directed graph which is neither =
b
Exasmple ¢

The gragh in Fig. 1070 is a strong]
every pair of verfices. T y connected graph as there exist 3 path

e

B

. o

Muliﬂdhln

mmi"hm

Fig. 10.70

1054 ‘ M 10- 55
R
i"”hmg& Y Sntcied iy

1he o e
L ey

—

Fig. 10.71

gmple dIET aph is known as unilaterally connecied if .
p;““‘mﬂmw‘dhmhmﬁhhqﬁ“““h
Fﬁdfﬂﬁoﬁﬁhwhmmwvmdhmmm'mﬂhq
Hﬂwhﬂmmm o ore et

ghortest Path In Weighted Graph

et (v, E) = G is a weigh ted graph and w is the weight of o
1 the length of the edge. iy
mﬂg?uis&tafdﬁmmEulmdhﬂw cornectng te com B
n@dwﬂdmmmmdm
1,1mtuu algorithm was lmuﬂhyﬁw.nh]auluﬁhhwnutﬂ:mm

EIETE Dijkstra's Shortest Path Algorithm
Lt G = (V, E) be a simple weighted graph. The weiht o
mﬂld#.m.mﬂ:hemymauﬁmﬁwﬂ'ﬁ- p
E‘W‘J-:lzt'rh-u-.gma.ﬂmmhtwr-ﬂ.m“ﬁ"
those vertices which have permanent labels.

I our procedurs, we find 2 shortest path
wﬂﬁ&mhtvmxtnmoﬂﬂm

LetL(s) w0, L{g=o, ¥xeTandx#d
L denote Label.

pdge ' s ndeed 8

ﬁm‘a‘lﬁﬂﬂ'ﬂmm'

ﬂmuﬂhﬂ“’l



s o direct edge joining a, €) then w (s, 4, Sy
1 = ﬂl-“hﬂ"'nl-n
MW?-PUHIHﬂTIT-FL L. = min b= 0+1) =1
mmm&epﬂﬁwiﬂi’lt L= min = 0+ B} =8

If v = 2 then L {z) is the shorbest path from the vertex a to = and stop,

m:;ﬁvr:,mmhmﬁhmﬂnmﬁt :
not have permanent Isbels. 58 which g,
The new label of & vertex  in T is given by

= min =0+ ===
= min {s= 0+ =) ==
‘ml_:n+"l!ﬂ

Lix) = min fold L {x), L {v) + w (v, x)} t label of ¢ is 1.
whete w (v, %) is the weight of the cdge joining the vertex v and x. |.i|,r_], T=[bdekz
Tf there is no direct edge jolning v and x then Lk = min [old L (B L (2) + w (e, by

wiy,x) = = = min [22,1+6=7

= min |8 1+10)=8
= min f= 144} =5
T = min f= 1+ 3 =4
Lz} = minfe= 14100=11

Step 4 : Rapeat steps 2 and 3 until z gets the permanent label,
B st e o o

Lie} = min{54+==3
Lz = min{ll4+9=11
pmmthhﬂufe!as
fel, T=bdzl

| = min[f,5+2=7

Salution

LP=@, Tuiabcdoeds
Lial=0,
Liglnm, ¥xg T, x=a
zv-q,ulpmmhhddlhﬂ.

P=fal, T L{d) = min(6,5+==8
LM-, - =lb.edet s z) = min 11,5+ 3} = ¢
min fold L (b), L a) + w (s, b)) 'Pmmmt 57
wtmw{:,b}hhm*h Y el ot B
_______________-_-Twh\'magﬂh < f, e ), T = |4zl 5
2 & = -s _'_____'_-_-_-_'_
e — 4 min {8, 7 + = —



[zcrata Mathamanios f0-58

Liz) = min[3 7+=f=9

'ﬁv-dhmlﬁdﬂﬂhl
PoeinehebdT=(

Lz} =min {9, B4 w=j=9
B.v-x,ﬂlepmthhdnfzhﬂ.

Hence the length of shorkest path from & to 2 is 8.
The shortest path is s c 2 2.

Solution 1 Fig- 10.74
LP=g, T'{"-"‘rt.-d.qﬁ.ﬂ
Lia] = 0
Li = =,

5 YaeT, xza
¥ = u, the permanent label of a {5 0

F = [a], T"“’aﬂrd.!..f,:]

FUBLIZATIONS” . An 5 tvust o Amaseecze

min fold L (B} L a} + w 2, 1y
min f=, 0+ 2} =22
min fe=, 0 + 16] = 16
min {= 0+ 8] =8
min (=, 0+ =] ==
min = 0+ =) ==
min {= 0+ o) ==
anent label of d is 8.
._-{h,:,e,f,s]
- min fold L {o) L {d)+wid by
min {22, 8 + =} =22
min |16, B + 10} = 16
min [, 8 4 =) ==
miin o, B + 8] = 14
rin fe= , B 4 = =
arienk label of fis 14
T=Ibcez
) = min {ald L (), L {f) +w b fi
| = min (2,1047] =2
} = min {16, 14 + 3 =16
= rmin [, 14 4 ===
= min e, 1449 =13
t lable of ¢ is 16
T=Mh.ezl
- m{mLm,L{ﬂi-w{Lbﬂ
= min (21,16 +204=1
E e min (e 16461222
= min {3, 16 +10)=12



e == \_QKW
| & v =, the permanent libel of 5 21 G, X

Pelad bl T=ledl
\ Lie) = min fold L ie) L b} + w (e B
= mln[zi.",!]+2]-22
1 Lig) = minj23 2142 =3
‘ 7. = & ihe permanent label of e is 22
I sind febe, T=i
\ P i"L;}=mhhHLf:LLft]+w{g_3” _—
= min (B2 +4=23
[ 8.v w %, {he permanent label of 2 is 23, ; w:ﬂ pr‘b’c’d'hﬂz}
| Hence the length af the shortest path from & fo 2 i 23, g L'M o
%I The shariest path is adlz or adfbz., u = o
!_.,gu,ﬂipermﬂl\ﬂ'ﬁtlibeiufainﬂ. ‘
p=lal, T=b ¢ d ek

L = min loid L (b, L {2} + w {a, B
= min {04+ 2]=2 F
Fig. 10.75 (s) Lig = minj=,0+1}=1
Lid) = minfe=, 0+4) =4
: Ll = minfe, 0+ ===
Lif = min{=,0+==s=
7 Liz} = minf=, 0+=f=m=
3.v = ¢, the permanent label of s 1.
Palac, T=Mmdefz
> f Lip) = min{2,1+3=2
Lid] = min {4 1+21=2
-  the giom graph using Difatrss Tl-ii::lzmhlmhj-:
= min {= 1+ 7=

\‘_—\\—\‘%____44 Liz} = min fes 1 4ol =2
TECHMEd, &
w.hmmh, A \-/“;:/’/

e g 4




wa gy -
1 \{ M
|i lvthhmhwofm 2
I. | P=fach, T=[defz

Bty
w: T’i""b-.c.d“tfi‘s':!
y L{d) = min {3,2 4 o = 3 AR
I»‘_. L je] =minf52+3 =5 phl = ¥xeT, xea
; LI} = minfg2+m)=g ve = i
l. L{zr-nunf-i.h:n» . P
S.U-d,ﬂlep!rmmlhbdnd'duﬂ. 24

Falacbd, T=gy
L {e) =i 5,3 e §
Lif = min 8, 34q =7
Lhi = ﬂﬂl‘tf‘%ﬂi—ﬂ}:h
5“’='~'“"-‘Pﬂ'mmlabeiufeiuﬁ.
Peficb d e T=ifz

Lifl = min 7,550
Liz] = TN o, § 4 ) = ¢

T.:Eb-“-d'e"t's'z}

L) = min (ol L) L) +w gy
= minf=, 042 =2

L = minle, 0+ 4} =4

L = min f=, 0+ 5 =5

L = Lifl=L{gl=T{zj=w

bl

jr=b
pelabh T=ldefga

Lieh = min L () L (b) +w oo cl

= min{d 2+1}=13

Ligl = mnf52+4=3

Liel = min[m 2+3}=5

Liff = mimf=2+1)=3

Ligl = Lizl=m=
dv=corf
mv-ir?ﬂ'ﬂmmd":a'
P=fabfl, T=ldeg3

Lid = min {3 3+32=3

L{d] = min (5 3+ =4

Liel = mﬁ.i*ﬂ":‘r’

Lig = minfm3+8=7

Lig) = minfm 3477



Déscrate Mathamatics 10- &4

S.v-c,p-mhbdnf{:rl
Pefabfd Teldeg
L i} = min 4, 3+2=4
Lie) = min(5,3+=4=5
Ligl = min 7, 3+= =7
Lz = min (10,3 + =) =10
& v = d, permanent label of d = &
P=lab fed, T=lag3
Lfe] = min[5,8+=t=5
Ligl = min[7,4+2|=6
Lzl = min [10, 4+ =10
7. v = ¢, permanent label of ¢ is 5
Pefabfcde T=lgzl
Ligl = min 5,52} =6
Liz} = min (10, 5+3} =8
B v = g, permunent Lshel of g Is 6.
Pufabicdeg. T=[
Liz) = min8,6+1) =7
9.v = 2, permanent label of z is 7,
Hence the length of shartest path from a to z is 7.
The shortest path is a b fd g 2

ke the Difistra’s algorithm to obtain g,

Fig. 10.77 {s)

—

: “mﬂm.”“m“m

. shoriest o 1o
mwwﬂwhmw;hmmmﬁ,hh:mﬁ
awww P bty
b 4 J %
—_—
2 2 ‘
! d
", - [ : N
1
2 3 ! 2
2 1 " )
d i h <
1
2 1 \
" 3 I 4 (1
Fig. 10.78

galution 1 Refex section 10.16.2 for Dijkstra's algorithm
1P=2, Telabodetghilmnal

Lija) = 0
Lm = =, ¥wxeT, x=#&
1v =& the permanént label ofais o

P=lai, T=fbcdetghiinnod
L) = min fold L (b), L {s) + w (& t)
Lip) = minfe,0+2=12

= min = 0+ 2} =2
= min fm 0+ =1
= min = 0+2] =2
= rmin [, 0 + =) = =
= min oo, B+ el =
= moin fe=, 04 ==

L} = minfs= 0+ ="

WW-"“‘"’“H :
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N R

Ljm} = min =0+ =
Lin) = minf 04 4=
Lio) = minf= 0 +=f="
Lig = gin o 0+ w0} = o
3.v = b, the permanent label of b & 2
pefabl, T=ldefghilmnoz
Lig = min 2, 2+1) =1
Lidl = min{L2+==2
Lie) = minf2,2+=2
Lif] = minf=24+4=6
L{gh = minfe2+2 =4
Lit=Lfil=L@=Liml=Lnf=Lfol=Lfz) =
4. v = ¢, the permanent label of ¢ is 2.
Palabd Tefdefghilmnoez
Lid] = min{2,2+2) =2
Liel = min [2,2 4+ o =2
LR = min [f,2+ef =g
Ligl = min {4, 2+ 4) = 4
Lh=Li=lli=Lim=Lin=Ljo)=L (s =e
8. v = d, the permanent label of d s 2
Felabed, T=lefghilmn,oz
Lie = minf2,247)=2
Lif = min {6, 2 4 oof =
Ligh = minf4, 24324
Lm‘“["’y!fl}ag
L} = MmN s 2 4 3) = 4
Lm.Lhﬂ:L[ﬂ’:L[ﬂ'L[_ﬂ:-

W‘“Whhm

YFW .

# #wthbe]nfeisz

F"ﬂb,ﬁd‘e]' T=lghilmnogg
gt E min (6,2 + =} =6
= min [ 2 +=t=4
L= min (6, 2 + o} =6
Lm;min{'l;l*ﬁlﬂ
g = Liml=Lini=Lil=tp)-.
label of g &s 4.
?"if;b,z.d-”" T=[khilmnoz
L(ff = min (6 4+2=6
L'hlgmin{ﬁr-i*ll‘s

r:i

il = min {4 4+=}=4
L=
Lim) = minf=4+5=9
Lin} = Lol=Lizi==
j v, the permanenk label of i is &
pefubodegil T=lhlmnoz
Lif} = mini64+=]=6
Lih) = min {5 4+1)=5
L{l} = min (s 5+ =
Lim) = minf9,5+=}=9
Lin} = min fm= 5+3} =6
Lo} = minfs= 5+4)=9
Liz} = minfm5+=l==
Ly =h, the permanent label of h is &
P=lab,cdegih T=fimnod
Lif} = minf65+=}=6
Ll = minfe5+e==

Lim] = min(9,5+20=7
'_"'_‘—'—-—-—'—';:_'ﬂ_lﬂg.n#*"‘”



i
1 e aomls — mm

Lin) = min{8,5+31=8 ; father
! Lifo) = min{s§+o}=9 Wﬂwamtp@sﬁbhmmmw:thlqw
H ; g 118 " ermany, once and ooly cnce '“"h!d;‘“"h
8 || Lz} = minfe 5+l = FO’W L
i label of { is &. ¥ ﬂdpmmdbrﬁmlmuhmﬁmﬂ
3 | A et " gyode © 2L a and B with seven bridges The g " o
h, T=Mmnoz 190 o the ; Problem gy 1 g, O
P=labecdegihi L uimemﬁr.hﬁ,l:nrll.wﬂkmm LT
areds ; y UEH'!“ g
LH-]' = mhﬁ"'a'-g #wwd' mwsmm%w' Hﬁm],
'l'i, Lim] = min[7,6+4/=7 i;.,;rﬂ’ A
Lin] = min 8 5+= =8 J@Q
/| Lio} = min[%5+=} =9 p :
1 Liz} = minf 5sef=ee
rl'__, 11 v = m, the permanent label of m is 7. ﬁj &
i B
ﬂ,: P=fabedegihim, T=lnoz T2
| Rl unsolvable, Buler sarh land
I Y is by i ven
H Lin] = min{8,7+2}=8 " mgﬂwprd:'lﬂl.‘l _ﬂPhEd_
pmnghmpmdn'qm
Lio) = min{d,7+ejm® 4 pridge by an ed8e :

Lizl = min{=T+1] =&
1Z v = 2, the permanent label of z is B.
Hence the length of shortest path from a to z is 8. r:.
The shortest pathisab g hm &

i w—r—

]

. which contairss €<%
Fig. 10.78 (a) Definition + The circuit
Anowiacize — WRM-“"'HM
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- _|: i Waﬂ“ﬂi?&ﬁmhht
BERERR Eulosan Oresh = m@mﬁwaﬁmmtwmmmtmnmdwmmm
i circidt s known as Erap ;
A graph which has an Ewlerian i Eulerian w o P oren
Fatnpincd ; & 'ﬂﬂ"”:ﬂ- position. E""“‘ﬂlmﬁh
wﬂfﬂ'w" kil contins an Eneriecivy
1t 1
saletio® 4
GumBﬂmimg:ap‘huG“l. l‘\
Eulerian circuit, “
lEthtzt'sdHHsf:ggqa
a
Flg. 1083
Gy contains Eulerian path but not Euberian crcuit, The above graph in Fig, 10,83 hes an Exlerian drooit becuse the graph i connected
Mﬂhvﬂﬁmm&mﬁﬁgﬁw i
i m
From example 2 it {5 clear that a graph containg Eulerian path need Draw a graph which
not have Eulerian circuit. Eulerian circiil-
The existence of Eulerian paths or Eulerian crcults in a graph is Salution : . ol
M cattices b 2ad § of
Flg. 10,82 refated #o the degree of vertices. The gn thﬁ&IME:mmmmmﬁm;t )
We show now a result due to Eubar. dagree, hence the graph in Fig. 10,84 has an Euberian p

Theorem 1 3 An undirected graph possesses sn Eulerian path if and only if it b
connected and has either zeto or two vertices of odd degree.

Theorem 2 : An undirected graph possesses an Eulerian dreuit if and only if it is
connected and its vertices are all of even degree.

Theorem 3 : A directed graph possesses an Eulerian circult if and only i it &
connected and the incoming degree of every vertex is equal to ita cutgoing degroe.

ﬂwml:hdumdwhmmmﬁﬂedmpiﬂuﬂmdmﬂ?““_h
connected and the Incoming degree of every Mﬂkaqllaltnihnu!guin;deu:ﬁ““‘h
ﬂwpntﬂﬂempuuunnimvm.ﬁrmmwrﬁmlhemﬂﬂﬂmuf

d
a
one is one more then iis oulgoing degree and the incoming degree of the other is o0& Fig. 10.84
less than its outgoing degree. o
- . dsiE
A
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3 e .El-lrl'f;'-m?
:ﬁﬂul?mmﬁmﬂ ;
Solution 1 hx,.mmhwmmﬁ'%{n-l}mﬁm,ith
mmuﬁ-l}.ﬂnkoﬂdmmm enﬂhym““ﬂh% .
b,

theorem 1 on Exler circult, the complete graph K Wil contain an Buler g,
Far an Exler path, the graph should have elther 210 or exactly 3 ypry
o agy

» :
E::dymxﬁ-umnfudddryeenpﬂiﬁkmdyin]c:,

—a

K

Alse, zero vertioes of odd degree are possible in K, ""hmnhodd,
all complete graphs K when nis odd have an Euler path, He"-'lkl =
CETIETED) Fird unider what conditions Ko,y the complete biparti .

Euierian circuil, 7P will h
Solution ; In complete bipartite graph Ky, consider the following cases.

{i) When m = n and beth m and n are even, then "
hence the graph K.y, will contain an Eulerian deogr o 8 even any

Esamples Kz 5 . Ky y

n— -

Disrste Mehmalcs L Ys;k\; et
mrnrmﬁﬂ ; e

iy
Fig. 10.88

hoth o and o are even, then the
has an Eulerian cizewit, | © T 4 Bn o gy

AT

Fig. 10.87

m # n and either m is odd or 1 5 odd or beth are odd, then the pragh wil
m:utpmmnmnuleﬁmmxmmmmhmhﬂmnuﬂu

not possess an Eulerian eirout.

b

n and

i *
w.i:,;‘ﬂﬂr Ka4

Fig. 1088 et 1
m“ﬁc&q’hfaﬂwﬁuxwwm"”"
1
\—///Wﬁ:;m/’/
_.-‘
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Flg- 10.69

Solution 1 h,gaphlrmumlsufwmdepmﬂmﬂ H‘Mm%
mwuamw?ﬁmnmﬁmﬂmﬂmd% ’
ﬁmpmammfukr’spaﬂ'l.

Hamiltonlan Path and Hamiltonian Circuit

Apmhmﬁnﬁhxhﬂwmmuﬁm&mﬂulﬂimhﬂtwanE%Mh
mdﬂmﬁm.pmﬁradrcuﬂmatpamﬂwughwvminamphm“
Eﬂﬂ}'m.WtﬂrﬁnEaHluﬂmﬁmpiﬂl{dtcujI]mheapaH‘{m that page,
tl!m.nghaadnnfu'le'l.lnﬁrﬁhlwhtﬂﬂlym-{ﬁl“ﬁuiamHiﬁﬂtmimmﬂm
gam“ﬂfamm;ilhewﬂr]d"hwhdl&epla}misﬁked to d

etermine
dDdBmhed;m'Hutwillpm H‘mughmhinguja:pnhlmmdmﬂym}.
MHmmmum

Mnjﬂmm.pa.ﬂxhamnmm gnphﬁkaﬂmﬁatmﬂmkﬂqﬁ
vemnfcﬂt&:ﬂj OmicE,

EIETEY Hamittonian Clreult

Drfhlﬁm:amcmtmnmhdmphﬁisa

o i if i
W e Hamiltondan cirest it condains

mmpt'ﬂleﬁntmdlfmlﬂm
IM:IAumndmww

: iamn Hamilton, in 1359 tegular solid dodecahedro
;mmammlmmmhmﬂhmiﬁd;.ﬂ:;ﬂwuw
traval und the wpgld- !hdhs closed cireyiy it along LB
through pach Vertex exacily n'nlz i M

NN
W

10 - 74 'fq.'

Fig. 10.80

o s Mhlil&.ltllti!.hi‘.ﬂ,
(ne

b2 Jegian ' T 04 iy
i 2 Fauﬂuﬁmﬂumﬂmvem
W:Ed ine Hamiltonian circuiss or paghg )
ﬂ::::mmmmmmmmﬂuuﬁmdmmu
it

C be ;aimplamruwudmphmmm.lihmﬂhm
““J;i’mﬁvﬂﬁmiﬂshmhllw h:ge,ﬂmﬂ:uemlﬂuhm]mm
ot

G

MERHME

Fig. 10.81
sons 1 w5 i
Fe the above Fig, m.ﬂLtrtﬂf“mﬂ’“meaW
® vertices is 4 or greater than 4. Hence ary candition ¢
Bven by shede, et bt A0t
Remark : Condition in theotem 18 8

®Since of paih in a graph
—//
e p———

mu-‘mP*
Wﬂﬁhﬁﬂuh
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£
a

Fig. 10,92
G has 8 Hamillonlan path 12356 but degree sum of each pair of vertex js
4E(H=1=(n-1}

Examgpln 1030 Mmmggmm:qmmminmﬁpum
MWMWMMWMWWMMMMM@.J?
wiﬂshrmgﬁumm!ﬁnmmmdmihlﬂbﬂfwﬁn%m
schedule e exmmingtions.

Sn]umn:LanI:rngmup with smven vertices W the sewen

n:mmlmﬂwmhmedgeh:m-nymWﬁmwhkhmmdum

examinations given by different instructors. Since (he degree of esch vertex is af least 3,

lhesumnrmdwmﬂmymvmhathul&&mqumly.cmmwMu

a Hamilionlan path, which eomespands to 2 suitable schedule for the seven
examinations.

Thmmz.'LrG-W,Erkaglnqzlamwﬁedp:phmvnﬁMWHdenm

vertex v lﬂmﬂlﬁrhﬂn:equlth%lhm G will contain a Hamiltonian circait,
For example :

et

¥a

G
Fig. 10.53

TECHWCAL PUBLICATIOWE" . .u....u.,: [aes—

of each vertex 1s greater than or equal i 3,
i G 0= FF m 2 on Hamiltonian Circuits, the graph hus a Hamibtonian cirrit

1,-.'1"3" 'I'hl condition %ﬂ!ﬂ:ﬂilﬁhﬂlﬂdﬂtmﬂmhhﬁ

5 4
&
Fig. 10.84
of eaxch
4 1235456761 but degree
. ices has a Hamiltonian circult
G with 8 vertices
yerte B8 2

Hasnltonian ciresit
connected simple graph. If G has 2 -98
{‘f.-mh” Sﬂiv,hmﬁhh#{a
non empty subset
bess than or equal to the ruml o h:;' mﬂhﬁl}hﬂ“h“
me?lu:ﬁwmﬁmwpph 2
whenin @ m

MmmnmilmlWML

x#hm
Sﬂuﬂm:HdeImﬁmmmhﬂﬁlmhhwﬂthnlh

and Hamiltonian circuit does not
men,
'CWHEKM_“ m#n of Kmn
Let [V, V,) be a partition ﬂ“f.‘“ﬁwﬂm“
id m < n, The graph Kmn=¥1

disconmected graph with n compenents
__h/—l/n;:;;/’//

nove’s Asep



eemlp Mefhomales

in K n—\"lmn5|"¢"||:.m. i
the number of cemponents I Bam, 1=
mr[;::ftﬁmm{n.mmvbrﬁwmlkhn does not contain a
circuit when m # n.

Consider the complete bipartite graph K, n whenm =n=1 iz Ky 5. :

G=Kgp
Fig. 10,95

Tolal number of verlices in graph G is 4 and the degree of each vertex v is 7 3

satisfies the condition for theorem 3
degv = 2 a%

Hence ¥ ; has a Hamiltonian cireuit.
Euul.udr for KJ_]

G=Hy g
Fig. 10,56

deg v = Ezg.w}uﬂnumhﬂ'ﬂmﬂmmﬁ.
Hence K5 5 has Hamilienian circuit,
Travelling Salesman Problem

In this section, we discuss 2 natusal exension of the problem of
Hamiltanian circuit in a graph,

The prablem i known a8 Travelling Salesman Probles”, which is stated as

A salespecsan wants 1o have a tour of the 1 cities which starts and ends st
gty and includes visiting ech of the remaining (nel) cities once and
_lr!lu:o'm, = lﬂmurﬂhnt has a minimum total distance is desired,

TECHMICAL PUSLITATINE' - An s Bt for g

10-7

%_:m be represenibed hr.__‘______;ﬁ

: : mnmm
ﬂﬁnﬂdﬁﬁ”wmm“‘“ﬁwhm
it

igh of each o480 5 the e b o

gl efer 1o W ) 25 B0 TREN of the e,

" aveling salesperson peoblem asks for s Hamibonian cireit of miisnm

,wn:;:”yhuhm“m"hm“f“hwdhabuhh

ﬂ‘:‘rlmfﬂ‘”“'"mi’i‘k _
_.]*wq,k}z_wihﬁﬁmm%

ek dkmﬂﬁ#“pﬂhmmtmhlﬁmmunuww

mwﬂmﬂw‘mwﬂ-hmﬂmmmmmﬁnﬂyh’m

'd:n,: (210" ramionian s and pking the oe s e st weigt
all

W Pmapmdmhmnu_hmmmpbuummp
m}k:ﬂ:ﬁwd results for the travelling salespersan problem.

m Hearest - Neighbour Method

2 and find
i mmwmmwm.mwmw
hmwhkhhmmthihtmﬂmﬂ\squuﬂmmuhm
st i Wﬂmwﬂrmmmhhﬂmﬂ
i pr e fhat b5 closest fo the gasting
i arbi wertex, and find the vertex 1
1 St with any Aot o pah of one i, Conauc s poh by sty
dlﬁmtverﬂmudbuﬁedinmp{i]. i e
L Lat mmmnmwm;mdm nﬂddmmhpmh
. i ﬂaewm,psd:wm&ﬂh&mﬂwn g i
Ll‘;“;ﬁﬁmwwmwmwmﬂw

Joliveing Fig. 10.97 sharting ol mﬂn-' ) .
) Repeat the part (w), starting at pertes “d Fﬂ*&wammm_:m
el Mmmmmmwmmww#‘

e
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Fig. 137

Sclution : a) Start with vertex a. There are 4 adjacent vertices b, ¢, d and e,
wertex i ¢ (as length of the edge (a, <) = 4, which is minimum).
(i) Initial path = [a, c]

be e
3 3 z
Fig. 10.97 ja)
fd;ﬂurmh:rmd}mthqmﬂ;h,d,em-}.mmib
Fath = s, b
a
4 (v} Since all the vertices are
N i should be a path from & to a.
a H'MMWIhﬁh!d‘hq
5 :
Fig. 1097 o)
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Discrafe Maftematics 10

The weight of Hamiltonian dreuit = 18

P)
b 8
4 .
d 1 B
s Fig. 1097 {h)
Fig. 10.97 (8] ]

o) To find the Hamiltonian circuit etarting from d, consider the vertex d. Sine b {d, & b, < &

Ii'm\rﬂﬁ.eeahmd!mneamslhdubﬂﬂimﬂdﬁﬂrm!ﬁ'umd_m.ﬁ?:? :

fiv) P =

cheose any verbox
Let e be the vertex,
(D) Indtfal path = d, e
.
ke g
Fig. 1097 ) |
1, to camplete the Hamiltonian dreult there
i 5N . Mdbeapirﬂ!ﬂ'ﬂm“md'
Flg. 10.97 () " Hamiltondan = {d, &b, ¢ 2. dJ
rm;b,cmndjamu!nehnhhﬂwmtuiguw:ufm -1
F-Iﬂ‘lJ:M!'er [
.
b e
2 |
& 2
Fig. 10.87 (g}

TECHACAL PUBLICATIONE": s 02 dhaast tor e ’ |
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Digcrate Medhamalics

Remark : [n fact, no efficient algerithm is avaflable to find the solubion of W
salesparson problem. Nearest neighbour methed gives good result but not alwayy bm
sesalt 25 in the sbave preblem if we choose the vertex b next t0 the vertex d, we gy y
following salution.

b} To find the Hamiltordsn ciruit starting from 'd’

:

e LT

:IB-METM
b and e both vertices are at the distance 2 from d, hence we can choose any vertes,
Lt thie wertex be b
(i) Initial path = [d, b|

H
g
H
-
d a
Flg. 1087 (1)
[if) &, ¢, & are adjacent to vertex b, but ¢ is nearest bo b.
Fath = [d; b, €]
:
B 2 &
F
d H
Fig. 18.97 (m)
MWI’H’{!—- A= L L b e dge ¥

# path = (A Bocal e

¥

¥

Mﬂﬂ“‘m = ﬂ'h..,. -
and € 3T e :.'.E'm“_“bc




e —

Diéscrate Mathemabes 10- B8

¢) The minimum Hamiltonian cirouit is with weight 16,
Lise nearest meighbor method to find the Homiltoian cicuit staring
in the following graph. Find its weight, e
Solution : (i) Initial path = {a, d]

{ii) Path = [a d. c}

() Path = [a, d c, e}

Fig. 10.98 {b)

_-_._'_._._,_.-—"

TECHMICAL PLBLICATIONS = A1 s Wl for inasiedge

=SS

Fig t0sa (g
H}Hﬂ'ﬂwn dreuit = fa.d,ceba




Dizcrate Mafomancs 10~ 88

wﬁwm 0.8

Asnzd
n
I'I-IEE
ﬂd{\l’jl%’l. ¥ veVeolK,

Therefore the theorem 2 on Hamiltonian Circuit s satiafied
Hencr the complete graph onn vertices has a Hemiltomian circuit,
For example, Constder K5

The Hamiltonian cireuitis abed e 2

The length of the Hamiltonian circuit is the number of vertices in the circuit. For j,

Fig. 10.98

the Hamiltonian cirendt will confain 5 vertices.

Hence in K, the length of the Hamiltonian circult is n
{n—1}!
2
FTR R Find 0 Homiltoriar: paik and o Hamilfonden circudt in Ky 5.

Soluton : The complete bipartite graph K 5 is given by

There are Hamiltonian circuits in the complete graph Kq.

1 2 3 4
L] f T
Ky
Fig. 10.100

TECRWCAL PURLKATIONS . A iy sl o inowisdge

umber of vertices |

e total in the . Gty

o e
. math ¥ '

Wpa Mhm"uh:f

5253?4

! Ky 3 doesnot 3

Wﬁﬂ'ﬂ‘ s mm'%mwhmmu

H:Iﬂf.l. k .- | Ty
Hamiltonian

Fig. 10481
| Fulerian Circuit s 1 2 suﬁfaml.wwmm“

Remazk : Every wa"mnmuwmm
both Eulerian circuit and Hamiltonian eircult i ¢
Fulerfan cincust bub ™

() Graphs with
| Hamilberan u'mllmﬂlﬂ'ﬁ'ﬂlﬂﬁg' I'J-lm-iﬂd
Fig. 10,105,
E}Euhﬂancirmithelb"ih'm ' .
fg. 1048

Harniltonian circuit.

—-—\_.__._,—-—'—'m.m- l"ﬂ'w

TEGHWCAL
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; Lo

(o) Eulerian circuit 1 6 2 5 |
¢ Hamiltonian cireuit.

o

&
Flg. 10.103

(i) Graph with Hamiltonian circuit but ne Eulerian sireus
Mo Euleran circuit, H.-mihm.tmmcuinub:deh

H18 shown in Fig, 194

L]
Filg. 10.104

iv) Graphs with neither .
and Fig. 10.106. tther Hamiltonian nor Bluesian circuit are shown in Fig,

10,105
iy

Fig. 10108
‘_‘_‘_\_-__‘—I—
____‘____-_‘—_-_‘_-_-_
wmmﬂ._ F—
e

! M ]

@

e

%a
Fig. 10108
@ Edge and Vertex Connectivity

i will see how reseral of
fhis section, We edges and vertices dissermacts fhe
mﬁﬂmwmwmﬂwmemm; v
hmmgfwmﬂmmmut

m Edge Gonnectivity

1 & cormected graph G, & cf set s a mirimal st of edges whose removal
memwhwﬁmmqu

hmwm-mrmh.mmchaﬂﬁmmm
ien G leaves G disconnected provided removal of po proper subset of Tese sdges
disconnects G

Examipla :

Fig. fo.007

In the Fig, 10.107 e, e ¢a- €10} B "“’“'m
Other cut set are feg, 25, €10k CCTLL Gﬂw;m:puﬂ

For &nwrmle;r,eg-ewelu}'h"h“'
nmﬂ-.i--l'-'"""'

regnCAL PUBLIGA
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T S

g e §is
¥y

"y

Yi

Flg. 10.108
Hﬂﬂﬂthﬂhawtmmtﬂnﬂhuemﬂym:ummu. cormected .
1F the cut st of the connected graph contains anl i sad to be 1 g i
¥ ome edge, then that i o
8 bridge (or isthuma), Le. the removal of bridge (or isthums) disconneet ﬂf‘::;hmhd re is known as separable graph i ifs veriex pamnectivity is one.
A
o sepaTeble graph, 3 vertex whose removal disconmects the graph s said 10 be s
- I: D‘|:|.ﬂ5'°£nt'

Fig. 10,108 |
Edgtthminhuu:tmbﬂd;e}mﬂuwhhﬁg.m!m

ﬂmmcurly:m:amw minEmiem

&7 MG) of a graph G is the mi

Wehose removal results in ldllﬂﬂl'mechdm‘hiﬂilh{nrnﬂjgﬂpiu.

BTN Vortex Connecivity | xuﬂ:nmmrh“ﬁ-mm”“m”“,w:m removieg ay numbes
Ihvmmm-itymmundmpkw S o 5 o - i

wheose ts the

o]

e o - | Flg. 181012

n " s e el i n!rﬂ'ﬂm'butmenu]lpaphrdulumm“-huﬁm
a Therefore K (Kp) = o=l
* " Theorem 4 1 For any graph G, K (G154 6280

where § () ummwdwd-mmhhwhﬁ-

ﬂmmz::fsmnmﬁmmuqz[%]mltﬁr-ﬂtﬁ
': runectivity
amIsT
{ Ma:mmwmmnmmmmh
isDwhene<n-1 mn[%'-]wm.zﬂ.

______‘_-_‘_‘_-_‘_‘_-_-_‘___-_-___
o \—/—:’_I;v/
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Planar Graph

A graph is said to be planar graph if it can be drawn
mtdgucmmumﬁuunptﬂrmmvm
Examples :

L

__""--:".___-'I-I;__

muphwlnsum.wl},um

Fig. 10,143

Fig. 10.414
Hence Fig. 10.114 (5) s a planar graph

Rl

Fig. 10.915

Graph in 10114 (a) e
redrave as 10,114 k) b

Flg: 10115 (b) i plarsa graph

R e

RTINS 40 vt e ey

4

= 8. I
p ; I
o Reglon® ==
resentation of a Eraph divide

janar FOF the '
"'ﬂfﬁrmﬂ“dm“h“; H""*"“%{mm.
 regio" d“’:“""" ,m:::“ﬂwmmu,
mmbmlﬂd reg! “Mnm:wmmm

guamph® ¢
1.

Fig 18418
The planar graph of Fig. 10116 s three regims Ry, By id 8. %y o hoows
exteroe region, Ry and Ry are known s bounded g
Remark : Bounded region is somefimes known as it regon s e irea s e
Unbounded region is alan known as infinite region = e wwe i EEe A plew
whhﬂmﬂ}r one infinite reglomn.
2

Fig. vofiT

|y rariboundied FeEiE )
Ry, Ry, Ry, Ry and By are bounded e h,,,mr““'h“' "

The subject of pl.mﬂ'wﬂud- wered
polyhedra,
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The Euler formula for polyhedra is ane of the classical results of mathematics,
Thearem (Euler polyhedma formula) ‘
“ )

Fer any connected planar graph,

' Fig. 10.448
| ¥retr = 2

i Wv-e-rr = zhmhﬂ'.lllllhnhﬁlﬁdhﬁﬂ.bmmw

Where v, &, ¢ are the total number of vertices, edges and regions in the grapy ed edge and vertex back inko G will increase count of vertioes by 1 and

ively. :mﬂdfmbyl;hﬂtwmﬂmmﬂummm.

TR “Gmmvmﬂdmﬂl.mﬂﬂw%hhwzydu

Proof of Euler's theorem . i.hfl'ﬁﬂu cegion will yield a connected graph G (Fig, 10.119 )
mahﬂn}'mmdphnugmphwﬂhvvuﬂmeadgqum “ﬁﬂmﬁmﬂﬂﬁmhﬂ‘.ﬂﬂﬂﬂhmhﬁmm

regions, i mﬁfmﬂd edge back into G' will ot alter the count of vertios bus wil
The proof 124 induction s the rismber of edges, hange count of edge by one and count of regioes by 1
lﬂdelnfludncﬂun:anMngmpluwit!utug]tudg:.ﬂumtﬂtv-u+, = 2§ . G = mmumhmmpphdmgsh-smt

mnmmg[gdgunndv Is tota] rumber of vestices I the graph G.
la

Gince the hunﬁmphpammh&emmﬂhplw
Whlabnmtdedbfrﬁihﬂlﬂwuurmudgu.mhwwidﬂl

: ' sans of the plarar graph G therefore
" ;zs:.Ahn,eadudmemhdedmalnuiwm planar
s 1@ 23T, ;
ie
=t
= ) 7 !
Flg. 10.118 - " »
this vahae of £ in foruala,
In Fig. 18 fa} v =2 o= landr=1 Substitute 2e
ipin v-=+—3-zz
for Fig. 1B B} v = 1, =1, 7 2 Ay=pZh
V—edr = 3 |
(i) Induction Step e | e £3v-§] e .
EJ"I:T:H"-‘: = 7 iz 3atisfad m-l.l.ia;\'-ﬂphal'lﬂ‘l-{n—'llﬂdﬂﬂ- Using corollary 1,WMM&‘F¢QW recion
pd [[ﬂ.“:hl Fapl.l -
removal if this verpe: mﬂihﬁﬁ_g-HGMaMdml.m edges), e =354 = 10)
graph G* Fig. 10:119 {a}, ﬁﬁemﬂmmhwﬁ#l ; 3
L Veb=15-6=9
AR e Mirmdacie: Bat a9 2 10
i = T
— ot by
_-t*}% FECHMCA oy,
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Discrate Mathematics .
» ﬁ;rasi"'mmphuphm

Hence Ks is non r. i 5
5 is non plana I,‘;-:;E --swmh“hwaﬂ!M
h ity of  graph is clearly not affected if an edge is divided b

| ?’Fl_'ﬂ;’f%wm;emm' of & new vertex of degree 2 *
:
Ky v
Fig. 10420 : &
| Fig. 10.122 Fig. 10421

edge by the '
Ky
Flg. 10.121 |
We shall show that the graph Ky 3 is not a planar graph either. If the graph K ; is |
phnﬂ,mryregiunwmﬂdhehnmdrdbyfmnurmadged Thiss  from
veesr= d{asZezdr)
w—e+E-f e 1 | v
: |
of Iv=4 2 &
Forthe graph K35, veéandend &
ThenB 29 | a &
Which is impossible. Hence k3 is not a planar graph. Thus Ky 5 it a non planar L] rig. 18134 ‘
geaph- G b g o degee 2155
Kj is known as Kuratowski's first graph and Ky, 3 is known as Kuratowskd's second - comoed from BT U5 e of by e
graph. isomerpi ™

Remarks : Although Euler's formula can be used to assert whether a given graph &
non planar, still the application of formula can become tricky for graphs containing even
& moderate number of vertices and edges.
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i 28 Kuratowski's Thearem

A graph is planar if and only if it does not contain any subgraph that is jeg,, :
to writhin vertices of degree 2 to either Kg or Ky 3.

Remark : According to Kuratowslkd's theorem, there are numerous non plana,
they all must contain a subgraph that is isomorphic to within vertices of degres 28;%
af the kuratewski's graphs. e

passible
A
‘“ “ - “
P L]
Fig. 10407
P here
| 5nl-rﬁw~:[111i""‘"’c":""mm11"'“1:,1”'r
o F [ £ 1';_‘ = ll.-hid
v, = ldoef V. s with verscm of ¥
W | zv =V V]n"n‘:-ﬂﬂlﬂwﬂ ‘#a-:uﬁp#*‘“
o gd Vi Y2 ?
] i) s is graph B33 also - Vs St
Flg. 10.125 . ; F..ﬁﬁmnlhh
Salution 1 Mﬂtﬁwmwﬁl"m;ﬁ
m‘immmh- of V', joines with verticss & 73
mwh*’“l’wwph
Ay - g i .
g
4
o : '
(i
;: i
Fig. 10.126

(i} and (if) are planar graphs.

—_—
TECAMGAL PURLIGATIONS. A o Bt for incssiacipn
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— o g =
(Exampic 10.35 JTATSA the graph given are planar or nol.

H, 8 -
|
4 W { z
9 E

# iy {1} Fig. f0.1x
M m M"E E“Ph h a mphh i ¥ k :
s Flg. 10.428 qence it 8 mf plIHSIHE 0 draw edges withyy o aaa;:ﬂ B 200 plarur gy
. _ Therefore it is 1ot possible to gupy o
,,milliﬁ witheut Y cosievesy of e |
OR
mn oy
Flg- 10.130

()

(ki) Mot planar
[iv) Dot planar,

]
Fig 10.131

Thraa Utility Prablem

bl There are three kouses Hy, Hy, My each to be connected to each of the three
ukilities : Waler (W), Gas (G) and Electricity (E) by means of conduits, Is it pussible fo
make siich conmections without any crossovers of the conduits?

Solution : The problem can be represented by a graph shown below in Fig. 10.131, the = pig. 1048

conduits are shown &3 edges while the houses and urlity supply centres are vertices.
S .-,mu:.!.':»"!"“"'"-u--m!l"""""""“'WI ‘
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b as vertices of G can be divided iy v,

Digcrale Mathamedics

Saoluton = (I} Gy = (¥, E) Is a bipartite grap

and V3
where V¥, = [s,bL Vs = jodefl
such that Vv Wy = Vand Vi Vs
Alsa edges of G join the vertices from ¥y to V3
M [

= B

&

£ d . .
Fig. 10.134 (a)
Alsp it is & eomplete bipartite graph Kj 4.
Dugrea of each vertex i even hence G contain Eulerian drouitacbdaebia
Gy does not contain any Hamiltondan crcudt
G is a planar graph as no two edges are intersecting each other,
()

g * b

ﬂ-u.!l},fhﬂlhl
It is not a bipartite graph as vertices of Gy cannot be partitioned in to sets ¥y and
V3 not having edges among themselves.
G contains 2 Hamiltonian creuitabed fe a
In g degree of fwo verbices is odd
deg (a) = 3
deg () = 3

Hence Gy does not contain Bulerlan circult, but it contains Euler path 28 67
containg exactly two vertices of odd degree, =

Eulerian path isabedfbdefac

TECHWEAL FUBLIGATIONS - et g frvvst fo

———

- H-.ul-
Mgmﬁmh?ﬂdgﬂmwmm.

6 #*F
" [ ] 4
o o

& 1
I Fig. 10434 [¢}
| bipa:ﬁ'btguph‘l"=ﬁ!.hnﬂ.r.ﬂmhp;nﬁndhmm\f,.ﬂ

v, = def
= @ ani dlso edges

Gy s a
|
| swhthatVa
and ViUV2

Vil
%3y s & complete bipatis &

L
In Gy degree of
well as Eulerian path-
G4 bs a graph Kz

fesadbf <
Gy = Ky, is Jown 22 K

= fabich du}mhwmflb
= ¥, ViVz

o each
nphn;,;-ﬁa'ﬂﬂ“"ﬁ“h'ﬂ““m

B Fulerian ot B
aﬂvnﬂaﬂiﬂﬂdﬂmﬁwm
e K mﬂmﬂﬂmc‘mt

m.i

mwmum?’“’#

]
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Gy is ot & bipartite graph.

Degree of two vertices d and e are 0dd,

Hence G containg Eulesian path but not Eulerian crewit,

Eulerian path seabedbed,

Gy contains a Hamiltonian cirout a becdea

Gy is & planar graph.
CEEEDRIRR) storo that in 2 comnecte planiar

the regions is bounded by 3 edges.
Soluﬁm:ﬁmrdmsmmleﬂﬂumfmplmm

V=g 4+F = 2

where v is the number of vertices

Mm‘mfﬂmﬂ]?e@ﬁ:my

e ia the number of edges
and r i the number of regions
¥V e=6e=12
= 6-R+r =72
= r=§
Hm:,hgfmmphmhhu!u@m.ﬂ:uhreﬁmhhmﬂedhyaedgnm
2e = 3r

ie dxil = 3xA
= H = M, which is true
Hmumnglnmnfﬂwgimpaphuqumt}ragdm
EIEXE Matrix Representation of Graph

A graph is completely determined by efther its adjacendies o iis incidences.
This information can be stated in matrix form.

Adjacency Matrix

Let G = (V, E) be a simple digraph in which V = vy, vy, v, ] and the vertices are
assumed to be ordered from v; to vy,
Ann x n matix A whose elements ag are given by
1 iffwj.vj)eE
% " lo otherwise

is known as adjacency matrix of the graph G.

TECHMCAL P T da ua S for ot

B"n ¥y 'ft
; !

s

Y

Flg. 1803
,wmh-bcﬂﬂfmﬂ
010009
00100
Jﬁlﬂ [:IIJ{I‘J.U
o1000
10010

femark ¢ Mizmber of 1's in A is equal to the munber of edges in e prs

EEEN Booiean Marh
e digits ar bils are the symbal 0 end 1. Corsider the flimg openisors

o Ehese cHigits |

+ 01 L
ale 1 nI'}b
1;1 1 el .
] dmﬂl:l
TRIE, the abave cpemba
If 0 represents false and 1 represens IRVE -

lgial operatians V" (OR) and ‘»’ (AND) e

v E T b B2
NLE "
FIF T

1:!1‘1‘ T|IT

mmwﬁmmnuﬂﬂ"m g..-uu:r.namiﬂ””‘“
!.qt.i.-[aﬂhlm“*"“m“ 5

Boclean T
Bmhmﬂﬂrlmmhbwu m,.-,.:wm
Warshall's Algorithm 10 2 Sapgeee G 1

e ik o
Let G be dsmw%nﬂrpﬁr'“ i i caled ¥
a non-nEg

hmppmtnﬂlﬁdﬁ'?!nichlﬂjﬂd.
length or e e
it
i i




Discrote Mathomaticy

The weight matrix W = (wg)is defined by

= wie) i!‘lhmism:dgeefm#,twf
"_ =

0 ifthere is no edge from v to vy

The path matrix P tells, whether gr not there are paths between
Yo find matrix I which tells 1 the lingths of the shortest pathg
D= {a,'] where

a,,-

the vertice, W

Length of the shorbest path from vy to ¥y

Hire we define a fequence of matrices Dy, D, Di .. D {analogus 1y

matrices Fy, Py, Py, ... P,) s the sboyy
whero |,

Dull 1, The, i entry of Dy, ia defirid a9
Byl il = Thalhallernfﬂw]mgﬂlﬂf ﬂi.ep:‘cr:edlngpaﬂm from
the lengths of the preceding pathy froim v

vilow or the g
1 0o vy and from v, to . - i
Le,

\"J.
DulicJl = MIN Dy 45, ),

The indtial marix
Feplaced by

Di-1fi k) + Dy ik, )
Dy bs the same as the wWei

Find the sharias patl
lisig Warshall's alporigh,

4 2 A
8 ‘ r
-
Fig. 10,128

Solution Weight matrix

w. o Wi if there in an edge & fram ¥ito v
LR 1] if there is not edge vram v, oy

10108 “H\ (‘2'

matriz Oy, keep first row aod Frst cobores, s
h::ﬁn other entries of Dy, apply.
mﬂ.

D,y(2.% = Min[Dg{z3) Dy +Dy3)
= Min[7,6+3]
= Min [7,10]
a7
Min [Dj(24), Dy{21)+D4 (1A
= Min [= 6 +
= Min [= 1]

Dy(3,2) = Min[Do(32) Dof31)+De0H
= Min [q - st

¢ o Sagrral iy g

Dy(2,4)

=

Dy(3, 4) = Min Dot 4) Dot +Doll4]
= Min [ =+E]
= 2
Dy{s, 2 = mmpunﬂnlﬂ}*ﬂuﬂﬂ
15
= Min [ 6+5

=011

= il
Dyis, 3 = Min[Dgid 3o o

o dn o

——
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= Min [= 6 + 3]
=9

1 234

1o 5 3 &

3

D=l w2

dla 11 6 0

Similarly bo find Dy from Dy, keep second row and second column of D as it is ang

diagomal eniries &8 zero, To fill other entriea apply,
D33 = Min[Dy(L3 Dy 02+ D 23]
= Min[3,5+7]=3
D1 4) = Min [Dy{14), Dy 121+ D240
= Min B, 5+ 14]=48
DL 0 = Min D313 D323+ Dy(21]]
= Min [= =+ 6] ==
D3, 4) = Min [Dy(34), Dy(3.2)+D (241
= Min 2, =+ 14]=2
Dy{d. 1) = Min [ [£1), Dy{42)+D[2.1)]
= Min[6 11 + 6] =6
Dyfd, B = Min [Dy4,3) D1(4.2) +D4 (23]
= Min [%, 11 +7]=9
1 23 4

B
4

-

1fo 5 3
ile o 7
-

Dzj-nnuz
40611 9 ¢

Samdlarly to find Dy fram Dy, keep third '
m“mmmmmmm:;;;dﬂudmhmufﬂnwlﬂ

D3iLY = Min Dy, D13+ D, (3.2))

_—

mmw—#wmww

M =11y
Gy
= _ Min[53+a]es
4 = Mﬂmﬂw Di{iﬂj‘i’ﬂ:ﬂ.ﬂl
= Min[B3+2=5

U'&ﬂ"“ = Min [D2(21), Dzﬂﬂ]iﬂ:ﬁ,l}]
= Min[67+s]ug

D24 = Min [D3(24), D223 +Dyi34))
= Min [14, 7+ =9

'ﬂa':“l'l} = Min [D(413 Do {43)+Dy 1)
= Min [6,%+=] =6

D46 = Min [0 (4.2}, D2 (43)4D; 3.3
= Min[i1,5+=]=11

1 2 3 ¢4

.
07
1]
9

Dyl

Dy =

= - R -]
= kW

W L

1
To find Dy ﬁmn;.wmﬂﬂmmw,wm&
diagonal entries &8 Ter0. To find other entris apply
Dyl 2 = Mhtln,{:l..!}fﬂgimms{tﬂl
= Min[55+11]=5
Dyl 3 = Min (D413 Dﬂl..um,m:l]
= Min [3,5+91=3
D,i2,1) = Min[Dy{21 D241+ D11
= Min [69+6] =6
D23 = Min (D33} D28 +D; 4l
= Min[7,9+9=T7
Dyl3.1) = Mmm,a.n,nawwaﬂﬂi
o Min[=2+6]=8

Dy3,2) = Min[D332)Ps60+0s44)
| = Mln[‘“- 2'1]]:1! ‘,”fﬂ'”

TrLHraCAL



Discrete Mathematics 10- 112

G
— Sraphy
1 2 3 4
1[0 5 3 5]
D, = 26 0 7 9
t " 3(s 13002
4|6 11 9 0
Now Dy is the matrix of shortest path between the vertices.
Qa0
==
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Syuabus
ition, branch nodes, leaf (termingl) nod,
ples; Binary tree, m-ary tree, Full (or complete) bi
a binary tree, examples; Representation of
worder, post-order traversal, examples, algorithms;

F—I—_ﬁ____._

€5, rool, examples: Different re

€/ Dinary tree, examples; Convertin
imary tree ; Linked-list o B

Applications of List stryctyres and graphs,

Presentations of a tree,

; Tree traversal - Pre-order,

e —

Contents
i1.1 Definition of Tree
11.2 Eccentricity of a Veertex
11.3 Cut Points (or Cut Vertices)
114 Rooted Tree and Binary Tree
11.5 Binary Trees
11.6 Prefix Code
11.7 Binary Search Trees
11.8  Spanning Tree
11.9 Linked Representation of Binary Trees

Ll #

T ——
=

e

—— T e Py, T
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Distrude Matbamalics

EZEN Definition of Tree
Agﬂphulqdltﬁithumcyﬂeﬂnr&rmbﬂ.

i Fig. 11.2
S 2
~ T~

Fig. 11.2
5

R '

h RErar. |

Ia mict bres am it contalme & cycls 8T8,
Flg. 11.5

Fig. 114

"“J"F’lﬁlmm cl i
wmrhlmmmﬁmt:;fm thus the components of forest are tees. L&

h'“‘““ﬂmlhm

5 leaf or §
mvw"“dtﬂﬂmmﬂm‘r‘ or terminal node or pendant vertex

™ 28 branch node or internal node.

——

EERTTAL PUSLICAT g
" 40 it i i

Fig. 114
yertices 3 5 8 10,13, 15,18,15,20, 2 ane boyes 1,3, 4, 79,1
11mbw"h“°d“' %1, 10, 04, 18,
pamark

L qumhnhﬁpmﬁhm
2. Every tree with cnly countsbly many vertios 1 planas gragh,

m Proparties of Trees

Property 1
G is & tree U and only if there exists a unique path betwesn every twa vertices cf G,

Froof

Since there exist a path between every two vertices of G fhis shows that G is »
connected graph. Also G cannet contain a ciradt as thuese paths are unique hene G is 3
comnected graph without drouit, Therefore G 1 8 tree.

cmvmy,ﬁmwhcmmummmmmmwuum
ane path bebween every pair of vertices in G

Suppose there are mdhmPaﬂiandI&Mvm-ﬁbﬁr:
un]mnfthmplﬂﬂwﬂlﬂmhﬁnldmﬁmd-ﬂ'ﬂlﬂﬂmmhl
contradiction.

Thmiomltﬁinueeﬂmithuamﬁ;:pﬂhmwﬂﬂf

Froperty I

G s a tree if and only Uf
Bumber of vertices of G.

i of verticss of G

thﬁdﬂmmmu#wnh

o = (el For e
mumbes o & F demcte
Given that G is & conected goaph wih 14 O g T 14t

G conkins 8
h“ﬂﬁﬂbmhlmhmﬂ'w

MW‘*"‘""M
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?mwmmmmucmumﬂmmwmfdmmcmu
}'memnnechvirynfﬁ,wemnnyﬁua‘mmﬂfﬂﬂl.atiﬁmth(:mu_gth.
mwmlvmmc.l\lwn:hedg&ufﬂﬂutﬁml.lncmwlm!w?
vertex to tha i

5y _qu]‘c_ vcnmintfhmmhrpjverﬂmdﬂwhldim;“h
Mﬂmmcgmnat hut{n—p}ltdgegw}&hmmthtﬁmﬂgw
hmmhtn_ﬂ:fu:mﬁiagmbyazﬂm-p}:nnmaammdj:ﬁmpnh
mﬂqﬁlﬂu. t-ml.hfdhwshtﬂdnummﬁh-dmﬁuﬁhwmm,

Cmvendjrﬂﬂ'ultmeﬂmli i
. ¥ definition i is connected and oncyclic,
:hm:cg:lﬂu;ur:dedgumcmenn—LwnMﬂwweH;]:mwhbymﬁm
a0 Forn = result is obvicus. Lot > 1, consider G - o, for
o =y an ':d‘ i
&maI:h:rbagmphmﬂwdlmml‘mmﬁ-e'Batﬂmmm:npl'ﬁn:mmma
Q

Mow Gy and Gy are eonnected and

ol e mtadnm:}'fﬂnssmh}rmhmnhgu

e which i nancyeic, Let G; contadns v, weértices and & tdgu!ﬂri-l,lpé:
B = mp=1, =12

mmmﬁenmwﬂadpuhckmmhy,

B = py ey +]

= = {ny=1i#iny —1)+1
- B = Aj+ny -1
= B = g

foined by a ung
. ; unigue path
Pf;lllmladplphlhdenrh|m in

. r . n nunhrnl\'ﬂ'ﬁnumd.eii

ﬂnﬂ!hm‘hrn!wrﬁmhme umber of adges
iH) G & acyelic Mﬂmurdﬁu]ﬂﬂlﬂnﬂ:}::ﬂ“ : % e

) G is scpelic and i fer i
Flarges el ";fl"w Wﬂlﬂiﬂf;_xmhmnrﬁmﬂmhymdgeu

vl Gis i
£ wmwaﬁye&ﬁvhwﬁmqmnumm

-—
PECHICAL PLBLCATIONS. A o g o

CATIERT . e ot o

Wﬂ“"' = =
ﬂ ntricity of a Vertex
mwwmmh'mmhhﬁ“*mﬂ”‘

pacen (hET
pe Hdh,g{v]nfnmxvhimuhdpi;hﬂhmdfmﬂﬂﬂ]nh

aﬁdﬂﬂlwmrhlwpiphﬁhﬂlmhfbﬂlm

from v in G-
parest o) = maxd(uv) | ofalluinG

e N

mmwm.dmwmﬂ
(i, theee are 3 mose vertioes in between]

korl

"f‘?'”::yh;ffm s 4
!-[b:l = 3

efc) =

efd} =

ﬂ:m} =

ﬂ.ﬂ =

e} =

eff) =

dk} ]

elg) =

efh) =

-l{ﬂ =

RN contar of a Tree

l}'
Far the above Fig 117, d 518
o
Aﬂﬂmd‘-.““
TEEHMGAL

__.-d

R R R
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EHEEE] meorem

Every tree has a centre muﬁmgn[:imnmvmnrmn:djmtm

Proaf

The result is chvious for the ees with one vertex (e, K]]lﬂdmuﬁmﬂwu
ane edge (i K;). -

Weahnwuutmyndm-hurhulrwmmmlurﬁmuﬂmhr;mm .
hlmmhmﬂmmwmﬁTﬁnﬂﬁh ¥

maxirm
distnce from a ghven vertex u of T to any urwvmvﬂfmﬂmmrwh::h
an end vertex, i

Thus, the ecomntricity of each verter in T will be exactly one less than the
nrhmvmmr.ﬂmmwfmwTwhummmm
T ase the sama vertices having minimum
same centre,

Hﬂmprmmnd'mmmgmdvuﬁmn repeated, we obtain

: SUCCesaive trees havis
h!memcuT,&mThﬁ:i R : &
¥ ot h“ﬂmﬂﬂﬂyﬂbﬂm&bﬁrwﬁdﬂhdﬂu

4 BCCErn in
eccentricity in T', that is, T uﬂr*mh

consists of just a singls vertex or of two adjacent vertices,

| VAl
s-t\ﬁr\é;i\ﬁ

a‘ﬂ'lﬁmﬁwﬂim?mm.
Hmllmi?lrllhﬂhnnm

Eﬂ.lnpltzl

e 4657

-7

P s o h
ﬂ cut Points {or Cut Vertices)

#wkwhw&:;;umwhmmumm

all Ehe vertices except pendand vertices fur Jeaves) are cut vertices
1.1.31'1!"'”"'!@'l 5

SN

12

In

z Bogg M
Fig. 1140
inFig N0abeodek
yioe e BRI,
5,9, 10, 11, 12 are pendant
lenmihi"mw
i mtmshlifﬂ‘ﬂ

=1

has to divide among n VErties.

wmmmm““!m:w
mvmmmﬂmﬂ‘ﬂm

ie. degres of at lesst 2
vertices are present.

Hence result z Every

Emnulﬂﬂ-ﬂil-zsﬂ"'!“’?'

at least
(a8 e s connected graph) e £

]wmltwm

wverbées). . ?

IR s o e T e 02
. hawwﬁﬂ*“'mwﬂﬂ“’hw”

Solution ¢ Let T ; 'Il.l{’ﬂ“'n]'w

total number of vestices I wmﬂﬁ"“’#

|
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Dizcrete Mathematics 11-8
. =
Drnw.nrl nomisgmorphic frees with SEX Pt

Solution :

1) ——

e
3 — o«

>

Fig. 11.11

ﬁmﬂmnﬁmﬂu‘rhm with sevent poinis.
Solution ¢
1 =

e

- . -
TS
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Disoret Mateamatics "M Treag M— |
A
. Fig. 11.42 \\
' 3 LR show that i @ poosible b draw @ free witk 10 perfices which has verfices
dhrqqumiqrqua.pwﬁhm.hﬂpﬂﬂthd’ml&ﬂqum
with 1T mertderes 7

Fig, 11,14 Dimcted tres

|
Solutine : Glwer, fhe tree bas 10 vertices. Theselore it has (10 - 1), be. 9 edges, Suppase |
thite are x number of vestices of degree 1 and ¥ number of vertires of dogree 3 in the

tree.
Hence x+y =10
n
alsa deem Y div )
| lal
= Imf = x+ 3y
= 18 = %+ 3y Fig. 1943
- == b oard y=q |
1 Mo if mumber of vertices are 11
then ¢ = 10
n
herce Ze = F divy)
=]
= 1n::x+:!_|,|
hence w23

y
T+ ¥ g which is not possible,

Fig. 1145 .gauﬂﬁ"““'“m

geing de5T beanch node of a0
| In & rooted tree, 8 vermx Whose i nonpeso ls called 2
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intermal node. pedes and €
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Level and Haight of a Tree

A vorbex v in a toated tree i said fo be at level n If twre i a path of length n frop,

the root ta the vertex v.
The hedght of the tree ks the maximum of the levels of its verices.
Example (&) real

Flg. 1118

Fort the Fig. 11.18
Vertices b, ¢ d are at Jevel 1
!'L&E"mlmllkwlz
khmp.!am,;ma
Jr“k-q..'l:lth\n,ﬂ 4

The tadenum leve s
4, hence hoight of the 2
In & rocked g, trew i 4,

i the
then u is below v, '"ﬂ”‘w““wbuhnhmm‘mamv
Hu“hlEM'\rmm. v
child 5 an edgn fram v e
h!hr;:u:iufvu.aHMb'hhmﬂh{n: u'm:}“hmdh?'mdv{m
hrmmﬁhm Parent uhmnmmﬂh
A lealis 7 vertex without children,
II =
v hlvlrvzf‘ln"""vn—hb] N .
of & and 3 is-callgy Path fram

These terens a5 ancestor of b, 'mhd‘“‘hiﬂlmmu
— s remind us that family trege are i
____‘_——w__

FECAACAL PURCATIONS. 423 ooy

Arsiicon

fafmd - 78
= Tim

b
Flg. 11.47 '8’ is roct of rooked bos

Far the Fig. 1117 a i rool of rocted tree. 'a" is father of v, vy vyand vy orin
gher words ¥1.¥2: V3.V are sons of @, Alsa ¥ 1,75, v 3. v g are brothers,
L1}
sons of v urv,laEzﬁetnfhmdu;ahw,,ughﬂm

up, Uy are
. 1y are pans of vy also ug, ug are brothers and

Sigilarly 13,14 are brothers and u g,
con of v 5. w4 s father ofug.

W yo W o are sons of B3 _

woaWa :mhmwnudmﬁmdvzumﬂadmduflﬁmﬂ:ﬂy
uy are destendant of 2

it
1y, Wy, Wy g W5 Ve i i

‘o is ancestor of uy, W, U3, U4 V5 Ua BT
%y is anceatar of w o andwg.

Romark
A tree without any

Ordered Tree

An opdored tree i@ @ rooted tree for
{or soms) of each verbex.

nede fn T and

AsuhuunflmTh-ﬂemTFﬁ"d#’
= ﬂmmhw
The subtres

onding to olher o iz
COrTEsp & any 3l
w!.- A v e o e =

wmhnﬂlﬂﬂﬁmm

<hich an ocdesing is speclied for the chlldren
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EEEXd Meary Trees

Anwdmdmhw}ﬁchmbumhmdehuﬂmuﬂmmmhhmmh%

- 8
MmthWﬂﬂmTﬂmwjmwmwmﬂnwmm

bas exactly m sons oF TeTo SONS

Fig. 11.18 d-ary trea
Fig. 1118 FERTESEnt a regular dary fres.

Ukihhg.ll.]?h?—.rymwhﬂi&mrmdn

Fig 1128 J-ary trew

N e -
_'-—-..._‘_h mnﬂdﬂhﬂmmﬁﬁﬂhmﬁrmhﬂﬂ
y each m_mmumnmmmmpmmm.wd

ﬂmﬂ;l {,_u}r.:l

i)

::;B‘-“ podes:

n:nﬂ:+1l
Here®
ginary Trees
ctant class of m-ary iree i binacy trees.
MW:U mﬁmumwﬂmﬁwm“"ﬂim
puety i-wumﬂwmwmﬁfﬂ’r““mm“’"

free
mnrmﬂm

Ab
1y & 50 .
wﬁ;ehmmemmhwwﬂgﬁmmu.mgm
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e ——
numdmmnmwnmhm_u

For binary trees, instead of refe
Wm&ﬂmwmmuﬁhﬁ* ﬂ::mm"n!maﬂm
ar the right subtree of the node of 2 The
Lok a Jation *
. 50
(i v Fogh g = T34 et 2
u Sulbireg - 1
: ab+1-1
w, u u = 57731
1 wy ‘2 ¥ :
htl
Ay 5 e s F 2'—i_1
i el
Rama Flg. 11.22 B Hﬂwmmmﬁﬂdvm:i‘_li
rk )
o ] wh fume & i
vime of vartices in a full _ WW‘ , ﬂmﬁmmﬁﬁm i
142428 4200t 2" 2nd inary tree with h levels is um:uﬁummm
{h + 1) terms ’ this is a gromels ) ﬂ]vmlmmwbtfﬂ-rﬂn-udrwmnfmmr
Sppr = 14243t 00 or the som of "']Wﬁﬁlw#fkwtgmﬂ?
T | |
R o e * e azh Salution * ﬂmhﬁtmﬂmhﬁﬂlhrﬂm{{[+3|:mmhm“ |
i) - 2
b + 212ty ah g ahl - ,ﬂ-mu,m I"‘“Wﬂ“fwwihmlhfﬂ-u}!}l!;pdhiwdhm
e on (1) from equation (2) = artec o level b B8 vertex
i S 143437 3y 1 el
+ L - = -
g ey = !bﬁ|_.l 2
EERRIRERD o eyt Suh!ﬂhlﬁnshfa;lvnwtunmmwshmmwmamm
Solution : A full bins does  full iy tree with ﬂh““nﬂmwllhvuﬁm.mh'mﬂﬂammdt
e samic 115 0N tre with B levels has 20 o iy ﬂ!dxﬂdMnlvnmumm-ﬂDEHLln\Huﬂudmhtﬂmmﬂﬂ
s meamy Iaaves: does & full b teaves, MIMW.WzmmMHWHo:umhd&hmﬂ
i A full bireny ) biary tret tith 25 levels WMM+3&12+3:-&12H3»
[Examote 11,7 LN e it 25 Revely bt 2 ) e ¥ i particulas the of m{mhu+nmuﬂdtmmm.
Selabion : The many fnlermal verkices dies a full b iiﬂlfw:dumm.:mmd“ 14t have of
fotal number of vertices in Firuary tree with b levals haze? -rumumu,u,.u,,ﬂmmugsu,;_un:uﬂnn.nﬂ-i,u*
= 2ty Bull binary tree with ; a»u-udﬂmms.maauhw ay e of 14+ % AN
i a 4233, 43 +3xand X e et a8 41 £ 33
Hchwll-ri,lt.quﬂl?hﬂw of 50
; mmmﬁ-wﬂﬂ"mﬂﬂw

3“1 of which 27 sre Jay
erce (ry ER
el vertices = mlu.[_u 4

= 25,:]-"_] = 3h o
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The given situation can be represented using a rooted bree wig,
vdwmm:hmd:mpmmmapeqmmdrmmdehtheﬁnlp-mn, m“ﬂd‘ | o nE2n-m)s
Nwmtmmummsmmmm-mamm,mm lenc ne= ¥
sans il ancther 3 persons. In short this is a full termary tree. the,

Hence from the peault

n=mi+1
m=3 n o= 100
Hence 0 =3+1
= ix= 33
Hence there arg 33

Interior nodes, hence 100
therefare 67 peaple do not make any call

Nwm'luu]lrihs&minula.
Hh-DB.-l.thElmnumlrjl

_janﬁ?“hw -

Each of these 3 peaple wil
Henoe after 545, {a. 19

1437 432 13 pacg
El'l'li.iq,r[:,rl

Hlli!ﬂ'ﬂurrpﬂ.-ph.
L TR
e have receivad

!h.em:ag'.
aher 15 mintes 1431 492

After 20 minutes (1 g5 milnuteg)

='|2Ip¢gpj;l

+37 =41 peaple haye Teceived g Message
Lealia? g3 0

=lpwple1'm'e"“eivedlhdm‘ﬂﬂig:{1i;hhm l

mu]mmbﬂﬂmd.ulnlﬁdlhiwthﬂhm!mumn
m[f:mmmmma:mﬁdm loet drwrridmend, hew sy
mele

" hmghﬂﬂﬁﬁmhmrmhmb;.mbmmh
which ting 10 mgpmb&mu:mmﬂummﬁmua.Mthhmhd
-in‘l:ﬂﬂalm

: ihe total number of vertices
n = [nterral vertices + Leaves

i no=l+80
mﬁ-nmﬂ'u!mﬂ
n=mi+l
g
PRy ne i+l
Therchors H+l=i+d
Hence il

mmmﬂmﬁm'?hﬁ'!dhm 21 fodes 7
(BERRIRED o ve e by e 8 2
Solotion :  From the result

o= 'ﬂ'd."'l
nsdl, m=3

2= 3+l
ar 3 =20
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e 1120 s
o llﬂl'lu
ol i e ™ it code then the ety H, B, L O are repreveted |
e by aves and the extenaion chords by the branch nocdes e " n
of the free, Since there are 19 Tamipa b be commecd andl sach extenslon chosd has 4 . i . |
aitlets, this means the tree has 19 Jeaves and each branch niosde Isas 4 sons. Henco the | i
trew §s @ full d-ary (quatemary) tree with 19 feaves. | ; o
o, the total mumber of vertoes in o full meary tree s _,_,_-HF—_ TN
fn o mi + 1, where | s the number of branch nodes. e 080181
Heree nom 4l + 1 s the tree 18 full 4-ary tree. -hl_h'_._ i
Hera ne 194l : 0
Hence diel = 1941 - i
pased u.unbuwﬂurmﬂiml-]ﬂmmh o # computer |
- L w il "
Henee, & extension chorda are required te connect 19 Lam lw“mlmmmmm
i 1000101
tree Is below I Fig. 1123, pe a single outlet, The “mﬂ wwmmmhu |
| :;h: cndewdnmaiﬂmmﬂmmhhmm (|
pascl digits for
mdﬂbwmmﬂfl" ﬁhmwwﬂ,v
o have to be &l
sslla m-w; nuubn'dhwﬂﬂ;nwhm
for the
mmpmaﬂed&mpm&wﬂﬂm
EEEXA Codes and the Profix . i i
mitiing R ul!ﬂ'umr-'ﬂdh
Ar code used [rans hadxrﬂmhlrnlﬁl propert
Pr{ﬁxpmp:ny.ttwuuﬂutumh
= mﬂ‘dﬂii”m“’
¥ mmwuh#
Mumnwmds.m:nnwwnﬂ* s
any of the shertel e s
rﬁ:memph. lat's consider lmw;xﬂhuu“mppaﬂ“
(116 ‘ulldmdnwm:d.-ummuﬂﬂmﬂ! i
i can start
. Fig. 11.23 18171818 T gy mew'#mm“wﬁ‘m
o If 10 is & valid veonds
Therefore, 2 walid fiwe word prefit

A code is simply an onganized . {hes codes
poasibly small set of symbala, way of represanting information sing a fixed, | like one of —

For example, modemn compubera rely on
- a binary {ar two elemen _
nﬂrufﬂta}'mbohﬂlrdj.auhﬁﬁnmﬁmmmw‘mhf_?mdn consisting
eic) s stored in coded form as a sequence of s and 1s. imnages, camputer

ToHACAL PraLCARon. 4 u P b
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Lire

LRE 1]

does Bt hald.

The following codes, on the ather hand, would be invalid because the prefis Pfﬂpe:-t],.

Code 4
= —

Letter Code 3

A i
a2 0 i
cese S, T 01
=5 T,
I_ E 011

Ta0

In code 3, the code for B
the codp for E.

In code 4, the cods foy
of the eode for I,

EREEY The Frefix Property ang Binary Tress

i

hamamemdemﬂ,&emqeh,,:hi i i

A'sapwﬂxﬂmdqin:!:mdn,mmdemcham

m
L Sk = VSIS Rodes o beach poge,
:-ﬂs-hi:i-k"'m‘““"’h“""

na tod
pefin code ‘“""“’“'”’"i’“ﬂ“fmrwmmm

mef
’Hw:ﬂl‘“”'mhﬂﬁrpzﬂ;
HEOT ot tree. mmm'“"""‘“hwnlm

in
For E#CWF"MCWBMIIHMTM

(]

|y
fﬁu:;“;":mﬂmmmsam' froen gach of the Branch nodes with 8 et |
mmmﬁmwﬁghueﬂexasquuund%mlske.hm[mdmdu

mwpathfmﬂ'mm‘ﬁﬁ““&mﬂﬂr-mhh?mﬂhﬂ
Emurq“dwhummdmm”mmhimmmhmﬁd

Mﬁmmwmmmmm;mﬂmpmhmqm
ey VEtEX together with the edge incidend 1o i, that does not heve 3 marked
fecendant. Since e marked vertex is an sncsstor of another marked vertes, e s of
meked vertices will be exacily the set of Jeaves of the resclant twe. Thi i, i, G
e we are looking for.

[EX optimal Trees
A bimary tree with t leaves of weights W W Wy
st W EWasWaZ.. W,
then the weight of a binary tree W(T) is defired 28
]
wim = F Wiliwi)
i=1
whese [(W;) is the path mammthmmw.u_m:wm
A binary tree T for the weights wl,wz,._w,uumbwqml
s minirmum,

Y Hufiman Coding

In Camputer Science and Information theary:
Sgosithan used for Jossless data compression.

for
The term refers to the use of a varisblt TBFC i code

i b

I ]

1



—'-‘E'
Déscrade Mathomatis

Troag

d&&vedmapnr&wuwtybm&muﬂmudpmhhﬂt}'uimrmmmnm

Fossible value of the sparee Eymiial
It was developed by Duavig 4,

F'"ﬂhilﬂﬂpﬂm.t"rrn
30 o be welghts of the leaves and it js
optimal binary trge, mequined {0 constrist an,
mrfotluwhqﬂguﬂﬂungivmlhew;d optimal binary res,
Step 1 Arranige the weights in increasing order,

Stop 3 Repeat stap 32, fmweiglmml+w21, Wa Wy, until no weight remain
Thntmauh'hhwdhﬂd;myﬂmn i

EEEER optimal Prefix code
A binary profix code chigined from an

oplimal tres is called an aptimal prefix cods.
m Binary Search Trees

1. Each node has a value.

2 A total order i8 defined on these vatucs,

3 T}n]eﬁmﬂamdeﬂmﬂilmum

4. The right subtres of 4

node's value.

Bmﬂmm“ahmdmmdmmmmmwmm
dm:hmhuﬁaﬂiummﬁkkmdmuﬁﬂm(dnndyrdmdmh
mﬂwmnﬁmwofnfuncﬁmmﬁnﬂnimdm.m-m-mm
uﬂhﬁpummmquﬁwmysiammmﬁﬁm]\

II‘nmldm:dupﬁuhvﬂun,mmitmpmmulmﬁsﬁmundnfmm
wawuwmmhuamqramu.mhmm

¥ values less than the node's valus.
nndzmnmmmﬂyvmaamberlﬂmuuqudlnm

TECMMCAL PUBLEATIONS . At s Bt for drvvssasirn

MW 1724

Trw
m—-\‘__\_—

ue 0. " tha mode. mmbmm"‘“*wﬂh
#\lﬂ'"-'ui

't allow duplicase
“‘ﬁmﬁmm.mmm
vkt mmmw-ﬂawuﬂgmmmmm_h
mmmuhmwmﬂmmwmmumm.
memmmwfp&MMmhmmhum
w!mmgﬂmmmdnhgmmmmuwmhhlhmmuhﬁ
mwh_ki._..,,k,hhnhuahnwﬂmd'ﬁnu‘rdﬁmhmmuhhm
ascume it kj <k ek,
Civer an ke x, our problem is bo search the Yeys ted detismize whether = & equl
of the keys or whather x filis between keys &, and i,y dor some L |
m#w&pmﬁmﬂuhhdamﬂmm‘ﬂhw I
wb;!mmmbﬁsmli [

pr=k |
ELE |
e e
:::&I}h:rmwhmwemiw& + seardh poosdue wng 8 By
5
mpwiﬂm'- __"knmh IM.“mnm

We deéine a search tree for the beys oy kg,

comwins cnly Vertices
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Dscrede Michamatics 1i- 8 -
Huffman coding |
mﬂm""”‘*’""“ﬁ’wﬁmﬂsﬁrﬂmagﬂmm
E b
I P |
— Fig. 115 ) .
P | 1 [ mwmwummmmomxmmmlmh“m |
— e now have the frequencies (15,9, 12, 39) which must be soried ioto (3, 12. 15, 3
: ' I \..u -:I .
Selatfon :  To build the Huffman tree, we sori the frequencles into Increasing order - - l
[ 5 7, 812, 29), i : :
s : ol Tied ]
L s
: : mdhrwulnwhw}ﬁdlmﬂm.mﬂmmﬁmmh
B
MEREE
iy T P

Thmwedmmehtwmumuthde{lmds}md;mlbm}-m
with labelled edpges.

Fig. 11.25 {a)
Mmmpmwmunﬂnlvlhuﬂl}mmmmmmm-m

sequence (7, 8 9, 12, 19).

miw i = o
B |e|=|w

mwmﬂ’.mmmkw




Fig. 11.25 [4)

mMmmm@hqumxmmmmmmmhmmm
E bY

Fig. 11.25 ja)

5o looking at the frequency of the Jettess

—

TECHNCAL PUBICATIONT. A 0 vt o

' Far the following sel of wrights cassiict e sptimsd binary prfir cde. For
ﬂd,ggaththemﬁwmmh;uﬁﬂ
5 7.8, 15,3540
o+ Optimal binary preix code for daa 7,8, 15,3
golution !
5 1010
e LRFRCE-L
578153540

—
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Fig. 11.28 [e)

Conder far 7 i
Code for 8 1010
Code for 15 1M
Code for 35 1
Code for 40 o
[Exampic 11,17 [ U, comstriet optimal binary preflx eode. For each

B i the sel, give Her corresponding coade worda,
8 5,12 M, 18, 19.

Salulion : Optimal binary prefix code for & 5, 12, 14, 1, 19, mm{mwm{ {as:,m
Exe (200 : 1, oF
E 1sf {351,
30, avi (24), pf (2 iz s &
Amizid et ERTRTAT AT Comstruct the H w ¥

()
(v) 1
OO,

Fig. 1127 (u) Flg 1127 &)

TECHNICAL PUBLCATIONS - Ax o Brvst i kst




Fig. 11.28 (b}
51,508,687, 75,76, 85 08

Flg. 11.28 (g}
5T, 75, 75, 85, 65, 110




Codewerd for 51 gyp
Codeword flor 29 gy
Codewordfor 3y gpyy

1o
Code word for 75 0
Code word for 37 1100
C“‘i”"mihrli 11010
Code wond for 29 101
Code word for g5

11

Poris 4

) 8,9 10, 11,13, 15:22
golution ¢ Optimal binary prefix eode for g1, .

i)

1128
e — . S
m

357913

Ls{ﬁ,ﬂlm

Fig. 11.29 (a)

10,13, 16

& ptial :
oy Bty pric e, o

LARA K]

O |

Flg. 1129 &) Fig. 1139 4=} '

Fig. 11.29 (d)
Code word for 7 w
o
Code word for 9 A
Code word for 2 1‘“: i1
Code word far 3 1$
i

Code word for 5
Code word for 13 1 e e
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V>

) 89,10, 11, 13,15 22

Fig. 1129 (1)

17,20

o]
0o
—=OF Word oy 1 ot
r.-m -
:_\_ "--h‘.nn“l-_ P
e T ————

i, 18 16,17, 22

—

13,1517, 21, 23

:,hﬂlm"‘"w 1-37
-"___,.-"“_'_-_-__-__________——-——______________r,':
e weord for 11 (1741
s ward for 22 ]
code word for 13 114

code word for 15111
gpanning Tres

4, sparming tree T of 2 conmected, umdicecied
Wmﬁﬂﬂw{wpﬁmﬂ]ﬂhm
ﬂmﬁmﬂf@dﬂe‘“famﬁm\tm
Lmhmammqﬂﬂiwhﬂp&]mm

#727h G is 2 tree componed of all the
liG.Wmﬂy,.w‘mHGi
Wmmhmfm

Examplé
{n) Graph G
by Ty 127
Fig. 11.30 Spanning tress of graph g
EEEER Minimum Spanning Tree

is & subgraph
G conmected, undirectsd ﬁhlmmﬂ&ﬂ#@ e
Mvﬁ:mmmmﬂwwﬁwwm

weight
that spaning tree. A minimum spane "":"‘“;:",mmmdu
then a spanning tree with weight less than rqual
’Fm:ﬁ;mbdmgn:'ﬂl}r,mjrmﬂhﬂwpﬁm"‘ﬂ

-__________7_.—5_::;:;—‘:_’,—-_.—_
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DM | i} 2 {21} 18 28 small as possible subject to condition (1),
Dot e hmub}elumﬂwmﬁﬂﬂd-lﬁt ﬁﬂ'ih'-‘“’e’ﬁmw k+1 i
e wcamiple would be cable pany paths, then there would be a grapp when (step 2) cannot be implemented.

= are connected by those
WW'wﬁmpﬂ:me,wwﬂhmmhbmddwm
pmwm@mmhymmwwmammmhl
graph would be 2 subset of those

ﬂ,ﬂl" grithen first appeared in proceedings of the American Mathematical Society

ks S el i
i constrained b bary the anly patks. Same of those paths might e | !-upﬂ': Stap
i alg
f This as written by Jateph Kouskal

pmﬂuthunnq-d:tbuuliu“mmm £

1 Fructiom of minfmum spening free for the follooing
Thuest might be several spanning trees possible. | MG#]M shwm oons of for
A emindmum spanning tres woubd b one with the lowest bosal cost. | thmms i .
In cass, of & He Uhere could be several minimum spanning trees. However, ong {
thevrem, staten that il each edge has a distingt weight, the minimum spanning tree |
urique. This 8 true in many realistic sitwations, such as the one above, where j¥y |
unlikely any two paths have exactly the sume cost. |
EEEREN Prims Algermien
Let G = (V, E) be a connected weighted graph |
Wi crratnuct 2 minkmal spanning tree T for G mductively as follows - I
Hop 13 Take o vertes v 5 in graph G, |
ST = vyl 2
Stap 2 1 Fo =
m:ﬂwl:ﬁadﬁ:ﬂu g ¥1b i E such that (85 ot end varkex v, fs in set T and
Waw ST = {{rgeval fer} . Fig. 1131
B Primis algorithm. SRastmg
Biep 3 Chaose nist edge ¢, = ; : of minimium sparsing e, USNE
.me“m*Tfmn:lﬁ::th;:ﬂ?ﬂtm!:hmmmvkihhmr Solution : 'llwmm!cﬁnh
FAdkd vertex v 1 the vemnex set of T and edge e 1o vy set of T Stap 1
a i = .lﬂ
“:.:'*'P"'Mqﬂmﬂtmnhiulummﬂc, a.: {larer}
5ot T new givis minim am spanning tree of graph G, { Siip 3
EEERY frsskare Aigocttn N
MG.W'E:b"“"-ﬂ‘bﬁmmmm
m‘-‘-ﬂtﬁ:u L)
Stap 2 me'lﬂﬂwmmmhm wieg) is minimum
2: u'dahh'ﬂir----ﬂu}uﬁbh-. i B )
] Chet # 8 foranylalz L " wk“‘dﬂﬁﬂh]%&ug ! Fig. 1131
- MNiow T = [kl el
TETORAL FLBICATIIN: 2n st — —

e TRCHRICAL



- 1= 4i
= ‘_,f" ,,mrr"“’"m "~
- o
=
i 2
Die=riin Mlahamarcs 11 T w : :
Step 4
Etap 3 :
"
¥ e
& ] “
b 1 5 |
-]
H = q | |
a d : : :
Flg. 19.31 &) Ha. 1131 1) |
o Telabdlenn) Now T fabdel.leyegie) Fig. 1431 1
Stap & Step § F,Phﬂhlnmdisﬂmuﬂnhnmw;mnfw%_ .
o Tha Dictermiiste  minimum spanming tree for the giom grek wsng
: 2 ‘ algorithm.
0 ! E |
3 e
2 i |
2 E d
2 5 |
-} - : :
|
Flg. 11.39 14 ]
Mt ’ J Flg. 11,39 ia} "
T= o, b, d ey ,e
e, e FL A | Now T. o
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EZE] Linked Representation of Binary Trees
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sauch that.

L mmrxlmmuudmnﬁwmn

L LEFIMmmmmuﬁmnfﬂthdﬂdnfmdﬁN.

3 RIGHT [K] contains the locatian of the right child of node N. |

mmTﬂnml [
There are three standard ways of aversing a binary tree T with root K
These three algerithms called prearder, inorder and post arder are

1. Fra Ordar
1. Process the oot B
2 Traverse the leff subtree of R in precrder.
3 Traverse the dght subtree of R in prearder, i

2. In Ordar
1, Traverse the left subtres of R in inorder,
2. Process the root B
A Traverse the :ri.sh! subtree of R in inorder,

1, Post order
1. Traverse the left subtree of B in postorder.
2 Traverse the right subtree of R in peatorder.
3. Process the root B

Each algorithm contains the same three steps and the left subtres of B is always
mbﬂmhdwm

The difierence between the algorithms is the Hme at which the rost R s processed.

Specially, in the prearder algordthm, the root B is processed before the subtree are
laverassd.

In [norder algorithen the root R i3 peocessed between the traversal of subfrees,
In postorder algotittun the root B is procesasd after the sublrees are iraversed
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