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CHAPTER

Probability

1.1 Introduction

1.2 Some Important Terms and Concepts
1.3 Definitions of Probability

1.4 Theorems on Probability

1.5 Conditional Probability

1.6 Multiplicative Theorem for Independent Events
1.7 Bayes’ Theorem

1.1 INTRODUCTION

The concept of probability oniginated from the analysis of the games of chance. Even
today, a large number of problems exist which are based on the games of chance, such
as tossing of a coin, throwing of dice, and playing of cards. The utility of probability
in business and economics is most emphatically revealed in the field of predictions for
the future. Probability is a concept which measures the degree of uncertainty and that

of certainty as a corollary.

The word probability or ‘chance’is used commonly in day-to-day life. Daily, we come
across the sentences like, ‘it may rain today’, ‘In_dm may win thc fonpcm_nmg CI’]CkE:;
match against Sri Lanka’, ‘the chances of making profits by investing in shares o

Company A are very bright, etc. Each of the above sentences involves an element
f & }' inty. A numerical measurc of uncertainty is provided by a very important
g W f probability. Before we study the probability

> Z atics called theory o ‘ '
et lain certain terms which are essential for the

theory in detail, it is appropr'i;%lc to exp
study of the theory of probability.

PORTANT TERMS AND CONCEPTS

1.2 SOME IM -
If an experiment is conducted, any number of times,

eriment - iated with it.
1.dRaf:ld":":Tl jigﬂdilions there is a set of all possible outcomes assoc
under identicz "
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1.2 Chapter 1 Probability

If the outcome is not unique but may be any one of the possible outcomes, the b

experiment is called a random experiment, e.g., tossing a coin, throwing a'dice,

2. Outcome ' The result of a random experiment is called an outcome. For example,
consider the following: { Y

(a) Suppose a random experirient is ‘a coin is tossed”. This experiment gives twg
possible outcomes—head or tail. '

(b) Suppose a random experiment is ‘a dice is thrown’. This experiment gives six
possible outcomes—1, 2, 3, 4, 5 or 6—on the uppermost face of a dice.

3. Trial and Event Any particular performance of a random experiment is called
a trial and outcome. A combination of outcomes is called an event. For example,

consider the following:

(a) Tossing of a coin is a trial, and getting a head or tail is an event.
(b) Throwing of a dice is a trial and getting 1 or 2 or 3 or 4 or 5 or 6 is an event.

4. Exhaustive Event The total number of possible outcomes of a random experi-
ment is called an exhaustive event. For example, consider the following:

(a) Intossing of a coin, there are two exhaustive events, viz., head and tail.

(b) In throwing of a dice, there are six exhaustive events, getting 1 or 2 or 3 or 4 or
5or6.

5. Mutually Exclusive Events Events are said to be mutually exclusive if the

occurrence of one of them precludes the occurrence of all others in the same trial, i.e.,
they cannot occur simultaneously. For example, consider the following:

(a) In tossing a coin, the events head or tail are mutually exclusive since both head
and tail cannot occur at the same time.

(b) In throwing a dice, all the six events, i.e., getting | or 2 or 3 or 4 or 5 or 6 are
mutually exclusive events.

6. Equally Likely Events The outcomes of a random experiment are said to be
equally likely if the occurrence of none of them is expected in preference to others. For
example, consider the following: '

(a) In tossing a coin, head or tail are equally likely events.

(b) In throwing a dice, all the six faces are equally likely events.

7. Independent Events Events are said to be independent if the occurrence of an
event does not have any effect on the occurrence of other events. For example, con-

sider the following: :

(@ In mssing a coin, the event of getting a head in the first toss is independent of
getting a head in the second, third, and subsequent tosses.

(b) In throwing a dice, the result of the first throw does not affect the result of the

second throw.

1.3 Definitions of Probability 1.3
8. Favourable Eve

NtS  The fayo,
number of ou 3 lavourable events j i
he followi .‘CQme,g Which entail the ocow Byl o o
the following: rence of the event. For example, consider

In throwing of two dice, e |
s f; L
(2,3), (3,2), Le., 4. Avourable events of getting the sum 5 is (1, 4), (4, 1),

1.3 DEFINITIONS OF PROBABILITY

1.3.1 Classical Definition of Probability

L;;r:'::d::]; - m-b_cr of equally likely, mutually exclusive, and exhaustive outcomes
°h dex exp«;nmem. Let m be number of the outcomes which are favourable to
:scg:m . ;r;:nce Ol an event A, The probability of event A occurring, denoted by P(A),

P(A)= Numbert of outcomes favourable t(I) A m
Number of exhaustive outcomes ~ n

1.3.2 Empirical or Statistical Definition of Probability

If an experiment is repeated a large number of times under identical conditions, the
limiting value of the ratio of the number of times the event A occurs to the total number
of trials of the experiment as the number of trials increase indefinitely is called the
probability of occurrence of the event A.
Let P(A) be the probability of occurrence of the event A. Let m be the number of times
in which an event A occurs in a series of n trials.

P(A) = lim 22, provided the limit is finite and unique.
n=s= J1

1.3.3 Axiomatic Definition of Probability

Before discussing the axiomatic definition of pfob?.bilily, it is nccessary to explain
certain concepts that are necessary {0 ils understanding.
‘ - iment s called
£ all possible outcomes of a random experime
L B f?.he set is called a sample point or 2 simple event o1

a sample space. Each element 0

entary event. :
an elementary consider the

i is den le,
The sample space of a random experiment 1 denoted by S, For examp

following: _ S
(@ 1 n&om experiment of tossing of a coin, the sample space CONSIsEs O
a) Inara

glementary events.
§={HT]

| i
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1.4 Chapter1 Probability

(b) In a random experiment of throwing of a dice, the sample space consists of six
elementary events. '
§=1{1,2.3,4,5, 6}
The elements of § can either be single elements or ordered pairs. If two coins are
tossed, each element of the sample space consists of the fol lowing ordered pairs;
§={(H, H), (H, T), (T, H), (T, T)}

2. Event Any subset of a sample space is called an event. In the experiment of
throwing of a dice, the sample space is § = {1, 2,3, 4,5, 6}. Let A be the event that
an odd number appears on the dice. Then A = {1, 3, 5} is a subset of 5. Similarly, let
B be the event of getting a number greater than 3. Then B = {4. 5, 6} is another subset
of 5. ’

Definition of Probability Let S be a sample space of an experiment and A be
any event of this sample space. The probability P(A) of the event A is defined as the
real-value set function which associates a real value corresponding to a subset A of the
sample space §. The probability P(A) satisfies the following three axioms.

AxiomI: P(A) =0, i.e., the probability of an event is a nonnegative number.

Axiom IL: P(S) = 1, i.e., the probability of an event that is certain to occur must be
equal to unity.

Axiom III: If A;, A,, » A, are finite mutually exclusive events then

P(A VA, U..UA ) =P(A) +P(Ay)++ P(A,)
=2 P4)
i=1

i.e., the probability of a union of mutually exclusive events is the sum of probabilities
of the events themselves.

Example 1
What is the probability that a leap year selected at random will have

53 Sundays?

Solution

A leap year has 366 days, i.e., 52 weeks and 2 days. These 2 days can occur in the

following possible ways:

(i) Monday and Tuesday

(iii) Wednesday and Thursday

(v) Friday and Saturday

(vii) Sunday and Monday

Number of exhaustive cases n="7

" Number of favourable cases m =2

(ii) Tuesday and Wednesday
(iv) Thursday and Friday
(vi) Saturday and Sunday

Let A be the event of getting 53 Sunda

13 Definitions of Probability 1.5

¥s in a leap year.
P(ay=m_2
o g

Example 2

(i) exactly two hegds, (ii) at least one tail, (i

ii) at most two heads, (iv) a

head on the second coin, and (v) exactly two heads in s —_—

Solution

‘When three coins are tossed, the sample space § is given by
S=mHH,HrH.THH,mrr,m,THT,err1 4%
n(s) =8
(i) Let A be the event of geting exactly two heads.
A= (HTH, THH, HHT) ; : &
n(A)=3 :
n(A) _3

Pay=2 2
A n(sy 8

(ii} Let B be the event of getting at least one tail. 7
' B={HTH, THH, HHT, TTT, THT, TTH, HTT}

n(By=17
_nB _1
= ns) 8

(i) Let C be the event of getting at most two heads.
C = {HTH, THH, HHT, TTT, THT, TTH, HTT}

n(C)=1
ne_1
P(C)—E 3

(iv) Let D be the event of getting a head on the second coin.
D = {HHH, THH, HHT, THT)

n(D)=4
3 nD) _4_1
Hp)= n(s) 8 2
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1.6 Chapter 1 Prabability

(v) Let E be the event of getting two heads in succession.
E = (HHJf, THH, HHT)

n(E)=3
pepy= 83
ns) 8
Example 3 .

A fair dice is thrown. Find the prdbabfh'ry of getting (i) an even number,
(i) a perfect square, and (iii) an integer greater than or equal to 3.

Solution
When a dice is thrown, the sample space § is given by
§={1,2,3,4,5,6}

n(S5)=6
(i) Let A be the event of getting an even number.
A={2,4,6)
nA)=3
nAdy 3 1
PlA) =—m—=e=—
4 ns 6 2
(ii) Let B be the event of getting a perfect square.
B={L4)
n(B)=2
&
P(B) = nB) _2_1
nsS 6 3
(iii) Let C be the event of gelting an integer greater than or equal to 3.
C={3.4.56}
n(C)=4
4 2
P(C)= @ —-———
ns) 6 3
Example 4

A card is drawn from a well-shuffled pack of 52 cards. Find the probability
of (i) getting a king card, (ii) getting a face card, (iii) getting a red card,
(iv) getting a card berween 2 and 7, both inclusive, and (v) getting a
card between 2 and 8, both exclusive.

1.3 Deﬁmuonscfmbmitm« 1.7

Solution
Total number of cargg = 52
One card out of 52 cards can be
n($)="c =53
(i) Let A be the event of por:
\ Beting a ing carg o
can be drawn in 4Cl ways, # 408 Ther e 4 Kingcards and on ofthem

n(A)= 4CI =4

drawn in ways,

P2 & 1
ns) 52 13

(ii) Let B be the event of gettin ACe .
af;
in ¢ i . 2 ard. There are 12 face cards and one of them

n(B)="C, =12
py="EB_12_3
n(s) 52 13

(iii) Let Cbe the event of getting a red card. There are 26 red cards and one of them
can be drawn in "6C1 ways,

n(C)="¢, =26
P(C)=——=Z"==

(iv) Let D be the event of getting a card between 2 and 7, both inclusive. There are
6 such cards in each suit giving a total of 6 x 4 = 24 cards. One of them can be

drawn in *'C, ways.
n(D)=c, =24
WD) 2 _6
n(S) 52 13
(v) Let E be the event of getting a card
such cards in each suit giving 2 total
in*°C | Ways.
n(E)=*C,=20
_nE) W3
) 52 13

P(D)=

between 2 and 8, both exclusive. There are 5
of 5 x 4 = 20 cards. One of them can be drawn

Example 5

A bag contains 2 black, 3 red, :
at random. Find the probablgt;
(ii) consist of 2 plue and 1 red ba

ball.

5. Three balls are drawn

balls drawn (i) are blue
ctly one black

3 red, and 5 blue ball
that the three
11, and (iii) consist of exa

___—‘



1.8 Chapter 1 Probapi lity

Solution 13 Defintions of brobatiity 1.9
Total number of balls = 10 (i) Let B be the event that exagy .
3 balls out of 10 balls can be drawn in '°C ways. selected in °C, ways and one b);: [f'c;:f o selected. 2 girls from 6 gits can be
a(s) = :0C3 =120 n(B)= 6C2 « iﬂcl =150 boys can be selected 'm"’C, ways,
(i) Let A be the event that the three balls drawn are blue. 3 blue balls out of S blue Pgy="B) _150 15
balls can be drawn in 56‘3 ways. n(s) 560 16
n(A)=°C, =10
Pay="A)_10 _ 1 -Example 7
n(8§) 120 12

From a collection of 10 bulbs,

(i) Let B be the event that the three balls drawn consist of 2 blue and 1 red ball. selected at random ang fitted int

of which 4 are defective, 3 bulbs are

o lamps. Find th ility :
2 blue balls out of 5 blue balls can be drawn in °C, ways. 1 red ball out of 3 red three bulbs glow, and (ii) the room G fIJit € probability that (i) all
balls can be drawn in *C ways. ; '
; S Solution
n(B)="C; x°C, =30 Total number of bulbs = 10
Pay=28 _30 _1 3 bulbs can be selected from 10 bulbs n "°C, ways.
n(§) 120 4 ; n(s) = "‘ca= 120
(iif) Let C be the event that three balls drawn consist of exactly one black ball, i.c., - (i) Let A be event that all three bulbs é_lor‘\sn‘ This event will occur when 3 bulbs are
remaining two balls can be drawn from 3 red and 5 blue balls, One black ball can selected from 6 nondefective bulbs in °C, ways.
be drawn from 2 black balis in *C ; ways and the remaining 2 balls can be drawn n(A)=°C, =20

from 8 balls in *C,, ways. Ao lA) 20 1

(A) ==
() =", %%, =56 ns) 120 6 .
nC) 56 7 i (ii) Let B be the event that the room is lit. Let B be the event that the room is da‘r'n
= S) 120 15 The event B will occur when 3 bulbs are selected from 4 defective bulbs in “C,
ways.
' n(B)="*C; =4
Example 6 B 1
A class consists of 6 girls and 10 boys. If a committee of three is chosen n(§) 120 30
at random from the class, find the probability that (i) three boys are . PE)=1- P(E)zl_aﬁz%
selected, and (ii) exactly two girls are selected.
Solution ; Example 8
L LR : o e bered 1.2.....20. One ticket s drawn at randorn
A committee of 3 students from 16 students can be selected in *°C, ways. There are 20 (E;z,l;e;s ;u’r: re;he ﬁ.d;t }mm T i ber which s () even
i 1l d
n(s) = '°C, = 560 Find the pro i) multiple of 3.
(i) Let A be the event that 3 boys are selected. (ii) a perfect square, and (iii)
n(d)y="C; =120 Solution
n4) 120 3

- There are 20 tickets numbered from 1 10 20.

PA=15 "560 14




st i,

110 Chapter 1 Probability
n(S) =20
: : : : 1.3 Definit .
(@) Let A be the event that a ticket bears a number which is even. Solutio ons of Probability 1,1
: A={(2,4,6,8, 10, 12, 14, 16,18, 20) ‘ i A
n(A) =10 ] zomlnumbcrofbaﬂszs+4+-m=g+m
. n(A) 10 1 i balls out of 9 + m bayg can be drawn jn *+ "
P(A)=-—S~=—-=— _ ﬂ(ghh..,cz In""C, ways,
n(s) 20 2 ' Let A be the event that bott,
(ii) Let B i .2 the balls drawn are green
t B the event that a ticket bears a number which is a perfect square. green balls out of m green balls can be drawiiin mc. ,
 B={1,4,9,16) . . () ="c, , ways.
n(B)=4 .
P(B)= E—=— -
ns) 20 5 1
i) Le ; oy ' But P(A)==
(iii) Let C be the event that a ticket bears a number which is a multiple of 3. 7
C={3,6,9 12, 15, 18} ¥ me \
wCy=6 _—-Mé =
)
Py =TE)_6 3 mm-1) 1
n(§)y 20 10

(m+9m+y) 7

(m+9) (m+8)=7m(m-1)
Example 9 m? +1Tm 4 T2=Tn ~Tm
2 = - =
Four letters of the word ‘THURSDAY are arranged in all possible ways. sz Aansinl
Find the probability that the word formed is "HURT". Sing el sl
. 3m® —18m+6m-36=0
Solution

Im{m—-6)+6(m-6}=0
. (3m+6)m-6)=0
Im+6=0 or m-6=0

Total number of letters in the word ‘THURSDAY =8
Four letters from 8 letters can be arranged in Slf{1 ways.
n(S)="P, = 1680

m=-2 or m=6
Let A be the event that the word formed is ‘HURT’. The word *HURT’ can be formed But s
in one way only. . m==6
n(A)=1 h
n(A) 1 .
P A — =— RclSE 1 ¢1
G n(S) 1680 e

1 A card is drawn at random from 2 pack of 57:_cards. Find l_(tlhe probability
Example 10 . that the card drawn is (i) an ac€ card, and (ii) a club card.

5 (s 5 @ 4
A bag contains 5 red, 4 blue, and m green balls. If the probability of ' 13 .

.
getting two green balls when two balls are selected at random is —,
find m. ;
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2. i . j
An unbiased coin is tossed twice. Find the probability of (i) exactly one

head, (ii) at most :
e tr{!e}a:oins_ st one head, (iii) at least one head, and (iv) same face on

[Ans.:(i]% (ii)% (iii}% {iv}ﬂ

3. A fair dice is thrown thrice. Find the pr iLi
. obability that the sum
numbers obtained is 10. : ¥ ar i
[Ans.: 1]
8

4. Aball is drawn at random from a box containing 12 red, 18 white, 19 blue,
apd_ 1? orange balls. Find the probability that (i) it is red or blue, and
(ii) it is white, blue, or orange. '

[Ans.: (i) % (i) %]

5. Eight boys and three girls are to sit in a row for a photograph. Find the
probability that no two girls are together.
28
Ans.: —
[ 55}

6. If four persons are chosen from a group of 3 men, 2 women, and 4
children, find the probability that exactly two of them will be children.

[Ans.:ﬂ}
21

7. A box contains 2 white, 3 red, and 5 black balls. Three balls are drawn at

random. What is the probability that they will be of different colours?

!

8. Two cards are drawn from a well-shuffled pack of 52 cards. Find the
probability of getting (i) 2 king cards, (ii) 1 king card and 1 queen card,

and (iii) 1 king card and 1 spade card.
o b e B s
[Ans.. (1) ﬁ (ii) 3 (iif) "ﬁ]

9. Afour-digit number is to be formed using the digits 0, 1,2, 3, 4, 5. All the
digits are to be different. Find the probability that the digit formed is
(i) odd, (ii) greater than 4000, (iii) greater than 3400, and (iv) a multiple
of 5.

A2 o d 9}
(i) == (i) = (i) — (V) =2
[Ans (i) 25 (i) 3 (iii) 75 (iv) 25

1.
4 Theorems on Probabifity i

10. 3 books of

h
together, (ii) chermistry bl:;ik':he probability that (i) no pms‘f;m“‘“
same subjects are together. are always together, and (i) books c; :'zr:e

[Ans.:{i} L EPTOLIE
11. 8 boys and 2 girl. 15 M
s are to be seated A
Fi g at rando
3r2d the probability that (i) the girls sit 'LogeThm a row for a photograph.
and 7" seats, er, and (ii) the girls occupy

e
Ans.: (i) - —l
. | { 1)5 (i) =
- A committee of 4 is to be. formed from 15 boys and 3 girls. Find the

probability that the committee contains (i
s iy tains (i) 2 boys and 2 girls, (i
one girl, (iii) one particular girl, and (iv) two parliCularg;ir‘is:.m] .

o

{Ans.: D] %B- )] 04

A
("“9 {iv) 5—1}

13. If the letters of the word REGULATIONS are arranged at random, what

iéa?lhe probability that there will be exactly four letters between R and

14. Find the probability that there will be 5 Sundays in the month of

October.
3
K_kns. - —?:k

1.4 THEOREMS ON PROBABILITY

Theorem 1 The probability of an impossible event is Zero, i.e., P(9) = 0, where ¢

is a null set.

Proof An event which has no sample points is called an impossible event and is

denoted by ¢. -

For a sample space § of an experiment,

sugp=S
Taking probability of both
P(SuU §)=FS)

the sides,

_4
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1.14 Chapter 1 Probabiiity

Since S and ¢ are mutually exclusive events,

P(S) + P(¢) = P(S) . [Using Axiom I1T]
P(#®)=0
Theorem 2 The probability of the complementary event A of A is
P(A) =1 - P(A)
Proof LetA be an event in the sample space S.
AUA=S

PAUA)=P(S)
Since A and A are mutually exclusive events,
P(A)+P(A)=P(S)
P(A)+ P(A)=1 [+ PS)=1]
P(A)=1-P(A)
Note Since A and A are mutually exclusive events,
AuA=SandAnA=¢
Corollary Probability of an event is always less than or equal to one, i.¢.. P =
Proof P(A)=1-P(A)
PiAY <1 [+ P(A)20hy Axioml]
De Morgan’s Laws  Since an event is a subset of a sample space. De Morgan’s laws
are applicable to events.
P(AUB)=P(ANB)
P(ANB)=P(AUB)

Theorem 3 Forany two events A and B in a sample space §.
P(ANB)= P(B)-P(ANB)

Proof From the Venn diagram (Fig. 1.1).

B=(ANB)U(ANB) ;
P(B) = P[(AnB)U(ANB)] AnB AnB  AnB
Since (A N B) and (A N B) are mutually exclusive events,

P(B)=P(An B)+ P(ANB)
P(AnB) = P(B)- P(AnB)
Similarly, it can be shown that
P(ANn B)= P(A)- P(AN B)

14 Theorems on Probabllity  1.15

Theorem 4 Additive Lay

; of Probabili
The probability that Gt bility (Addition Tf\eorem)

e of the events A and

B will ocenr ig Eive
P(AuB):P[AH P(B)- P(Ar B) 7

Proof From the Venp diagram (Fig. 1.1),

AUB=AU(ANE)
P(AUB)=P[AU(AAB]
Since A and (A ~ By are mutually exclusive events,
P(AUB)=P(A)+ P(An B) [Using Axiom Iil]
= P(A}+ P(B)- P(ANB) [Using Theorem 3]

Remarks

1. I A and B are mutually exclusive events, i.e., A B = ¢ then PA N BY=0
according to Theorem 1.

Hence, P(A W B) = P(A) + P(B)

b

The event A U B (i.e,, A or B) denotes the occurrence of either A or B or both.
Alternately, it implies the occurrence of at least one of the two events.

AUB=A+B

3. The event A M B (i.e, A and B) is a compound or joint event that denotes the
simultaneous occurrence of the two events.

AnB=AB
Corollary 1 From the Venn diagram (Fig. 1.1),
P(AUB)=1-P(ANB)
where P(AnE) is the probability that nome of the events A and B occur
simultancously.

Corollary 2 P(Exactly one of A and B oceurs) = Pla ABUANB)]

[+ AnBn@EnB)= 0]

= P(AnB)+ P(ANB)
sing'“leﬁwm'ﬂ

= P(A)-P(AN B)+ P(B)- P(AN B) {u
=P(A)+ P(B}-2P(AnB)
=PAVB)- P(AnB)

= P (at least one of the two events oceur)
sly)

{Using Theorem 4}

— P(the two events occur simultaneou
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1.16 Chapter 1 Probabrfi‘ty

Corollar ;
o ;’re 3th The addition theorem can be applied for more than two events. If A,

TE€ events of a sample space S then the probability of occurrence of at
m is given by

PAAVBUC)=plaLBULO)
= P(A)+P(BUC)~-P[An(BUC)]
=P(A)+ P(BUC)-P[ANBYU(ANO)]
=P(A)+ P(B)+ P(C)—P(BAC)—P(AnB)—P(ANC)+ PIANBNC)
[Applying' Theorem 4 on second and third icrrrl]

least one of the

Alternately, the probability of occurrence of at least one of the three events can also
be written as

P(AUBUC)=1-P(AnBNC)
If A, B, and C are mutually exclusive events,
PAVWBUC)=PA) + P(B)Y+ P(C)
Corollary 4 The probability of occurrence of at least two of the three events is
given by
P[AAB)U(BAC)U(ANC)]=P(ANB)+ P(BAC)+ P(ANC) - 3P(AnBAC)
+P(ANBNC) [Using Corollary 3]
=P(ANB)+P(BNC)+P(ANC)=2P(ANBNC)

Corollary 5 The probability of occurrence of exactly two of the three events is

given by

P[AABAC)UANBAC)U(ANBNC)]
=P[(AnB)U(BNCYU(ANC)]-P(ANBNC) [Using Corollary 2]
=P(ANB)+P(BNC)+P(ANC)-3P(ANBNC) [Using Corollary 4]

Corollary 6 The probability of occurrence of exactly one of the three events is.
given by
P[(ANBNC)U(AnBN CYU(ANBNC)]
= P(at least one of the three event occur) — P (at least two of the three events occur)
= P(A)+P(B)+ P(C)—2P(ANB)-2P(BNC)-2P(ANC) +IP(ANBNC)

1.4 Theorems on Probabi lity 1.147

Example 1

A card is drawn from

i awell-sh
that it is either g spade orasnlt‘:jz‘q:f

pack of cards. What is the probability

Solution
Let A and B be 7 i
nd the events of Zeting a spade and an ace card respectively.
P53 12
ey
c 2
4
L O |
T
1
1
P(AnB)= Sf‘ =
C, 352

Probability of getting either a spade or an ace card
P(AUB) = P(A)+ P(B)~ P(AN B)

13 4 1
= —
52 52 52
.

13

Example 2 ;

Two cards are drawn from a pack of cards. Find the probability that they R
will be both red or both pictures. '

Solution

Let A and B be the events that both cards drawn are red and pictures respectively.
%G, 05

Sig, 1326

e, 66

P(A)=

n are red of pictuies

Probability that both cards draw’
P(AuU B)=P(A)+P(B)- P(ANB)
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-325 66 15
1326 1326 1326
=188
663

Example 3

The probability that a contractor will get a plumbing contract is 3
and the probability that he will not get an electric contract is 6 If the

o . 4 =
probability of getting any one contract is 3 what is the probability that
he will get both the contracts?

Solution
Let A and B be the events that the contractor will get plumbing and electric contracts
respectively.
2 = 5
P(A) = 2 P(B)= 5 P(AUB) =

- 5 4

P(B)=1-P(B)=1-==—

(B) (B) g
Probability that the contractor will get any onc contract

P(AU B)= P(A)+ P(B)-P(ANE)

Probability that the contractor will get both the contracts
P(AnB)= P(A)+ P(B)=P(AUB)
2 4 4

9 5

3
14
45

Example 4
A person applies for a job in two firms A and B, the probability q,r‘hi_,\-
being selected in the firm A is 0.7 and being rejected in the finm B is 0.5,
The frmbubfh't_\' of at least one of the applications being rejected n 0.6.
What is the probability that he will be selected in one of the two firms?

Solution
Let A and B be the events that the person is selected in firms A and B respectively,

14 Theorems on Probabliicy

P(A)=07, P(B)=0s5,
P(A) =1 Pay = 1-07=03
_P(B} =1-P(B)=1-05=05
P(AUB) = P(A)+ P(B)- P(An B
Probability that the person will be selected in one of the two firms
P(AUB)=1-P(AnE) ‘

=\-[PE)+P(B)-PAL B [ty B )

=1-(0.3+05-06)
=03

P(AUB) =06

Example 5

In a group of 1000 persons, there are 650 who can speak Hindi, 400 can

speak English, and 150 can speak both Hindi and English. If a personis
selected at random, what is the probability that he speaks (i) Hindi only,
(ii) English only, (iii) only of the two languages, and (iv) at least one of
the two languages?

Solution
Let A and B be the events that a person selected at random speaks Hindi and English
respectively,
650 400 150
PlAY=—, P(B)=——,P(ANB)=—rv
W 1000 = 1000 [ ) 1000
(i) Probability that a person selected at random speaks Hindi only

P(AN BY= P(A)- P(ANE)
_ 650 150
T 1000 1000
1

2
(il) Probability that a person selecte
P(ANB)=P(B)-P(ANB)
400 150

=7000 1000
1

3

J at random speaks English only

=
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1.20 Chapter 1 Probability

(i) Probability that a person selected at random speaks only one of the languages,

PLANBYU(E A B = P(a)+ P(B)-2P(AC B)
_ 650 _ 400 2[ 150)

71000 1000 “\1000
3

4

(iv) Probability that a person selected at random speaks at least oneof the two
languages

P(AUB) =P(A)+P(B)-P(ANB)
_650 400 150
1000 1000 1000
» g8
10

Example 6

A box contains 4 white, 6 red, 5 black balls, and 5 balls of other colours.
Two balls are drawn from the box at random. Find the probability that

(i) both are white or both are red, and (ii) both are red or botl are
black.

Solution

Let A, B, and C be the events of drawing white, red and black balls from the box
respectively.

o 3

P=nc, =9

6

O B
P(B)=—12=—
B = =3

el |

PC)=5—7=—

(i) Probability that the both balls are white or both are red
P(AUB) = P(A)+P(B)- P(ANB)
= i + i -0
95 ' 38
2
190

1.4 Theorems on Probability

(i1) Probability that both balls are req or both are hlack
P(Bu C)=P(B)+ P(CY-P(B C)

Example 7

Three sftfdents :‘%, B, C are in a running race. A and B have the same
pmbabr.h.ty of winning and each is rwice as likely to win as C. Find the
probability that B or C wins. ’ :

Solution

Let A, B, and C be the events that students A, B, and C win the race respectively.
P(A)=P(B)=2P(C)
P(AY+P(B)+ P(C)=1
2P(C)+2P(CYy+ P(CY=1

1
PC)=

2 2
P(A) =% and P(B)=7

Probability that student B or C wins
P(BLC)= P(B)+ P(C)-P(BNC)
2.1
=—+—-0
5 B
3
5

Example 8

A card is
a king or a heartora red card.

Solution a king, a heart and a red card

Let A, B and C be the events that the card drawn is

respectively.

drawn from a pack of 59 cards. Find the probability of getting
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| —
=
4
G 4 cC
PlA)=—T _
i — ;
(1) Probabil;
13 ity that the 0p)
Py Py _13 Raup f“"‘-“m Teads at least one of these news, rs
= UO)=PA e
¢ 32 Y+ P+ PO)- PiaB)- HANO)-PBAC) CG
26
‘ 26 e 4 ' O
PC i I=— =02 0. P{ﬁﬁancj
© e =¢33; 16+0.14-0.08-005-004+ 0.1 c
.. o H
i 'CI : (ii) Probability ]halmﬁmnreadgm,aflm newspapers E
1 m = AnBAT
52(‘,‘, = _ P(Anﬂﬁc}='l—P(AuBuc} re)
» =1-035 (b}
| P(BAC)=251 = % =065 c
"G Alternatively, =
B 2 - (FigTzi;:e ¥ the problem can be solved by a Venn diagram @©
) s PAACy=—La2 ‘ %
[ 2¢ 52 (i) P(the person reads at | 65 v
2 . ; St least one paper) = 1-m=o,as
| C 1 i
g | P(ANBNC)= FCI- = = (ii) P(the person reads none of these papers) = 0.65
: 1
= 1| Probability that the card drawn is a king or a heart or a red card. EXERCISE 1.2
= P(AUBUC) = P(A)+P(B)+P(C)- P(ANB) - P(BAC) - P(ANC)
r +P(ANBNC) 1. The probability that a student passes a Physics test is = and the
= /- _4L 1326 1 13 2 1 - :
- | ‘. 52 52 52 52 52 52 52 probability that he passes both Physics and English tests is 1‘% The
¥ K ‘
f 3 g probability that he passes at least one test is %. What is the probability

that the student passes the English test?

I '

Example 9 i {m-‘l}
43

From a city, 3 newspapers A, B, C are being published. A is read by

20%, B is read by 16%, C is read by 14%, both A and B are read by 8%,

both A and C are read by 5%, both B and C are read by 4% and all three

A, B, C are read by 2%. What is the probability that a randomly chosen -

2. What is the probability of drawing a black card or a king from a well
shuffled pack of playing cards?
7
KAns..-ﬁ}

person (i) reads at least one of these newspapers, and (ii) reads one of

these newspapers?
Solution
Let A, B, and C be the events that the person reads newspapers A, B, and C respectively.
P(A)=0.2, P(B)=0.16 "P(C)=0.14
P(AN B)=0.08, P(ANB)=0.05, P(BNC)=0.04

P(ANBNC)=0.02

3. A pair of unbiased dice is thrown.

of spots is eith
than 6.

er 5 or 10, and (ii) either thereisa

ind the probability that (i) the sum
il ; doublet or a sum less

|
{Ans.: li}—3—6 (i) TA




.24 Chapter 1 Probability

4. From a pack of well-shuffled cards, a card is drawn at random. What g
the probability that the card drawn is a diamond card or a king card?

[Ans.: _4_}
13

5. A bag contains 6 red, 5 blue, 3 white, and 4 black balls. A ball is drawn

at random. Find the probability that the ball is (i) red or black, angd *

(ii) neither red or black.
{Ans.:(i} 2 i) f;-]

6. There are 100 lottery tickets, numbered from 1 to 100. One of them

is drawn at random. What is the probability that the number on it is a
multiple of 5 or 7?
8
Ans.: —
[ 35]

7. From a group of 6 boys and 4 girls, a committee of 3 is to be formed. Find
the probability that the committee will include (i) all three boys or all
three girls, (ii) at most two girls, and (iii) at least one girl.

o 9w B
[Ans.. (i) = (1) 30 (iii) 6}
8. From a pack of 52 cards, three cards are drawn at random. Find the
probability that (i) all three will be aces or all three kings, (ii) all three
are pictures or all three are aces, (iii) none is a picture, (iv) at least one
is a picture, (v) none is a spade, (vi) at most two are spades, and (vii) at
least one is a spade.

;o 2 e B0 i 3B g A
Ans.: () o5 (0 55a5 (M g5 (M g3
703 . 839 . 997
M700 ™ 850 ‘" 1700
9. From a set of 16 cards numbered 1 to 16, one card is drawn at random.
Find the probability that (i) the number obtained is divisible by 3 or 7,
and (ii) not divisible by 3 and 7.

{Ans.: (i) % (ii) 1—1—1

1. i
6 Multiplicative Theorem for Independent Events

125
10. There are 12

bulbs in a b ;
to fi ; asket of whj
sockets choosing 3

ch 4 are warking, A person tries
hat there will be (i)

of the bulbs at random. What i
] - What
some light, and (i) no tight in U:;

iﬁms-: o ‘5‘% i

1.5 CONDITIONAL PROBABILITY

I-;ic)z :rig;:o events A and B in a sample space S, the probability of their simultaneous
e, i.e., both the events occurrings simultaneously is given by

P(AnB)=P(A) P(B/A)
or P(AnB)=P(B) P(AIB)

where {’(BM) is the conditional probability of B given that A has already occurred.
P({AIB) is the conditional probability of A given that B has already occurred.

1.6 MULTIPLICATIVE THEOREM FOR INDEPENDENT EVENTS

If A and B are two independent events, the probability of their simultaneous occur-
rence is given by

P(AnB)= P(A) P(B)
P(ANB)= P(B) P(A/B)

Proof A=(ANB)UANE)
Since (AN B)and (AN B) are mutually exclusive events,
P(A) = P(ANB) + P(ANB) [Using Axiom T}
= P(B) P(AIB)+ P(B) P(A/B)
If A and B arc independent events, the proportion of A's in B is equal to proportion of
A'sinB.ie., P(AIB)=P(A/B).
P(A)= P(AIB) [ P(B)+ P(B)
= P(AIB)

Substituting in Eq. (1.1),
.. P(AnB)=P(4) P(B)

Remark The additive law

‘v of A and B, 1, PA N B).
"The multiplicative law is use ity o

4 to find the probabil

is used to find the probability of A of B.ie., PA VB

Scanned with CamScanner



1-26  Chapter 1 Probapitity

Corollary 1 1r A, B and C are three events then
PAnBAC)=P) PBIA) P[CI(AN B)]

If A, B and Care independent events,

P(ANBNC)=P(A) P(B) P(C)

Corollary 2 1f A and B are independent events then A and B, A and B, A and B are
also independent. '

Corollary 3 The probability of occurrence of at least one of the events A, B, Cis
given by

P(AUBUC)=1-P(ANBACO)

If A, B, and C are independent events, their complements will also be independent,
P(AUBUC)=1-P(A) P(B) P(C)

Pairwise Independence and Mutual Independence The events A, B and C are
mutually independent if the following conditions are satisfied simultaneously:

P(An B)= P(A) P(B)
P(BNC)=P(B) P(C)
P(ANC) = P(A) P(C)

and P(ANBNC)= P(A) P(B) P(C)

If the last condition is not satisfied, the events are said to be pairwise independent.
Hence, mutually independent events are always pairwise independent but not vices
versa.

Example 1

P(ANB) = L and
3 6

2

If A and B are two events such that p(A)=

PA N B) = %,ﬁ!ldP(B). P(AU B), P(AIB), P(BIA), P(AU B) and

P(B). Also, examine whether the events A and B are (i) equally likely,
(ii) exhaustive, (iii) mutually exclusive, and (iv) independent.

Solution
P(B)=P(AnB)+P(AnB)
11

—_—t—
6 3

1
2

1.
& Multiplicative Theorem for Independent Events 1.

P(AUB)= P(A)+P(B)- P(AnB)

3
: 3
P(AIB) = f‘_’;_"‘_Bl

P(AnB)=1-P(AUB)
o

6

P(—B) =1-P(B)
1

1

2

A and B are not equally like events.
tive events.

(i) Since P(A)# P(B),
(ii) Since PAV B)#

1. A and B are not exhaus
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(i) s
: nce P(ANE :
(v) s; )#0, A and B are notmutually exclusive events

nce P(A ~ By =
B) = P(A) P(B), A and B are independent events.

Examp{e 2 %

If A and B are

i) paiRy=PBAD

P(AAB) =02 n;wol events sudf, that P(A) = 03, P(B) = 04
Solution Sind (P \J B), (ii) P(A/B), and (iii) P(A/B). :
O PAUB)=P(A)+ P(B)-P(ANB)
=0.3+0.4-0.2
=0.5
() p(a/B) _P(AnB)
P(B)
= P(B)-PANB)
P(B)
_04-02
T 04
=05
Giiy pa/py=LACE)
(B)
_P(A)-P(ANB)
1- P(B)
_03-02
T 1-04
|
6
Example 3

If A and B are two events with P(A) = %‘p(g) =_l., P(ANB)= =
e 4 I

Find (i) P(A/B), (ii) P(BIA), (iii) P(B/E), and (iv) P(AN B).
Solution

P(ANB) _

i /IB)=
(i) P(A/B) P(B)

=[S -
]
s

.
-

1.6 Mulg
Plicative Theor
em for Inde,
Pendent Evenps

o : 1

() pay=PANB) T3
PA) "1

3

P(4)
~PB PB4
1=P(4)
1

12
—-

==

I

o | ==

1
4
(V) P(ANEB)=P(A)-P(AnB)
11

312
1

3

Example 4

Find the probability of drawing a queen and a king from a pack of cards
in two consecutive draws, the cards drawn not being replaced.

Solution
Let A be the event that the card drawn is a queen.
f 4 o
G 4 1
PO=5, "5 1

ent that the cards drawn are 2 king in (e second draw given that the

Let B be the ev
first card drawn is a queen.
4 & _4_
P(BIA)Y= ~§l—a =3
Probability that the cards drawn are a queen and a king
P(ANB)= P{A) P(BIA) '
4 4
"8
A
~ 66
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Example 5

Abp : :
rep lfzi ;‘zﬂfams 3 n‘f'd and .4 white balls. Two draws are made withoy
: ent. What is the probability that both the balls are red? ;

Solution
Le
€A be the event that the ball drawn is red in the first draw.
0
7

Let B be the ev:
ent that the ball d i i i ;
dfawn is red., rawn is red in the second draw given that the first baj)

P(BlA) =2
6

Probability that both the balls are red
P(An B)= P(A) P(BIA)
3.2
= ——
7 6
1

7

Example 6

A bag contains 8 red and 5 white balls. Two successive draws of 3 balls
each are made such that (i) the balls are replaced before the second
trial, and (ii) the balls are not replaced before the second trial. Find the
probability that the first draw will give 3 white and the second, 3 red balls.

Solution

Let A be the event that all 3 balls obtained at the first draw are white, and B be the event

that ail the 3 balls obtained at the second draw are red.
(i) When balls are replaced before the second trial,

N
PAO=Te, "1
8c, _ 28

DL, P
Al e, 143

16 Multiplicgy
fve Theor,
M for Independent xents

: P'tobabi‘lity that ¢
- the first dr P .
P{AnB)y= P(A) P(Bi]lw Will give 3 white
=3 .28
143718
20449

(i) When the balls are ngt replaced before the second
trial
P(BlAY=—S_ 1 |

10, 15

and the second, 3 red balls

Probability that the first draw will ;
’ will give 3 white and the sec
P(AnB)= P(A) P(B/A) & second, 3 red balls

5 T

Example 7

From a bag containing 4 white and 6 black balls, two balls are drawn at
random. If the balls are drawn one after the other without replacements,
find the probability that the first ball is white and the second ball is

black. _ ;

Solution

Let A be the event that the first ball e and
ball drawn is black given that the first ball drawn is white.

drawn is white and B be the event that the second

PA)—i
W=

P(BIA) =
9 ;
Probability that the first ball is white and the second ball is black.
P(ANB)= P(A) P(BIA)

4 6

=X
109
4

15
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—

Example 8

2;1;‘4:1 On readership of a certain magazine show that the proportion .
€ readers under 35 is 0.40 and that over 35 is 0.20. If the proportion
of readers under 35 is 0.70, find the probability of subscribers that qp,
Jemales over 35 Years. Also, calculate the probability that a randomjy
sglccred male subscriber is under 35 years of age. ‘

Solution

Let A be thg event that the reader of the magazine is a male. Let B be the event thy
reader of the magazine is over 35 years of age.

P(An B)=0.40, P(An B)=0.20, P(B)=0.7
P(B)=1~-P(B)
=1-0.7
=03
(i) Probability of subscribers that are females over 35 years
P(ANB)=P(B)-P(AnB)
=0.3-0.2
=0.1
(ii) Probability that a randomly selected male subseriber is under 35 years of age
P(BIA) = P(ANB)
P(A)
_ P(ANB)
T P(ANB)+P(An B)
_ 04
T 02404
_04
06
_ 2
3
Example 9

From a city population, the probability of selecting (a) a male or a

7 e if a smoker i
smoker is 7 (b) a male smoker is . and (c) a male, if a smoker is

already selected, is 2 p;
 is s Find the probabil;

ty of selecting ( iYa nonsmoker,

i
(ii} @ male, gng (iii) a smoker, if a male is first selecteq

Solution

Let A be the event

ety that a male g selected, Let

B be the event that a smoker is

PAUB) =1 2
= Panm)=2, Pwm%

(i) Probability of sé!mjng a nonsmoker
P(B)=1-P(B)
e P(AnB)
P(AIB)

(i) P(B)=1-P(B)
2

=1-=

-3 1

5
P(AUB)=P(A)+P(B)-P(AnB)

Probability of selecting a male
P(A)=P(AUB)+P(AN B)-P(B)
7. 23
105 s
.
T2
(ii1) Pmi:rability of selecting a smoker if a
P(ANB)
P(BIA) =_—'__P(A)

[Using Eq. (1))

male s first selected
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T

I‘J

B =N

o —

W
L S

1.

—

Example 10

Sixty per cent of the employees of the XYZ corporation are college

graduates. Of these, ten percent are in sales. Of the employee why

did not graduate from college, eighty percent are in sales. What is the

probability that
(i) an employee selected at random is in sales?

(ii) an employee selected at random is neither in sales nor a college
graduate? :

Solution

Let A be the event that an employee is a college graduate. Let B be the event that an
employee is in sales.

P(A)=0.6, P(B/IA)=0.10, P(B/A)=0.8
P(A)=1-P(A)=1-060=040
(i) Probability that an employce is in sales

P(B)=P(AnB)+P(ANB)
= P(A) P(B/A)+ P(A) P(BIA)
= (0.6 0.1)+(0.40 X 0.80)
=0.38

(ii) Probability that an employee is neither in sales nor a college graduate
P(ANB)=1-P(AUB)

=1-[P(A)+ P(B)- P(AnB)]

=1~[P(A)+ P(B)- P(A) P(BIA))

=1-[0.60+0.38—(0.60%0.10)]
=0.08

1.
6 Multipticative Theorem for Independeny E ts
ven 1.35

_——-___—i——__
Example 11

If A
If A and B gy, Wo events such thay P(A)=§-

P(AUB)=23 B'P{Bh%; ot
= 2 find P(A/B) and P(B/A). Show whet

. her A
independent. A andB-ure
Solntion

PlAuB)= P(A)+ P(B)-P(A nB)

3

-—=1+§ P
2" g g PAnB)

P(AnB)=L
4

P(ANB)

P(A/B)=

3.5 1
PA PB =X 5 g
P(ANB)# P(A) P(B)

Hence, the events A and B are not indlependent.

Example 12 | ' o
iTity that @ student A solves @ mathematics problem s 3™
ke 5 2_ What is the probability
3 :

The pro i
hat a student B solves it 1

the probabilify !
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th . . : '
1at (i) the problem is not solved, (ii) the problem is solved, and (iii) bot

A T
and B, wor king independently of each other, solve the problem?

Solution

Let A and B be eve nts that students A and B solve the problem respectively.
2 2
P(A)==, P(B)==
5 &) 3

Events A and B are independent.
Probability that the student A does not solve the problem
P(A)=1-P(A)
. o 2
5
3

5

Probability that the student B does not solve the problem
P(B)=1-P(B) '
e

-

= e

1

3
(i) Probability that the problem is not solved
P(AnB)= P(A) P(B)

3.1
=——-

5 3
=k

5

(ii) Probability that the problem is solved
P(AUB)=1-P(ANB)
1

=]-—

(iii) Probability that both A and B solve the problem
P(AN B) = P(A) P(B)
2. 2
=——_
5 3
4

15

will perform the usual function,
Solution

lﬂAandeeur_mnm

respectively, that machines A and B wil} perform the usual function

1
P(A)=—
()4

1
P(B)=—
3

Events A and B are independent.
Probability that both machines will perform the usual function
P(AnB)=P(A) P(B)
1.1
==
4 3
1

12

Example 14
A person A is known to hit a target in 3 out of 4 shots, whereas another
person B is known to hit the same target in 2 out of 3 shots. Find the

probability of the target being hit at all when they both try. ‘
[Summer 2015]

Solution | |
Let A and B be the events that the persons A and B hit the target respectively.

3

P(A)= 3

P(B)= 2

B=3
EventsA and B are independent. . 2
P(A]:l—P{A}=1—I=—3

Probability that the person A will not hit the target =
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[ —

o = 2
Probability that the person B will not hit the target = P(B) =1-P(B) =1~ z=

Probability that the target is not hit at all
P(ANB)= P(A) P(B)
1.1
=33
_ &
< o
Probability that the target is hit at all when they both try
P(AUB)=1-P(ANB)
el
12
1
12
Aliter
P(AUB)= P(A)+P(B)- P(ANB)
=P(A)+P(B)- P(A) P(B) [ Aand B independent]
3,232
% 3 4 3
1
12

Example 15

The odds against A speaking the truth are 4 : 6 while the odds in favour
of B speaking the truth are.7 : 3. What is the probability that A and B
contradict each other in stating the same fact?

Solution _
Let A and B be events that A and B speak the truth respectively.
6
P(A)=—
(A) 10
P(B)=—
(B) 10

Events A and B are independent.
Probability that A speaks a lie = P(A)=1-P(4)=1-2 -4
10 10

Probability that B speaks a lie = P(B)=1— P(B)=1_-! = >
10 10

1.6 Multiplicative Theorem for Independent .
vents

1.39
Probability tha 4 and B contradict each other

» mutually exclusive events
=P(A) P(B) + P(A) P(B) “
6 3 4 9 '
=g Tl
1010 10°7% :
=—2§- . 2

5

PliAnByU(7 « 5
L ﬁB)u(&nB)]=p(AﬁB)+P{EnB) ‘. “’"B’W(?\ﬁﬁ)aml

Example 16

. Anum mn_rains 10 red, 5 white and 5 biue bal
random. Find the probability that they are no

Solution

Let A, B, and Cbe the events that two balls
red, white, and blue respectively.

Is. Two balls are drawn at
t of the same colour.

drawn at random be of the same. colour, j.e.,

10,
.
20, 3

5
PB=— = L
0, 1

5
p(c)=i=L
e 19

Events A, B, and C are independent.
Probability that both balls drawn are of same colour
P(AUBUC)=P(A)+P(B)+ P(C)

9 1 1
=——f—
33 19 19
B
38

Probability that both balls drawn are not of the same colour
P(ANBNC)=1-P(AUBUC)
13
=1-—
38
25

D

Scanned with CamScanner



1140 Chapter 1 probabitity
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Example 17

A problem in statistics is given to three students A, B and C, whog,

chances of solving it independently are %—% and "‘1{ respectively. Fing
the probability that ‘
(i) the problem is solved
(ii) at least two of them are able to solve the problem
(iii) exactly two of them are able to solve the problem
(iv). émct!y one of them is able to solve the problem

Solution
Let A, B, and C be the events that students A, B, and C solve the problem respec.
tively.
Py=1, pB)=L, PC)=2
2’ - 4

Events A, B, and C are independent. )
(i) Probability that the problem is solved or at least one of them is able to solve the
problem is same.
' P(AUBUC) = P(A)+ P(B)+ P(C)— P(ANB) = P(ANC) = P(BNC)
+P(ANBNC)
= P(A)+ P(B)+ P(C)~ P(A) P(B)— P(A) F(C)— P(B) P(C)
+ P(A) P(B) P(C)

1,1 (1 1) (1,1) (L lHlxlxl]
*5*'2‘[?‘.3) [2"4) (3x4 2734

(ii) Probability that at least two of them are able to solve the problem
P[{AmB)u(Bm C)u(AmC)]= P(ANB)+P(BNC)+P(ANC)-2P(AnBNC)
- = P(A) P(B)+ P(B) P(C)+ P(A) P(C)

—2P(A) P(B) P(C)

(1 1] (1 1) [1 1] .(1 1 1]

= =X— |+ =x=[+]| =% = |-2| =X =x—

2°3) 1374/ \274 27374
_7
24

1.6 Multiplicative Thearem for Independent Events

1.41

(iii) Probability that exactly two of them

= are able to solve the b
P[(Ar'\Br\C)u(AﬁEﬁCu(E (o

(‘\Br\C]
=P(AnB)+P(Br’\C.]ﬂ-P(Ar\C}—?:P(AﬁBnC}

|1 1) [l 1 11
=lox= e axm el Lo B afl o1 1
(2 3)°\3 4)*[1"4) 3{5"3":}
1

4
(iv) Probability that exactly one of them is able to solve the problem
P[AnBnE)u(Ensné)u(EnEncﬂ

= P(A)+P(B)+ P(C)-2P(A B)=2P(BNC)-2P(ANC)+3P(ANBAC)

L33 Ay 2500 1 6
Sotot——2) —x— -2 —x= -2l Zx— LI L
2'3 4 [2 3} Laxa.] 2(2"4)”(2“3"4

Example 18

A husband and wife appeared in an interview for two vacancies in an
office. The probability of the husband’Q selection is 71;— and that of the
wife’s selection is lS Find the probability that (i) both of them are

selected, (ii) only one of them is selected, (iii) none of them is selected,
and (iv) at least one of them is selected.

Solution
Let A and B be the events that the husband and wife are selected respectively.
: 1 1
==, PB)=—
P(A) 7 (B) 5

Events A and B are independent.
(i) Probability that both of them are selected
P(ANB)=P(4) P(B)
1. &

==¥—
15
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(ii) Probability that at least one of them is selected
P(AUB) = P(A)+ P(B)- P(ANB)
| I | X

(iii) Probability that none of them is selected
P(AnB)=1-P(AUB)
D
: T35
(iv) Probability that only one of them is selected
PLANB)U(ANB)]=P(AUB)- P(ANB)
1 1
T35 35
_1o
35
2

7

Example 19

There are two bags. The first contains 2 red and | white ball, whereas
the second bag has only 1 red and 2 white balls. One ball is taken out at
random from the first bag and put in the second. Then a ball is chosen at
random from the second bag. What is the probability that this last ball

is red?

Solution

There are two mutually exclusive cases,

Case I: A red ball is transferred from the first bag to the second bag and a red ball is
drawn from it.

Case II: A white ball is transferred from the first bag to the second bag and then ared
ball is drawn from it.

Let A be the event of transferring a red ball from the first bag, and B be the event of

transferring a white ball from the first bag.

2
P(A)==<
(=3

1.6 Multipiicative Theorem for Independent Events

1.43
P(BJ——
Let E be the event of drawing a red ball from the second bag.
P(ElA)=2
4
1
P(E/By=—
4
P(Case I)= P(An E)
= P(A) P(E/A)
2
=—¥—
3 4
=1
3
P(Case )= P(BNE)
= P(B) P(EIB)
1.1
=——
3 4
-t
12
P[(A MNEYU(Bn E)]: P(ANE)+P(BNE)
. 8
3 12
e
12

Example 20

An urn contains four tickets marked with numbers 112, 121, 211, aml
222, and one ticket is drawn. Let A; (i =1,2,3) be the event that the i"
digit of the ticket drawn is 1. Show thatlhe events A, Ay, Ay are pairwise

independent but not mutually independent.

Solution -
A =(112,120), 4, ={112,211), A =(20,210

A.nA,:lu”} AnA =021, A 04 =211
P{Al 2 ='_ {Az" P(AJ}

2
P(A NAy) =P(& N AY)
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1.44  Chapter1 probability

P(A nAy) = P(A4) P(A) =7

P(A, N A;)= P(A;) P(4;) =

| = il B

P(A, M Ay) = P(A) P(A) =74

Hence, events A}, 4,, and A, are pairwise independent.
P(A O Ay 0 Ay)=P($)=0
P(A, N A, (1 Ay # P(A)) P(4;) P(43)

Hence, events A, A,, and A; are not mutually independent.

EXERCISE 1.3

—

1. Find the probability of drawing 2 red balls in successjon from a bag
containing 4 red and 5 black balls when the ball that is drawn first is,
(i) not replaced, and (ii) replaced.

. —
{;ﬂm:;..n}6 {n)a.]

2. Two aeroplanes bomb a target in succession. The probability of each
correctly scoring a hit is 0.3 and 0.2 respectively. The second will bomb
only if the first misses the target. Find the probability that (i) the target
is hit, and (ii) both fail to score hits.

[Ans.: (1) 0.44 (ii) 0.56]

3. Box A contains 5 red and 3 white marbles and Box 8 contains 2 red
and 6 white marbles. If a marble is drawn from each box, what is the
probability that they are both of the same colour?

[Ans.: 0.109]

4. Two marbles are drawn in succession from a box containiné 10 red, 30
white, 20 blue, and 15 orange marbles, with replacement being made
after each draw. Find the probability that (i) both are white, and (ii} the
first is red and the second is white.

4 4
Ans.: (i) — (ii —]
[ W 25 ( )?5

5. A, B, C are aiming to shoot a balloon. A will succeed 4 times out of 5
attempts. The chance of B to shoot the balloon.is 3 out of 4, and that

]

1.6 Multiplicative Theorem for Independent Events 1,45

-of Cis 2 out of 3. If the three aim the ball
. 00N simultaneou
probability that at teast two of them hit the batoon T 0 e
\Ans.: E‘X
6

6. There are 12 cards numbered 1 to 12 in a box. ¥f two cards are selected,

u\f!'lat is the probability that the sum is odd (i) with replacement, and
(ii) without replacement?

Lh.ns-‘. @ % (i) %

7. Two cards are drawn from a well-shuffled pack of 52 cards. Find the

probability that they are both aces if the first card is (i) replaced, and i
{ii) not replaced. 2
R |
ims" D1 O zz‘l 4
8. A can hit a target 2 times in 5 shots; B, 3 times in 4 shots; and C, 2 times .
in 3 shots. They fire a volley. What is the probability that at least 2 shots s
hit the target?

B!
XAns.. 3

i 7 white balls and
9. There are two bags. The first bag contans 5 red and :
the second bag contains 3 red and 12 white balis. One ball is taken out
at random from the first bag and is put in the sef.gmd bag. Naw a balill‘iAs
drawn from the second bag. What is the probability that this last ball is

red! . A
: : KN'\S - —1-9':): ]

: ; ol |
' ili it target is -3
10. In a shooting competition, the probability of A hitting the targe 3

of B, is L: and of C, is 3 it all of them fire at the target, find the
. - ii of

robabitiiy that (i) none of them hits the target, and (i) at 'ugast one

p

hem hits the target. el

= KAns.:{\}ﬁ ln‘;iz

i jsti oblem are 12 t0 10
i X solving a statistics pr iy
vt g agamStf:v;t:rdE?ta student Y solving the problem are b0

and the odds in

I~ ~ >
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What is the probability that the problem will be solved when both try

1.7 Boyes' Theor )
independently of each other? o

' owns both a dog and
[Am': 4 08 given that it owns acaty @ randomly selected family owns &
12. A bag contains 6 white and 9 black balls. Four batls'are drawn at rang [Ans.: (9 0.0792 (i) 0.264]
twice. Find the probability that the first draw will give 4 white by
and the second draw will give 4 black balls if (i) the balls are replaceq, 1.7 BAYES’ THEOREM
and (ii) the balls are not replaced before the second draw.

Let A, Ay A ben mutually exclusive and exhaustive events with P(A) # 0 for

i=1,2,..,nina sample space 5. Let B be an event that can occur in combination with

5915 any one of the events Ap Ay, .o A, with P(B) 20, The

. 6 o 3
Ans.: (i) —— (i) —
[ ns.: (i) {11715]

probability of the event A, when
13. An urn contains 10 white and 3 black balls. Another urn contains 3 the event B has actually occurred is given by .
white and 5 black balls. Two balls are transferred from the first urn g P(A IBy= A P(BIA) y
the second urn and then one ball is drawn from the latter. What is the " B :
probability that the ball drawn is white? - 2, P(4) P(BIA) e
[Ans ~—5-} :
"% Proof Since Ay, A, ..., A, are n mutually exclusive and exhaustive events of the e

. sample space §,

4. A i i e following qualities: faj

1 \ man wants to marry a girl having th g ? fair =AU,

complexion—the probability of getting such a girl is 75" handsome Since B is another event that can occur in combination with any of the mutually ik
exclusive and exhaustive events A, A,, ..., A,,

R T DL > ;
dowry—the probability is 50 westernized manners and etiquettes— B=(A NB)U (AN B)U--U(A, NB) i

P o v ¥ . e ; 2 Taking probability of both the sides,
th bil a9 robability of his gett &P v
e probability of this is 100 Find the probability is ge Img P(B) = P(A,~B) + P& By +-—+ P(A_ (\B)
married to such a girl when the possessions of these three attributes are :
independent. The events (A, M B), (A, N B), etc., are mutually exclusive.
1 3 S
Ans.: P(B)=Y P(A,nB)="Y,P(A) P(BIA)
[ 100000] .24‘ i=\
| - " i already occurred is given
15; A small town has one fire engine and one ambulance available for The conditional probability of an event A given that B has already o¢
emergencies. The probability that the fire engine is available when by
needed is 0.98 and the probability that the ambulance is available when PA B}:M
 called is 0.92. In the event of an injury resulting from a burning building, 2 P(B)
find the probability that both the fire engine and ambulance will be P(A) P(BIA)
available. )
' [Ans.:0.9016] P(A,) P(BIA)
' e e
16. In a certain community, 36% of the families own a dog and 22% of the Y P(A) P(BIA)

families that own a dog also own a cat. In addition, 30% of the families R
own a cat. What is the probability that (i) a randomly selected family

Scanned with CamScanner



1.48 Chapter 1 Probability

s

Example 1

A company has two plants to manufacture hydraulic machines. Plany |
manufactures 70% of the hydraulic machines, and Plant Hl manufactures
30%. At Plant I, 80% of hydraulic machines are rated standard quality,
and at Plant 11, 90% of hydraulic machines are rated standard quality,
A machine is picked up at random and is found to be of standard quality,
What is the chance that it has come from Plant I? [Summer 2015]

Solution

Let A, and A, be the events that the hydraulic machines are manufactured in Plant |
and Plant II respectively. Let B be the event that the machine picked up is found to be
of standard quality.

70
P(A))=—=0.7 Aq 08
100 B
30 0.7,
P(A)=——=03
100
Probability that the machine is of standard quality given g3
that it is manufactured in Plant 1 A, 08 8
80 Fig. 1.3

P(BIA) =—=08
L 100

Probability that the machine is of standard quality given that it is manufactured in
Plant IT
90
P(B/A;)=——=09
(B742) =100
Probability that a machine is manufactured in Plant I given that it is of standard quality
P(A)) P(B/A)

P(A,/B)=
P(A,) P(BIA) + P(A,) P(BIA,)
_ 0.7x08
T 0.7x0.8+03x0.9
=0.6747
Example 2

A bag A contains 2 white and 3 red balls, and a bag B contains 4 white
and 5 red balls. One ball is drawn at random from one of the bags and
it is found to be red. Find the probability that the red ball is drawn Sfrom
the bag B.

AT Bayes' Theorem 1,49
Solution

le,l: Apand A, be the events that the pectn
e the event that the bal] drawn is red - it s

1
P = -
(4) 5

1
P = e
(Az) 3

Probability that the ba]]
drawn from the bag A

) e

- - h‘
drawn is red given that it is

| =

3
P(BIA)=

w|;

N
2

Probability that the ball drawn is red given that it is

drawn from the bag B Fig 1.4

- P{BMﬂ:%

Probability that the ball is drawn from the bag B given that it is red
P(A,) P(BIA,)
P(A)) P(BIA)) + P(A,) P(BIA,)

P(A,/B) =

Example 3
The chances that Doctor A will diagnose a disease X correctly is
60%. The chances that a patient will die by his treatment after correct
diagnosis is 40% and the chance of death by wrong diagnosis is 10%.
A patient of Doctor A, who had the disease X, died. What is the chance

that his disease was diagnosed correctly?

Solution
Let A, be the event that the disease X is diagnosed correctly by Doctor A. Let ﬁ‘l be ::;
eventlthat the disease X is not diagnosed correctly by Doctor A. Let Bbe the event

- a patient of Doctor A who has the disease X, dics.
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60
PA)=——=0.6
S e

P(4;)=P(A)=1-P(A)=04

Probability that the patient of Doctor A who has the disease X dies given that the
disease X is diagnosed correctly
40
P(B/A;))=——=04
_ ( = 2 100
Probability that the patient of Doctor A who has the
disease X dies given that the disease X is not diagnosed : 8
correctly 08
P(BIA) =2 =07
100 3 04N A2
Probability that the disease X is diagnosed correctly 0.7
given that a patient of Doctor A who has the disease X Fig. 1.5
dies
P(A)) P(BIA)

BB = ) P(BIA )+ P(Ay) P(BIA)
_ 0.6x0.4
T (0.6%0.4)+(0.4x0.7)
6
E)
Example 4

In a bolt factory, machines A, B, C manufacture 25%, 35%, and 40%
of the total output and out of the total manufacturing, 5%, 4%, and 2%
are defective bolts. A bolt is drawn at random from the product and is
found to be defective. Find the probabilities that it is manufactured from
(i) Machine A, (ii) Machine B, and (iii) Machine C.

Solution
Let A}, A, and A, be the events that bolts are manufactured by machines A, B, and C
respectively. Let B be the event that the bolt drawn is defective.

25 A 0.05

3
P =—={).
(4) 100 0.35

P(A)=—=025 !
“ 100 028/ '8
5 03s% 004 o
\————4 B

=40 _ . 0.4, -
P(hy) =~ -=04 e

Fig. 1.6

Machine A
- 5
P(BIAY=—_
1) Tog =005

Probability that the bolt draw

Machine B B 18 defective given that it is manufactured from

P(BIA,)= % = 0104

Probability that : . i ) ¥
Machincl é at the bolt drawrl. is defective given that it is manufactured from

: 2
P(BIA))=—=0,
1) 100 0.02

. (1) Probability that a bolt is manufactured from Machine A given that it is defective

P(A,/B) = 5 P(A)) P(BIA))
(4)) P(BIA) + P(A,) P(BIAy)+ P(Ay) P(BIA,)
= 0.25%0.05
©(0.25%0.05)+(0.35 X 0.04) + (0.4%0.02)
=0.3623 :
(ii) Probability that a bolt is manufactured from Machine B given that it is defective
P(A, 1B) = P(A,) P(BIA,)
P(A) P(BIA,) + P(A;) P(BIA,) + P(A;) P(BIAs)
0.35x004
= (0:25%0.05)+(0.35%0.04) + (0.4 X 0.02)
=0.4058
(iii) Probability that a bolt is manufactured from Machine C given that it is defective
P(A;/B)= (AP
3" T p(A) P(BIA)) + P(A,) P(BIA,) + P(As) P(BIA;)
0.4x0.02
= 025%0.05)+(0.33% 0.04) + (0.4 0.02)
=02319
Example 5

Y, Z for 20%, 50%, 30% of the time
4%, 8% of the rooms in XY2Z hmel,s
bability that the businessman s

A businessman goes to hotels X,
respectively. It is known that 5%,

' is the pro
have faulty plumbings. What is the
momaavgzg faulty plumbing is assigned to Hotel Z?

L—A
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Solution

LetA,, 4,and 4 3 be the events that the businessman goes to hotels X, ¥, z‘e"?“mi"ely,
Let B be the event that the rooms have faulty plumbings.

. A
P(A,) ﬂ%% ~02 .
P(A) =22 =05
P(Ay) = 13_006 03

Fig. 1.7

Probability that rooms have faulty plumbings given that
rooms belong to Hotel X

P(B/A) = i . 0.05
100 . ;
Probability that rooms have faulty plumbing given that rooms belong to Hotel ¥
4
P(B/A,)=—=0.04
(B742) =100
Probability that rooms have faulty plumbings given that rooms belong te Hotel Z

8
P(B/A;)=——=10.08
(B/A;) 100

Probability that the businessman’s room belongs to Hotel Z given that the room has
faulty plumbing
P(Ay) P(B/Ay)

it~ P(A,) P(BIA,)+ P(4,) P(BIA,)+ P(A,) P(BIA,)
_ 0.3x0.08
- (0.2x0.08)+ (0.5x0.04)+ (0.3 x 0.08)
4
9
Example 6

Of three persons the chances that a politician, a businessman, or an
academician would be appointed the Vice Chancellor (VC) of a university
are 0.5, 0.3, 0.2 respectively. Probabilities that research is promoted by
these persons if they are appointed as VC are 0.3, 0.7, 0.8 respectively.
(i) Determine the probability that research is promoted,

(i) If research is promoted, what is the probability that the VC is an
academician?

1.7 Bayes’ Theorem 1.53
Solution

LetA;, A;and Az be the events 1 e
e hat a politic i _ "
be appointed as the VC respccti.\fe]y.r]’..ie[ B 11:2511::::2:::5““ B

that research is promoted thy i
ese
appointed as V. 4 PSR

P(A)=05
P(A;)=03
P(A;] =0.2

Ay
05 0.3

Az
Fig. 1.8 ’

Probability that research is promoted given that a
politician is appointed as VC

P(BIA))=0.3
Probability thiat research is promoted given that a businessman is promoted as VC
P(BIA)=0.7 _
Probability that research#s promoted given that an academician is appointed as VC
P(B/A;) =038
(i) Probability that research is promoted
P(B)= P(A) P(BJA|) + P(A;) P(BIA,)+ P(A;) P(BIA,)
=(05%x0.3)+(03x0.7)+(0.2x0.8)
™ =0.52
(ii) Probability that the VC is an academician given that research is promoted by him'
P(A;) P(B/A,)
P(A;) P(BIA))+ P(A,) P(BIA,) + P(A;) P(BIA;)
_02x0.8
~ 052

P(A,/B)=

13

Example 7

The contents of urns I, I, and HI are as follows:
| white, 2 red, and 3 black balls,

2 white, 3 red, and 1 black ball, and

thi ' and 2 black balls.
O i dom and two balls are drawn. They happen

o urn i A t ran )
One urn is chosen a bl i ey came from (i) Urn L

to be white and red. Find the pro
(i) Um I, and (iii) Urn 111,

M
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Solution

Leta,, Ajz. and A, be the events that urns I, 1T and IIT are chosen respectively. Let g be .

the event that 2 balls drawn are white and red.

P(A) = %

}'(4“.2 ) =

[= w]=—

P(.-‘i_l =

3

Probability that 2 balls drawn are white and red given
that they are chosen from the urn 1

P(BIA)= —L" Lo 2"2 o

Probability that 2 balls drawn are white and red given that they are chosen from the
urn I1 :

2 3 ’
PlBIA e G 2836
: P 15 15

-

Probability that 2 balls drawn are white and red given that they are chosen from the,

urn 111

(i) Probability that 2 balls came from the urn I given that they are white and red
' P(A)) P(BIA))
P(A)) P(BIA))+ P(A,) P(BIA,) + P(A;) P(B/A,)
1.2

x_
3. 15

1_2 1 6 1 3
—M— A i R Bl
(3 15]+[3 f 15]+(3-X 15)
=2
11 )
(ii) Probability that 2 balls came from the urn II given that they are white and red
P(A,IB) = P(4,) P(BIA,)
P(A)) P(BIA))+ P(4;) P(BIA))+ P(A;) P(BIA,)
1 6

2 315

I_2).(1 6171 3
il Soapath Ll n ot
(3 15) (3"15)+(3"15J

" P(A,1B) =

1.7 Bayes’Theorem 155

.3
1

(ii1) Probability that 2 balls came from the urn 111 given that they are white and red
: T
P(A,/B) = P(A;) P(B/A,)
P(A) P(BIA))+ P(4,) P(BIA,)+ P(a,) P(BIA)
1.3 ' g
=K
- ] 3 %5
2 1.6 1 3 J
=X 4] =x— =k l
(3 15} [3"15)*[3"15}
3 ' .
1

LY

EXERCISE 1.4

1. Thgre are 4 boys and 2 girls in Room A and 5 boys and 3 girls in Room B.
A garl_frorn one of the two rooms laughed loudly. What is the probability
- the girl who laughed was from Room B! :
9
Ans.:—
K T 171

&
: 3
respectively. The probabilities that the bonus scheme will be introduced

2. The probability of X, Y, and Z becoming managers are %,%.and

if X, Y, and Z becorne managers are —13;—}, %, and4—5 respectively. (i) What
is the probability that the bonus scheme will be introduced? (ii) If the
bonus scheme has been introduced, what is the probability that the

manager appointed was X? e "
{Ans.:(i}ﬁ (%) ﬁl

has two machines, Aand B. Past records show that the r_nachine A
i A]:Traocdtjgs 35(‘)‘;v:3f the total output and the machine B, t_he remaining ?0‘13[6%
Machine A produces 5% defective articles and Machine B pn:jdl;ciii\'e
defective items. An item is drawn at random and found to beh‘ :eeA ané
What is the probability that it was produced (i) by the machine A,

() by the Machine B¢ [Ans.: 9 0.682 (i) 0318]
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4. A company has two plants to manufacture scooters. Plant | manufactures
80% of the scooters, and Plant Il manufactures 20%. At Plant I, 85 out
of 100 scooters are rated standard quality or better. At Plant I, only
65 out of 100 scooters are rated standard quality or better. What is
Probability that a scooter selected at random came from (i) Plant 1, ang
(i) Plant Il if it is known that the scooter is of standard quality?

- [Ans.: () 0.84 (ii) 0.1¢]

5. A new pregnancy test was given fo 100 pregnant women and 100 nop,. 50, 60, 70 , Tespectively
; » U, /U per cent of these 4 e )
Pregnant women. The test indicated pregnancy in 92 of the 100 pregnant among all employees, regar dlzs\?:::. gﬁzﬂ‘:;tl&ns ar:! equally likely
women and in 12 of the 100 non-pregnant women. If a randomly selecteq is a woman. What is the probability that she worls in Store &1 <
woman takes this test and the test indicates she is pregnant, what is the !

probability she was not pregnant? : [Ans.:0.5]
[ 3

Ans.: —

26

6. An insurance company insured 2000 scooter drivers, 4000 car drivers,
and 6000 truck drivers. The probability of an accident is 0.01, 0.03, and
0.15 in the respective category. One of the insured drivers meets with an
accident. What is the probability that he is a scooter driver?

{Ans.: —1-]
52

7. Consider a population of consumers consisting of two types. The upper-
income class of consumers comprise 35% of the population and each
member has a probability of 0.8 of purchasing Brand A of a product.
Each member of the rest of the population has a probability of 0.3 of
purchasing Brand A of the product. A consumer, chosen at random, is
found to be the buyer of Brand A. What is the probability that the buyer
belongs to the middle-income and lower-income classes of consumers?

{Ans.: }2]
95

8. There are two boxes of identical appearance, each containing 4 spark
plugs. It is known that the box I contains only one defective spark plug,
while all the four spark plugs of the box Il are non-defective, A spark plug
drawn at random from a box, selected at random, is found to be non-
defective. What is the probability that it came from the box I?

3
[Ans.. 7]_
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CHAPTER

'R'andom

Variables

Chapter Outline

2.1 Introduction :

2.2 Random Variables

2.3 Probability Mass Function

2.4 Discrete Distribution Function

2.5 Probability Density Function

2.6 Continuous Distribution Function

2.7, Two-Dimensional Discrete Random Variables

2.8 Two-Dimensional Continuous Random Variables -
2.1 INTRODUCTION

The outcomes of random experiments are, in general, abstract quantities or, in other
words, most of the time they are not in any numerical form. However, the outcomes
of a random' experiment can be expressed in quantitative terms, in particular, by
means of real numbers. Hence, a function can be defined that takes a definite real
value corresponding to each outcome of an experiment. This gives a rationale for

- the concept of random variables about which probability. statements can be made.
In probability and statistics, a probability distribution assigns a probability to each
.measurable subset of the possible outcomes of a random experiment. Important and
commonly encountered probability distributions include binomial distribution, Poisson
distributic)n, and normal distribution. L : "y
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22  Chapter2 Random Variad(es .

2.2 RANDOM VARIABLES

A random variable X is real-valued function of th‘e elements of the sample space ofg
random experiment, In other words, a variable which takes the :'"cai values, dei”ending
on the outcome of a random experiment is called a random variable, e.g.,
(i) When a fair coin is tossed, § = {H,T). I Xis the random variable denoting the
number of heads, i
X(H)=1and X(T)=0
Hence, the random variable X can take values 0and 1.
(i) When two fair coins are tossed, § = {HH, HT, TH, TT}. If X is the randop
variahle denoting the number of heads,
X(HH) =2, X(HT) =1, X(TH) = 1, X(TT) = 0.
Hence, the random variable X can take values 0, 1, and 2,
(iit) When a fair dic is tossed, §={1,2, 3,4, 5, 6}.
If X is the random variable denoting the square of the number obtained
X(1)= 1, X(2) =4, X(3) =9, X(#) = 16, X(5) = 25, X(6) = 36 i
Hence, the random variable X can take values 1, 4, 9, 16, 25, and 36.

Types of Random Variables

'ﬂm are WO types of random variables;
. g) Discrete random variables
(ii) Continuous random variables
Discrete Random Variables A random

fzhher finite or countably
isolated values, e.g.,

e variable X is said to be discrete if it takes
infinite values. Thus, a discrete random variable takes only

{(11; ﬁumber of children in a family

Uty Number of cars sold by diff

(1_1:) Number of days of rainfa]ll izl'eam_mmp
(1v) Number of stars jn the sky b d
(v} Profit made by an investor in aday

Continuous Random Variables

if it takes any valyes
y 510 a given |
uncountably infinite \raIuesge gl'.1 ™

amies in a year

rval. Th !
1S, a continuous random variable takes

(1) Height of a i

_' : Pperson in
{g!; }Ve:ght of a bag in kgcm
iii Temperature of a city ;
(iv) Life of an electric e Sl

(v) Volume of a gas inb:l;h in hours

A rand y
Om variable X is said to be continuous |

2.3 Probability Mass Function . 2.3

Example 1 ’ v
Identify the random variables as either discrete or continuous in each
of the following cases:
(i) A page ina book can have at most 300 words
X = Number of misprints on a page
(ii) Number of students present in a class of 50 students
(iii) A player goes to the gymnasium regularly
X = Reduction in his weight in a month
(iv) Number of attempts required by a candidate to clear the IAS
examination
(v) Height of a skyscraper

Solution

(i) X = Number of misprints on a page ;
The page may have no misprintor 1 misprint or 2 misprint ... or 300 misprints.
Thus, X takes values 0, 1, 2, ..., 300. Hence, X is discrete random variable.

(i) Let X be the random variable denoting the number of students present ina
class. X takes values 0, 1, 2, ..., 50. Hence, X is a discrete random variable.

(iit) Reduction in weight cannot take isolated values 0, 1, 2, ete., but it takes any
continuous value, i
Hence, X is a continuous random variable.

(iv) Let X be a random variable denoting the number of attempts required by a
candidate. Thus, X takes values 1, 2, 3, .... Hence, X is a discrete random
variable,

(v) Since height can have any fractional value, it is a continuous random variable.

—

2.3 PROBABILITY MASS FUNCTION

Probability distribution of a random variable is the set of its possible values together
with their respective probabilities. Let X be 2 discrete random variable which takes
the values ¥, X, ... &, The probability of each passible outcome x; is p, = px) = d
P(X = x) for i = 1,2, ....'n. The number px)i=12, ... must satisfy the follo_wing
conditions:

(i) plx;) =0 for all values of §

(@ Y, ple)=1

il
The function p(x,) is called the probability function or probability mass function of the
random variable X: The set of pairs [x, p(x)}l,i=1,2 -.

., nis called the probability
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3.4  Chapter2 Random Variables

siseibution of the random varidble which can be displayed in the form of a table o

shown below:

X; oo ]

e pe) P k) |

X X3

2.4 DISCRETE DISTRIBUTION FUNCTION

——

Let X be a discrete random variable which takes the values x;, X5, ... such that

x; <X < ... With probabilities p(x,), px) ... such that p(x;) 2 0 for all values of i and

Ep(xi):]"

i=1

The distribution function F(x) of the discrete random variable X is defined by

I
CF()=P(X<x)=) p(x)

where x is any integer. The function F(x) is also called the cumulative distribution

function. The i . sl . 3
disu-ithion, set of pairs {x;, F(x)},i=1,2, ... is called the cumulative probability

Xy X3

5.

) B+t

Example 1

A fair die is tosse& onc :
e. If the ra i ; 1
number, find the probabﬂ'ityd!’srribm?::f?f ;*(artab(e Tpengin

Solution ;
When a fair die is tossed, 5
8$=1{1,2,3,4,5 6
Let X be the rando Ao
LAz m variable of getting an evep lumber, Hence, X take the value$
i can take the V&
PX=0)=P(1,3,5.3_1
() :
PX=1)=P2,4,6.3_1
; 6 7

2.4 Distribution Function .5

Hence, the probability distribution of X is

Also, ZP(X=J:]=%+%=]

Example 2
Find the probability distribution of the number of heads when three
coins are tossed,

Solution

When three coins are tossed,

§ = (HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
Let X be the random variable of getting heads in tossing of three coins. Hence X can
take the values 0, 1,2, 3. :

P(X =0) = P(no head) = P(TTT) = %

oo w

P(X = 1) = P(one head) = P(HTT, THT, TTH) =

3
P(X = 2) = P(two heads) = P(HHT, THH, HTH) = 3

- 1
P(X = 3) = P(three heads) = P(HHH) = e

Hence, the probability distribution of X is

9

Also,

oo | L

o
PX=x)=—+—+
E (X =x) i '3
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. X=1x)=
: ZPX=x)= P(x= 0+ POC=1) 4 Y= 2) 4 = 3)

.—-...,_\_1
Example 3

State with reasons whether the following repres ent the probabj, ix:y Mg

function of a random variable:

—————————

(i)
(ii)
(iii)
0 1 2 3
L e
2 s s i
" Solution o

(i) Here, {] S P(X'=x)<1is satisfied for all values of X,

EP(X=IJ=P(X=0)+P(X=1)+P(X=2)+P(X= 3)
=04+03+02+0.]
=1
Since.  YPX=x)=1,itre
o presents probabilit
(i) Here, 0 P(X =x)< 1 is satisfied for all values oglr(n -

'}IE. : ; slot o1 g
¥ —
N T
| s
Since ¥'(P(X =1x)> 1
t
(i) Here, 0 < p(x = x)l does:m mmw"t‘“?fcnbablhly mass function-
nog
PX=0)= ‘%‘ Sttisfied for all the values of X ¥

Hence, P(X = x) doe
% as 5 not 1 Prese;
' ' R pmhabﬂi‘)’ mass function

L4 WISLOIDULION FUNCTIon L

i

Example 4 .
Verify whether the following functions can be regarded as fhe pmbabrfuy

mass function for the given values of X:
=x) =_§ for x=0,1,2,3,4
=0 for

(i) P(X

otherwise

(ii) P(X:x]:x—;z for x=1,2,3,4,5

=0 Jor otherwise
2
(iii) P(X =X) =’;—0 for x=0,1,2,34
=0 for otherwise ; .

Solution
: : 1
@ PX=0)=PX=D=PX=2)=PX=3)=PX=4=
P(X =x) =0 for all values of x
T P(X=x)=P(X=0)+P(X=1)+PX=2)+P(X=3)+P(X=4)
1 1.1 1 1
= — -
S5 58 9
=1 |
Hence, P(X = x) is a probability mass function. '
; 1-2 1
ii X=1l=—Z=——<0
(i) P ) 3 3 _
Hence, P(X = x) is not a probability mass function.
(iiiy PX=0)=

1
PX=1)= —
( ) %

PX=2)=

8lo gls

P(X=3)=

P(X=d)= 16

PX=x)2 0 fclr all values of x
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¥ 2.4 Distribution Function - 2,9 D
1)+ PX=2)+PX= 3}”’("' b :

SPX=x)= )= Px=0)+ POX= PA=3)nt
4, 9 16 k
< L e X=4)= 2
0+30 30 30 30 P( ) 5
=1 Since 2(P(X =x) =1,
T HH s function. , g
Hence, P(X =) is a probability mas £+k+k+£=1
a 2 -3 5
5 - -
Example 61

A random variable X has the pmbab:luy mass function given by

]

Hence, the probability distribution is

=7
0102 05 02| 50 ﬂi_‘
Find (i) P2 S x < 4), (i) P(X > 2), (iii) P(X is odd), and (iv) P(X is STE6L ST |
even).
Solution. ; | Example 7. |
(i) PRSX<d)=P(X=2)+P(X= 3) A random variable X has the following probability distribution:
1 iy
=02+05 ¢ 12 B & 5.6 7
=07 : : SRt
(u} PX>2)=PX=3+PX=4) 3 _ac_r‘_ﬁ_‘_{a “’.’-a Ta  8a. 10a  6a 9a
=05+02 (i) Find the value of a.
i =i (i) Find P(X < 3).
| i OM]-OP({K+01’)5+P{X " (tii) Find the smallest value of m for which P(X £ m) 2 0.6.
=4 . Solution
. @) P(Xls even)—oP(zh‘; 92;+P(X =4) : (i) Since P(X =) is a probability d.1stnbunon funcuon
i =04 £ SPX=x)=1
' P(X=0)+ P(X=1) + P(X=2) + P(X=3) + P(X = 4) + P(X=5)+ PA=6) -
Example 6 | +PX=T)=1
: +4a+3a+Ta+8a+10a+ 6a+9%a=1
gn ;’;{B rt;r;a‘w;:;?;;mbg X ;&kes ;i)re value 1, 2, 3, and 4 such that . v 1
53 SPX = 4), T
distribution. (X = 4). Find the probability TS
i : : (i) P(X<3) =PX=0)+PX=1)+PX=2)
; Solution | =a+da+3a
| : WP(X:”'MX‘Q)=”(X=3)=5P(x=4)=k s
PX= I)--— _S[E)
2 . 1
P(X=2)= g -3
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2,10 Chapter2 Random Varfables
= PX=4
(i} PX<4) =P(X=ﬂ)+P(X=1)+P(X=2)+P(X H+PX=4)
=a+da+3a+Tata
=23

= zs[i)
48
=0.575 _
PX<5)=PX=0)+P(X= 1)+ PX=2)+PX=3)+PX=4) + P(X=5)
=a+d4a+3Ia+tTa+ 8a + 10a .

=33a

{2

=0.69
Hence, the smallest value of m for which P(X<m) 2 0.6 1s 5.

Example 8

The probability mass function of a random variable X is zero
except at the points X = 0, 1, 2. Ar these points, it has the values
P(X = 0) = 3c, PX = 1) = 4c - 10¢, P(X = 2) = 5¢ - L.
Find (i) ¢, (ii) P(X < 1), (iii) P(1 < X £2), and (iv) P(0 < X £ 2).
Solution '

(i) Since P(X =x) is a probability mass function,
YPX=x=1
PX=0)+PX=1)+P(X=2)=1

3¢ +4c-10* 4 5c-1=1
3108 +9c-2=0
Be-Dilc=-D(c-1)=0

1

¢ '-'E'! 21- 1
But ¢ < 1, otherwise giv . :
zero. given probabilities wil] be greater than one or less than . |
1
G
3

Hence, the probability distribution js -

2.4 Distribution Function .11

(i) PX<1) =P(X=|3).—.%

Gii) PO <X$2)=PX=2)= _i.

(iv) PO<X<)=PX=1)+PX=2)

Example 9

From a lot of 10 items containing 3 defectives, a sample of 4 items is
drawn at random. Let the random variable X denote the number of
defective items in the sample. Find the probability distribution of X.

Solution

The random variable X can take the value 0, 1, 2, or 3.
Tolal number of items = 10 )

Number of good items =7

Number of defective items =3

6 1
WX =0)= defective) = —=—
P(X=0)=PFino ive) Be, "6
2 3 1
; oS oI
P(X = 1) = P(one defective and three good items) = ‘°lc 3 =3
4
; ’ v SO R
P(X = 2) = P(lwo defectives and two good items) = wC,, =0
[l |

P(X = 3) = P(three defectives and one good item) = 'T’I-CT 30

Hence, the probability distribution of the random variable is

P(X=x)
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2.12 Chapter 2 Random Variables

——————— ___-‘-‘
Example 10 icerote random variab
Construct the distribution function of the d;scrf? ; e
whose probability distribution is as wr—h--

I T .

01 015 025 02 015 0.1 005

Solution

Distribution function of X : 1
s | 01 0.1 .‘
2 ois0ss|
3 025 05 |
4 02 07, |
5 0.15 0.85
6 0.1 095 |
T 005 1

Example 11

A random l.anabiex has the pmbab:luy function given below:

Eggﬂf’ HIRECR) P(X< 2) PO<X< 2), and (iii) the di vmburmn

Solution:
(i) Sinte P(X=x)isa pmbabxllty mass funcuon,

FPx=x=1
k+2k+3k= 1

k=1
k=

|

Hence, the probability distribution is

2.4 Distribution Function  2.43

(i) PX<2D=PX=0)+Px=1=L,2_1
6 6 2

P(X<2J=P(X—0)+P(x-l)+p(x=z =

PO<X<)=PX=1)=1+

3
(iii) Distribution function

1
6
2
6
2
6

Example 12

A random variable X fakes the values -3; -2, -1, 0, 1, 2, 3, such that
PX=0)=PX>0=PX<0),
PX=-3)=PX=-2)=PX=-1)=PX=1)=PX=2)=PFX=3)
Obtain the probability distribution and the distribution function of X.

Solution
Let P(X=0)= P(X>0) =

Since Y P(X=x)=1
ki+ky+ky=1

P(X<0) =k,

k==
"3

P(X=0)=P(X>0}I=P(Xc(]): l

Let PX=1)=P(X=2)=PX=3)= kz
PX>0)=PX=1)+PX=2)+P(X=3)

%:kzi-kg +ky

1
i S

1
p(x=1)=P(X=2)=P(X=3)=§
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. P
) e
Similarly, P(X = -3) = P(X= 2)=P(X=-1) 9

Probability distribution and distribution function
f_

1 T
-3 5 9
ETHROn 1 2
-2 I -9' 0 !
E : 5
1 6 |
B S 0
: i 7
! — —_
: 9 9
S s
9 9
I
3 g .
-— g I
Example 13
A discrete random variable X has the Jollowing distribution function:
0 x<1
L qe
3 LeXR 4
1 :
F(x)= 3 4<x<6
5
= 6
6 <x<10
1 x210
Find (i) P2 < X £ 6), (i) P(X = 5y ;- g
(v) P(X = 6). ) i) POX = 4), (iv) P < 6). 9%

\

2.4_ Distribution Function 2,15

Solution’

() PQ<X<6)=FE)-FQ)= E_l=%-_

6 3
(i) P(X=5)=P(X<5)- PX<5)=F5)- P(X<5)= ~-L_g

32
(ili) P(X=4)=P(X<4) - P(X<4) = F(4)~ P(X <4) = %_%z

i Y
5 3

(v) PX<O)=FO)=
(v) P(X=6)=P(X<6) - P(X<6)=F(6)~ P(X<6) = %‘%%

EXERCISE 2.1

1. Verify whether the following functions can be considered as probability
‘mass functions:

¥ 3
(i) P(X-x)=x1;1,x:0,1,2,3 [Ans.: Yes)
x* -2 s
(1) PX=x)= ,Xx=12,3 [Ans.: No]
(i) P(X=x) = 2’1;‘,;::0,1,2,3 [Ans.: NoJ

2. The probability mass function of a random variable X is
0 1 2z 3 4 5 6

3. Arandom variable X has the following probability distribution:
X 1 z 3 4 5 5 T

R Lot L o

Find (i) k, (i) PX < 5), (iti) P(X > 5), and () PO £ X< 5)
122 (iii]—?'-ﬁvlgg:!

[Ans.: 3 (i) ) TR

P(x=x) [ 2k
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2.16  Chapter2 Random Variapies

i bility distribyg;
jabls he following probal ol
4, Adiscrete randozm vaT:ble_e thas t :‘.' . . | .
P 3T L “‘_3__'_?* !
Find (i) k, (if) P(X 2 2), and (iii) P(-2 < X<2).
. Ans.: = (i) X i) 2
) TR 5

5. Given the following probability function of a discrete random variable ,
¢ 1 2z 3 4 5 6 7
Cz 2C2 ?Cz +C |

7 C 1{.'“ 2 3E-l

Find (i) c, (ii) P(X > 6), {iii) P(X < 6), and (iv) Find k if P(X < k) > |

where k is a positive integer. | pk

[Ans.: (i) 0.1 (if) 0.19 (iii) 0.81 (iv) 4)

6. A random variable X assumes four wvalues with 'probabilities

1+ 3x 1;35_ 1+2x al_Id1-4x
4747 4

represent the probability distribution of X7

- For what value of x do these values
1 1
Ans.i-—< X <=
{ ns ‘J

7. Let X denote the number of heads in a single toss of 4 fair coins.
Determine (i) P(X < 2), and (i) P(1 < X < 3).

7 [Ans.:{i} %(ii)%]

'8. If 3 cars are selected from alotof 6 i
) ted I © cars containi find
the probability dlstribution_of the number o}asglflitzif; (f:t:i:'i\‘ﬁ‘ T

9. Five defective bolts are accig
. Ctive bo ental
probability distribution of the num:::e:];):?;

with 20 good ones. Find th
drawn at random from this (ot

fective bolts, if four bolts 21

2.4  Distribution Function 217

Ans.:

px=x) 369 1140 380 10 1|
2530 2530 2530 2530 2530 ‘
il i e — e et ey e e — |

10. Two dice are rolled at once. Find the probability distribution 'or the
sum of the numbers on them.

o 1.2 8§ % 5 & ‘S w3 2 4]}

[PX=x} — — — — =

36 36 36 36 36 36 36 36 36 36 36

11. Arandom variable X takes three values 0, 1, and 2 with probabilities
%,%,and % respectively. Obtain the distribution function of X.
1 1
SF0) ==, Fi) ==, =
| ans.iF0)=2, Fi0 =1, Fo 1

12. Arandom variable X has the following probability function:

: R |
ok 3k sk Tk ok |
Find (i) the value of k, (i) P(X < 3), P(X = 3), P{0 < X < 4), and
(ifi) distribution function of X.
9 163
25' 25’5 ;

1 4 9 16

£ = =2 FQ) ==, F(3)=—, Fd)=1
(iii) F(0) 25i.n"'ﬁ} 25 F(2) 75 F(3) 75’ 4

Ans.: (i) -215, (ii)

13. Arandom variable X has the probability function

X R
MOV 01 ko 022k 03 K

Find (i) k, (ii) P(X < 1), (i) P(2 < X < 1), and (iv) obtain the
distribution function of X.

[Ans.: (i) 0.1 (ii) 0.6 {iiiJll}.S]'

14. The following is the distribution function F(x) of a discrete random
variable X: '

X 3 - E 0 1 2 13]
e 008 02 04 065 08 09 1
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1}. a_nd

n\of X, (i) P2 < X <

Find (i) the probability gistributio

(ifi) PX = 1)

Ans.: () (20”5 008 0.2 02 025 015 01 o,

(i) 0.72 (i) 0.35.

2.5. PROBABILITY DENSITY FUNCTION.

-
Let X be a continuous random variable such that the probability of the variable y

1 froma " .
*falling inthe small interval x> dx (0 x4 dris flx)de e,
P(x—%dxﬁX ¢ x+—;-d.t)=f{x)dx

The function flx)is called the probability density function of the random variable ¥
and the continuous curve y = f(x) is called the probability curve.
Properties of Probability Density Function

(i) f(x)z0,

@ | flode=1

—sa<x<en

b
(@) Pla<x<b)=[f(x)dx

~ 2.6 CONTINUOUS DISTRIBUTION FUNCTION

—

IfXi i 4ahls Lo o ; s e
i ftlsn: l\:l:g:tmuous random variable having the probability density function f(x) then

3 X
Fx)=P(X<x)= _[f[x)dx. T

is called the distribution function or ¢

variable X. umulative distribation function of the rando™

Properties of Cumulative Distribution Functiq
(i) F(—c)=0 '
(i) F(=)=1
(i) 0SF(X) <], —~w<x<eo
(iv) Pla<X<b)=F(b)-Fla) '

1

2.6 Contfnuous Distribution Function 2,19

d
™) F'(x) ~a F(x)=f(x), f(x)20

Example 1
Show that the function f(x) defined by

f(x)-—“% 1<x<8

=0 otherwise

is a probability density function for a random variable. Hence, find
P(3 <X < 10).

Solution

fz0 in l<x<8

o 1 8 o
[ fyax= [ feovaxs [ fooder [ fGxax
—ca —en 1 8 .
1
=0+I—d.r+_(l
17
1
=?‘Ilf
1
——(@8-1
?{ )

=1
Hence, f(x) is a probability density function.

0
PG <X <10)= [ flx)de
3

]

[P w—

10
fodet [ f)dx
8

n

1| -
&
+
=]

R e ]
-
[y

(8-3)

n

1]
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—_—
Example 2
Is the function f{(x) defined by
fy=e* x20
=0 x<0

isaprobability density function. If so, find the probability that the variae
having this density falls in the interval (1, 2).

Solution
flxyz0 in  (0,)

- 1] -
j flx)de= _[ flxydx +Jf{_t)d:
. ] 0
=0+F€-1 dv |
o 3

ey |
=—e " +1
=1

Hence, f(x) is a probability density function.

P(ISX52)=II{I}¢, |
1
2
‘_—J-g"’dx
1
=[—e_‘r,2

=—e 4!
=0.233

Example 3 —_
U@ random variable has the probabiliry density function f(x) as
f(r)=22‘2' x>0 I
- =0 x<0

Find the probabilities that it wilj i
and (ii) greater than 0.5, ake on a valye (i) between 1 and 3

r

.6 Continuous Distribution Function 111 .

Solution
(i) Probability that the variable will take a value between 1 and 3

3
Pl *X‘-’-3)=ff(x)dx
1

3
=I2-€_2'd.¥
T

3
& ix

=2

=2
1
=—(e®-¢?)
=gt-g®
(ii) Probability that the variable will take a value greater than 0.5

P(X>05)= [ f(x)ds
0.5

= ]: 2¢7 dx
05

=
2-2:

=2
-2 los
=™ =)

=e_'

Example 4
Find the constant k such that the function

fx)=k?® 0<x<3
=0 otherwise .
is a probability density function and compute {i)
(ii) P(X < 2), and (iii) P(X 2 2).

Solution
Since f(x) is a probability density function,

P(1 < x <2

Tf{x}dnt

3 -
T Fode+ [ fyde+ [ fxde=1
. 0 -
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[

. i
Hence, f{ﬂ:;;z Dex<3

_-=ﬂ * otherwise -
® Pa<x=)=[ s

=I=—I-de.f
] ]
wji_

3

1

9

1
1

=—i8-1
27(3 )
7

7
(i) PIX<2) j Fla)dx
=f f(:}dx+j2fu;ax
; -0+j —x*dx

=§I:x2dx

2.6 Continuous Distribution Function ~ 2.13

(i) P(X22)=1-P(X<2)

Example 5
If the probability density function of a random variable is given by
f=k(l-x}) 0<x<1
=0 otherwise

Find the value of k and the probabilities that a random variable having
this probability density will take on a value (i) between 0.1 and 0.2, and
(ii) greater than 0.5.

Solution
Since f(x) is a probability density funcnon.

j flxyde=1

0 . P .
[ foodr+ [ flrydes [ fExyde=1
L) 1

]

]
a+jku-x1)¢x+0=1
0

Hence, f(_;'):%{l-—le D<x=<l

=0 otherwise
(i) Probability that the variable will take on a value between 0.1 and 0.2
02

PO1<X<02)= | f(x)dx
0.1
Gi‘.
= j-u x }dx

0l
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3

iz |
f‘IO
2 A | 0.001
) o-22)
3 o

=0.1465
take on a value greater than 0.5

(ii) Probability that the variable will
P(X>05)= j fodr

= j f{x)dx+If(x)dJ
05

o I—{l—xz)dx+0
0.52

-5l

=0.3125

eciisdl

Example 6
If X is a continuous random variable wth pdf
fa)=x* 0<x<l

=0 otherwise

19 '
If PasX<1)= P find the value of a.

Solution
PlasXc< ]) _T

2.6 Continuous Distribution Function

2.25

E;ample 7

Let X be a continuous random variable with pdf
fy=kr(1-x),0sx=1
Find k and determine a number b such .thar P(X < b) P(X2 b)

Solution

Since f(x) is a probability density function,

-f f=1

j f(x)ax+jnx)¢r+jf(x>dx 1

0+Ik.t{l-—x)d.t+0=l

p<xsl

ﬁencc. f(x)=6(x- &)
Since total probability is 1 and P(X S by=PX2b)
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2.26 Chapter2 Random Variables.

PE<H)=

[} reoax=

3= b3l 2l

2,
=
1
2
e—
i

45 -6b"+1=0
(2b-1)2b* -26-1)=0

peloeptt
2 2

bliesin (0, 1).
1

b= —
2

Example 8
The length of time (in minutes) that a certain lady speaks on the
telephone is found to be a random phenomenon, with a probability
function specified by the function

k-

f)=AeS x20
=( atherwise

(i) Find the value of A that makes f(x) a probability density function.

(if) What is the probability that the n i
umb ]
over the phone is more than 10 min mres?er s

Solution
.{D For f{x) to be a probability density function

J f.(«\'}x =1

-

Y - |
If(x)d“ff(x)dxﬂ
e [i]

1.6 Continuous Distribution Function .27

—5A(e™ =) =1
=5A0=1)=1
5A=1

1

5

Hence, f{x}=lse“5 xz0,

=0 otherwise

(i) P(X>10)= | foOdx

10

Example 9

A continuous random varia

a and b such that

ble X has a pdf f():)2 =

(i) P(X<a)=PX>a)and
(i) P(XX>Db)=005

Solution

Since total prabability is 1 and P(

¥ <a)=PX>ak

32, 0<x < 1. Find
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P(X>b) =0.05

1
JFx)dx=005
b

1
[32? =005
b

1
3
X
3 =005
,TL

1-5’=0.05

wl
20

B

1

o=(z)

Example 10

Let the continuous rand,

Junction :
7 2
fx)= 5
X
=0

Find F(x).

om variable X haye the probability density

I<x<eo

otherywise

2.6 Continuous Distribution Function 2.29

Solution

F(n) = [ fodx

i x
= | foodv+ [ fios
- 1

X
wimd
X
Hence, F(x)=1- _]z' l<x<es
X
=0 otherwise
Example 11 .
Verify that the function F(x) is a distribution function.
F(x)=0 x<0
=]-¢ 4 x=20
Also, find the probabilities P(X <4), P(X Z8), P(4< X <8).
Solution
For the function F(x),

(i) F(=o)=0

(ii) Flo)=l-¢ =1-0=1

(iii) 0= F(x)=1 —m< X< oo

If f(x) is the corresponding probability density function,

flxy=F(x)=0 x<0
=--1—.°.'-I x20
4
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|- swax= [©_soass [y 1005

=1
Hence, F(x) is a distribution function.
PX24)=F(4)

P(X28)=1-P(X<8)
=1-F(8)
=1-(1-¢7)

=2

=€

1

P4sX<8)=F(@g)-F4)

Example 12

The troubleshooting capacity of an [ chip in

variable X whose distribution function is gi

a circuit is q random

en by

2.6 Continuous Distribution Function — 2.31

Fx)=0 x<3
=l-= x>3

where x denotes the number of years. Find the probability that the IC chip
will work properly (i) less than 8 years, (i) beyond 8 years, (iii) between
5 to 7 years, and (iv) anywhere from 2 to 5 years. :

Solution
i) PX<8=Fi8)

iy
=0.8594
(ii) P(X>8)=1-P(X<8)
=1-F(8)
=1-0.8594
=0.1406

(iii) P(5sX<T)=F(T)-F(5)

1] 9
:[‘7]‘[“?)
=0.1763
(iv) P2<X <5 =F(5)-F(2)

(-3

=0.64

Example 13

The probability density function of a continuous random variable X is

given by
ax ~ 0<x<1

l€x<g2
X =13, ax 2<x<3
. 0 otherwise

(i) Find ihe value of @, and (ii) find the cdf of X.
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! 1.6 Continuous Distribution Function  2.33
Solution : ]
(i) Sinoe f(x) i a probability density function: - =a +ald;
[ fexde=1 0
—a :a[l_0]+a(x_|)
1 x| 2
i 1
[ senaee ] feodes [ fdes [ fnde=1 -
k4 0 1 :
1 2 3 @
0+faxdx+_[adr+_{(3a-ax}dx=l sax—
. : : For2sx<s3,
2! 3 ar® B Y’ : 2 x
a%l +a| x| +3ar-—+| =1 : F= [ fxdet [ fdes [ foode+ [ fode
0 - —o 0 1 z
(1 9a | 2 X
alz-—ﬂ +a(2-1)+ 90—? —(6a-2a) |=1 zU+Jﬂxnlr+jadx+I(3a—ax)d.r
o 1 2
) 1 Qa 3 411 x
Ea+a+?-4n=l : =a_r_ +a]x|f4- 30-1‘-9;(—
2a=1 | 2l 2k y
| —ald ik B
! “% ; —0[5-0]+a(2—ll+[[3m’ = ] (6a za)] :
| ] < "
é @ Fxy= Jf(-ﬂdx . =%+a+3m—%—4a
s | »
] For0sx=< | ‘ ax®  Sa
i el s T
| Flx)= dx [ 2
Fr -J;fm +£ﬂxm Hence, F(x)=%— 0sx<l1
Ji.: :0+;“xd’f =ax—% 1=x<2
i}
. X _ y 4
=a£2—‘ . =3ax-—§~;—--2£ 25x%3
2 o i
2 ‘ '
== : , Example 14
I! Forlsx<2, _ The pdf of a r:ommuou.; random variable X is
! 0 1 : » _f(x)= _e-n'ﬂ
: FW= [ fodes [ g @ [ 2
Ml L i Find cdf F(x).
=U+_|.m'dv"+fﬂdx - ]
] 1 ; ) ' j
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Solul‘ion

f(x}=%e’ —eocx<l

=— D<x<eo
2e

F= [ fo)dx
For xIS 0,
Flz)= | %e’dx

=%fe’|i..
= %{eJr - ")

1
-2~e)r

Forx>0,

1] X
Fe)= [ fydxs [ fnax
- 0
P
-:[‘2—8 ﬂ.tl-it!ie * dx
1) .0 1y _. =
2_2-18.'-”1_5]_8 '|0 :

Lo e 1
B et

R W

2 2 2
1

=]——px

Hewe, F)=—e* 4

== 1 e
2 x>0

2.6 Continuous Distribution Function 2,35

Example 15

Find the value of k and the distribution function F(x) given the probability

density function of a random variable X as

Foss

P +1

—oo g X< o0

Solution
Since f(x) is the probability density function,

]:f(x}dx=]

P

!
k_[xzﬂdx:I

T"dx:l

k|ta:|'1 IE:.=1

k [lan" co—tan”! {'“)] =1

{35

1
41

1
Hence, =—
ence, f(x) =

Fxy= [ f(x)dx

-

1.5
=;I .=|r2+ldﬂl|r

= ll lﬂ.(’l_1 xl:-.

;r P
= l[tan" x—tan”! (—-«w}]

T

Ty r:) ¥
> AL
11I[tan A
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Example 16 ; ;
Find the constant k such that

f@)=k’? 0<x<3
i =0  otherwise
is a probability function. Also, find the distribution function F(x) gng
P(1<X<2). . _. ] _

Solution
Since f(x) is probability density function,

[ rwae=1

-

L3 i 3 o
| fOode+ [ fode+ [ faydr=1
= : :

3
'U+ka2dx+0=]
3

k@-0)=1

it
9

Hence, f(X)=éx3 Seiich

=0 otherwise

F(x) = i fx)dx
_: x
g f f(I)dJ_i-l-Jf(x}dx
T ;
=0+J:_:; IZ 1

X

3

[}

=1
_2?"3

2.6 Continuous Distribution Function 2.37

1
-e, Fl s 3
Hence. (x)_QTI Ocx<d

=0 otherwise

2
P(lcx52)=ff(x)dx
1

_fla
'!9x dx

2

EXERCISE 2.2

1. Verify whether the following functions are probability density functions:
i) fia=ke™ x20,k>0

(i) [ =5 e™

(i) f(x)=%x(2—§) : 0<x<3
[Ans.: (i) Yes (i) Yes (iii) Yes]

—na £ N £ B0

2. Find the value of k if the following are probability density functions:

) fx)=k{+x) 2<x<5

(i) Fx)="k(x-x") 0<x<t

(i) f(x) = kx e 0<x<so
i

(iv) fixy=hkxe * 0<xsw=

A
[Ans.: (i) % (i) 6 (i) 8 {iv) —2-]
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3. Afunction is defined as

0 x<2
2x+3 <4

=12y
0 x>4

d find P[2<X<3}‘

s a probability density function an
[Aﬂs,: 4
9

Show that f(x) i

4. Let X be a continuous random variable with probability distribution

X

4k 0sx<3
fixi=16 Z
0 otherwise

Find k, and P(1 £ X<2).
[Ans.:tl
. 3

5. Find the value of k such that f(x) is a probability density f
il y y function. Find

kx 0<x<i
flx)=<k 1£x<2
k3-x) 2<x<3

15
Ans.i— 7
|: ns.: 5 2]

6. If X is a continuous rand i
i om variable whose probability density function s

F(x) = k(4x - 2x%) 0<x<2
=0 otherwise
Find (i) the value of k, and (ii) P(X > 1)

I |
[Ans.: (i) 3 (ii) '2']

7. Ifaran i
dom variable has the Probability density functi
e, unction
=0 otherwise

2.6 Continuous Distribution Function  2.39

Find (i) the value of k, and (if) p[l <X 55]
2 2)

o
Ans.: (i) = (i) —
‘ [ (U] 28 ] 56]
8. The probability density function is
f(x) = k3x* -1) “1<x52 '
=0 otherwise
Find (i) the value of k, and (ii) P(-1 =X < 0).
' [Ans. (i) % (i) ﬂ-\
9, Is the function defined by .
f(x)=0 : x<2
:%(2:4—3] 2=x<4
=0 x>4

a probability density function? Find the probability that a variate having
fix) as density function will fall in the interval 2 X £3.
4
Ans.: Yes,—
o]

10. A random variable X gives measurements x between 0 and 1 with a

probability function
fix)=12x* = 21x" +10% o<x<
=0 otherwise

(i) Find P[x s%) and P[X ’15) i
(if) Find a number k such that P(X < k)= ‘5

[Ans.: (] ;‘% (ii) 0. 451]

11. The distribution function of a random variable X is given by
1-e™ x>0
Fix)= .
e {0 otherwise

Find the probability density function.

Ans.: flx)= we® x>0 ]
-0 otherwise
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12. The <df of a continuous random variable X is given'by
0. x<0
F(x)=1x* 0<x<1
1 s

: ) 4
Find the pdf and p[l <Xs a).
R [Ans.: 0.195]
13. Find the distribution function corresponding to the following probability
density functions:
1
0 fw-{2
<10 otherwise
(i) fix)=x Dsx<t
=2-x 1<x<2

xle™ Q<X <eo

=0 otherwise
(if)) fix)=Alx-1)" 1=x<3,4>0
=0 otherwise
-
’ x! g
Ans.: (i) Flx)= Fex[”"”?] el
- |0 otherwise
8, x<0
2
(i) F=17 0sxst
2x-0.5x" -1 1<x<2
1 x>2
0 x<1

. §- =
(iii) A:EEI Flx)= _—35—2(.1'—1]4 1< x <3

ﬂX}=;a? 2<x<10 -

27 Two-Dimensional Discrete Random Variables  2.41

Determine the constant a, distribut
probability of the event 4 < x'< 7,

- . 2500 625[1 1
Ans.: —— =il
[ 51539 + Flx) 3976 x.].o.usa]

jon function of X, and find the

2.7 TWO-DIMENSIONAL DISCRETE RANDOM VARIABLES

In one-dimensional random variable, the outcome of any experiment had only one
characteristic. In many situations, the outcome of a random experiment depends on
two or more characteristics e.g., both voltage and current are measured in certain
experiment.

Let X and ¥ be two random variables defined on the same sample space 5, then
the function (X, ¥) that assigns a point in R® is called a two-dimensional random
variable.

A two-dimensional random variable is said to be discrete if it takes at most a
countable number of points in R*. When (X, ¥) is a two-dimensional discrete random
variable, the possible values of (X, ¥) may be represented as (x;, yj), 1= 1,20 m
F=212, i o . - ’

2.7.1 Joint Probability Mass Function

If (X, Y) is a two-dimensional discrete random variable, then the joint discrete fanction
of X, ¥, also called the joint probability mass function of X, Y, denoted by pyy is
defined by o :
Prrlm y)=PX=x,Y=y)) for a value of (x;, y;)of (X,¥)

and Py (%, 3;)=0,  otherwise
Following conditions should be satisfied for a function to be a probability mass .
function: )

() pyy{x,y;)20, foralliandj

@ 3 S prlxay=1
j=ti=1

2.7.2 Cumulative Distribution Function

then Fiylx, ) = PX S %

If (X, ¥) is a two-dimensional discrete random variable, 1 o defned by

¥ < y) is called the cumulative distribution function {cdf) of (X, T)

Fo(60=Y, Y pwr (5 y)=ZEPy

j=1i=l

Scanned with CamScanner




|
|
|
|

2.41 Chapterl Random Variables

properties of cdf y
(i) F(os, y)=0=Flxe)and Floe,) =1
(i) Pla<X<bh TS y)=Fb,y)—-F (a.y)
(i) P(X<x,c<Y <d)=F(xd)- F(x.c)

(iv) Pla<X<b, c<¥ <d)=Fb.d)-Fad)-FG,O* Fia,e)

et

(v) Foradiscrete random variable, Fy T, ) will have step discontinuities. Derivy.

tives at such discontinuities are not defined. At points of continuity, |

&F
aa_}‘ —f(J.',_\-')

2.7.3 Marginal Probability function

Let (X, Y) be a two-dimensional discrete random variable which takes up countable

number of values (x;, ). Then the probability distribution of X is given by

pylx)=P(X =x;}

=PX=x,Y=y)+PX=x,Y=y)+..+PX=x,Y = V)

SPatpatotptotpy,

: i
=Xy |
i=t |
"
= e p) |
i=1 |
= pl" ]
and is known as marginal probabili X ; 1
function of X. _ probability mass function or discrete marginal density |
Similarly,

]

is the marginal probability mass I;unct‘mn of ¥
2.7.4 Conditional Probability Function

Let (X, Y) be a two-dimensional d

: 2 dis:
density function or conditional iy
Pury (xfy) is defined as

Par =PX=xI¥<y) PX=xy-
P =y)

P )=P¥ =y )=, - T
i | EH} Ep[x‘,yi):._p‘j

Probability mm"' variable, Then the conditional disc"™
function of X, given Y=7, denoted ¥

2 provided (v =) 7 H

2.7 Two-Dimensional Discrete Random Variables .43

The conditional probability mass function of ¥, given X =.x, denoted by pyy (/) is
defined as: _

P(X=xY=y)
SP(Y=y/X=x)="" 2 =
pyx =PY =y x) P(X=1)

, provided P(X = x) = 0.

A necessary and sufficient condition for the discrete random variables X and ¥ to be

independent is ;
PX=x,Y= yj) =PX=x)P(Y=y) for all values {(x; J.:,-) of (X, 1)

Example 1
From the following table for bivariate distribution of (X, Y), find
(i) P(X < 1) (ii) P(Y € 3) (Gii) PX S 1, Y < 3), (iv) PX £ /¥ £3)
WV PY<IX<D) (Vi) P(X+Y<=4)

1 2 2z 2

0 0 0 ‘ﬁ 12 % 12
: 1 1 1 1 1 !
| 1 i_ﬁ- Tg g 8 LR k B
]
[ 1 1 1 1 o 2

2 = o T “ 64
I 32 3% 64 64

e —
, —_— _— .—-—‘-’—‘-—'-_._-__—__

Solution

Marginal distributions

| 1 2 2 i —
o 0 0 7 BV EY) 32 2
- ' 3 SR
RGBS e
! 16 16 8 8t B m R
2 8
1 1 L L 0 == 6t
‘ 2 B £ 6t 64 PR o 8
— - s .-. 16 rp_(-ﬂ‘l
l 3 3 11 _I.l -E- e 2 W})sl
Py ey a7 ) 64 32 64
st 3 T __*_ﬁ_ﬁ__‘,ﬁ,/’J
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2.44 Chapter2 Random variables

i) pX<n=PX=0)+ PX=1

3.

32016

.

¥
(ii) m’53)=P(Y=1)+P(r=2}+P(Y=3)
) 3. %1

=—t—=t—

32 64

B

T 64

(iil) pXx<l¥Y<3)=PX=0Y=D+P(X=0Y=2)+P(X=0Y=3)
+P(X=1,Y=)+P(X=LY=2)+P(X=1Y=3)
1 L
=0 ——— i —t —
AR TRETAETRE
- )
2

P(X=1LY<3)
P(Y <3)

(iv) P(X<1/Y<3)=

2IBfB8le

s
2

w

) P s3ixsny=PESLYSS)
P(X<1)

[}
o aai-:!g|~o

s

(vi) PX+YS4)=PX=0,Y=)+Px=0y
=hY=+pPX= =
+P(X=[}.Y=4)+P(X=1Yi (X=0,Y=3)

D+P(X=1,Y=2
+P(X=1Y=3)+pPx g p )+ P(X

=)+P(X=2Y=2)

e

2.7 Two-Dimenslonal Discrete Random Varlables 2,45

= Lo NE QA SEe e
=0+ —— e —
32 32 16 16 8 32+32

13 ¢

32

Example 2

For the following joint distribution of X and Y, find the marginal
distributions: -

2
14
l 2 1
: e 0 1]
T
Solution
Marginal distributions

' 1" 9 3 u
. % = % 2
I 3, 3 0 1_&5:
| 1 1 4 ]
i 1
1 0 0 %
| 2 bn o
| " , zp 1=
| ¢ 3 HpLT} =
£ z 3B (3 =1
|| pxlx) 2% = 28 Lo _EL_________ ol R
Marginal distributions of X J ~0r=2
p(x=0)=PX=0¥=0)+ px =0y =0+PX
B Bl
=—+—+77
28 14 28
_10
=

Scanned with CamScanner




|

2.46 Chapter2 Random Variables

Pw=n=HX=Ly=m+HX=LY=”+”XzLY=ﬂ

P{X=2)=PU(=2‘Y:0]+P(X=2,Y=1)+P(X=2,Y:‘Z)
22 4040
2R

3

BT

Marginal distributions of ¥

P(Y:U}-‘—P{X=0.Y=0)+P(X=]’Y =0+ P(X =2,Y=0)
i
22 28 28
15
]

P(Y =1)=P(X=0Y=1)+P(X=1Y=D)+P(X=2.Y =1)
. +0
14 14

6

14

. F[Y:Z):P(x:ﬂ.'{':2}+P(}{=]_Y.__2)+P(X=2‘Y:_.Q]
o ok
23+l}+(}

1

28

Example 3
The joint distribution of X and Y i given b
Y
fan=22T o :
21 ' F=h23 =12
Find the marginal distributions,

e e

2.7 Two-Di

fonal Discrete Ry Vorfables  2.47

Solu_ti on

Marginal distributions

‘ 1 2 3 & 8.

21 21 2 21
, _ AN

. 2
21 21 21 21 l

| .
- 7 0 Spix)=1
| @ 21 21 21 Ip(y) =1

Marginal distributions of X
PX=1)=P(X=1Y=1)+PX=1Y=2)
2.3
=+
212
g
21
p()(:?):P{X:Z.Y=11+P(X=2‘Y=2)

Marginal distributions of ¥
py=1=PX=1Y=D+ P(x=2.l’=l)+P(X=3,}'r1?

2 3
=—t—t

21 21 21

9 +
21
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2.48 Chapter2 Random Variables

ooy zys BE <L ST PR BT =2 PSSR

WS e
=—-—+—-—+—‘
o1 ot
R
n

Example 4 .
Given is the joint distribution of X and ¥

Find (i) marginal distributions (ii) the conditional distributions of
X givenY=0.

Solution

Marginal distribations

: 005 .
TN .. 0.12 015 03
px() DIgETe e : e Ep(ﬁ)‘}
T -v--—--.--.-_L_._‘_-_'____‘__ EPU) =
Marginal distributions of X T
PX=0)=P(X=0 l‘r’—.m_‘_
W P=0)+ P(X=0,Y =)+ P(x =0,Y=2)
=0.024005 10,03 PR
=01
P(X=1=P(X=1Y=0)4 p
=0+ PX =1y =
- =008402+4012 Lt
=04 '

* Find (ij marginal distributions of X an

2.7 Two-Dimensional Discrete Random Varigbles  2.49

PX=2)=PX=2Y=0)+P(X=2Y=1)+P(X=2Y=2)
=0.1+025+0.15
=035

Marginal distributions of ¥

P(Y=0)=P(X=0.Y=U)+P{X=1,Y='0)+'P(X=2.}«‘=|])
=0.02+0.08 + 0.1
=02

P(Y=I):P(X=D,Y=I)+P(X:],Y=1)+P{X=2,j'=|)
=005+02+0.25
=05

P{Y=?.)=P(X=ﬂ,]"'-=2)+P(X=1,1’=2).+P(X=2,Y=2)
=0.03+0.12+0.15
=03

Conditional distributions of X for¥=0

P(X=0¥=0)_002_,
P(X—(]!Y—ﬂ)—-———————'”r:m 02

P(X=1Y=0)_008 _
Px=LT = ——=04

PX=11Y=0)= P =0) 02

_Px=2Y=0_01_g
P(X=2/Y=0) === =g

P(Y =0)
Cpx=ay=0) 01 - 04 o5 |
e ——
Example 5 TS

The joint probability distribution of two random variables
given by ‘ :

l — _——

P(X=0,Y=D=3 P(X=1Y=-D=3

d ¥ and (ii) the conditional

1
and p(;(—.-l,}’=l)¢'3"

probability distributions of X given ¥ = 1.
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2.50 Chapter2 Random Variabtes

Solution

Marginal distributions
Margingl y
iRy ()

-

Zpin=1

Marginal X~

L
| e

- pel®)

Ipl)=1

L - L REE A . D

Marginal distributions of X

P =-)=P(X=-1Y=-D)+P(X=-LY=0)+ P(X=-1Y =1)
i =_0

PX=0)=P(X=0Y=-1)+P(X=0,¥=0)+ P(X=0,Y =1)

0+0+l
3

n

L3 | -

P{XE].):P(‘X::],Y=._1)+P{x=1‘,{=0
1
3

)+ P(X=1Y=1)

+0+

R

Marginal distributions of ¥

P(Y=-D=P(X=-1y=

: ._1)+P(X‘__'0sr=‘l)+P(X=]‘}'-'—“"U
=0+0+§ ;

n

e | =

P(Y:()}:p{x_.___hY:U ;
5 - )+P(X'=0‘Y=0)+P(X=1,Y¥0)

2.7 Two-Dimensional Discrete Random Variables .51

P¥Y=D=PX=-L¥=)+P(X=0,Y =)+ P(X=1,Y=1)
:{}+l+l
v i3 R
2

e

Conditional Probability distributions of X given ¥ =1 is
PX=x¥Y=y)

P(X=x/Y=y)= PO =)

P(X=-1Y=1)
= ===t =0
P(X=-1/Y=1) PO =1)

=0,¥=1
pxsgpep=TEAI=D

1
P(Y=1) 2

Wit | =

PX=1Y=1)_

ok
P(Y =1 2

P(X=1/Y=1)=

L3 | | | —

Example 6 o
If the joint probability mass function of (X, Y) is given by

: P{x.y)=k(2x+3y),x=[},1,2;y=1.2,3 N
Find all the marginal probability distribution. Also, find the probability
distribution of (X + Y).

Solution
Plx, y) = k(2x + 3y)

Marginal distributions  *
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250 Chapter2 Random Variables

Solution
Marginal distributions

Marging| y
Py
| 1
-1 0 0 3 3
0 0 0 0 0
' 1 1 2
1 0 3 y k) 3
| MarginalX 2 1 2 Ip)=1 |
l px(x) 3 3 Ip=1
Marginal distributions of X

PX=D)=PX=-¥Y=-1)+P(X=-1Y =0)+ P(X =-1,¥ =1)
o

PX=0)=P(X=0,Y =-1)+ P(X =0,¥ =0)+ P(X =0, =1)
1

=0+0+—
3
s
3
PX=1)=P(X=1Y =
)=P(X=1Y= D+ PX=LY=0)+ P(X =1, =1)
=l+0+l
3 3
-s
3
Marginal distributions of y
PO =-D)=P(x=_1y
SEE &
i ] PP =0 ¥ =_1)4 px =1,y =1
= + =
il
3
P(Y =0)=p(x =

‘l,}"-.:(]]+
=0 P(X:O,P:O)+p(x=1,y=0)

2.7 Two-Dimensional Discrete Random Variables 2,51

Py =D)=P(X=-1Y=1)+P(X=0,Y =)+ P(X=1Y=1)
1.1
=04+=4+-—
+3+3

2

3

Conditional Probability distributions of X given ¥=11is
P(X=x,¥=y)

POX=plY Sy

PX=-LY=1)_

P(X=-1/Y=1)= P =1

PX=0.Y=1_

1
P(X=0/Y=1)=— <5 .-

Ll | B2 LD | -

2

PX=1Y=1) _
PY=1)

P(X=1/Y=D=

| b3 | =

Example 6 o
If the joint probability mass function of (X, Y) is given by
P(x. y)=k(2x+3y),x=0. L, Zy=1,2,3

Find all the marginal probability distribution. Also, find the probability
distribution of (X + Y).

Solution
P(x, y)=k(2x + 3

Marginal distributions

i 3k sk 7k L el
l 3 6k 8k 10k 24k
| 3 9k 1Lk Bk
L o 1T S A e
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(3

m Variables

Tpix)=Ep(y) =1
72k =1
gl
BT

Marginal distributions of Xand ¥

2 ‘18
1 pxix) =

R e s

Probability distribution of (X + ¥)

! 2
g
l

4

n

3
Pu;—ﬁ
.P[,gi-p”-_—.l_‘
72

N3+m1+p:|__,§_‘;

pu+p1= z.:_;,

b 1. Find the marginal distributions of Xand ¥ f

2.7 Two-Dimensional Discrete Random Variables 2,53

Example 7
Let X and Y have the following marginal probability distributions:

' 0 0.1 0.04 0.06 02
1 02 0.08 012 - 04
2 0.2 0.08 0.12 04
’ s Ep(x)y=1
we e T RSO
Solution
for all § and j.

¥ and Y arc independent, if p; = Pee Poj
Py =01+ 004+ 0.06=02 '
p =02+008+ 0.12=04
pa =02 +008 + 0.12=04
pp =0.1+02+ 02=035
puy =004 +0.08+008=02
g =006 +0.12+0.12=03
Now, Por Poo = (0.2)(0.5)=0.1= P
poe P =(02) (0.2y=0.04= Py
Por P =102 (0.3)=0.06 = P2
Similarly, it can be yerified that
Pie Py = Pigt Pie P =Py PP =P
P P =P} Pae Pey = Pais PP =Pn

Hence, the random variables X and ¥ are independent.

EXERCISE 2.3 , : ;

rom the bivariate distribution

of (X, Y) given below:

|y
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..

| =
) 03 07] (P0=y) 04 o]

2.7 Two-Dimensional Discrete Random Variables .55

. .. + tion of two random variables X ang
2. For the joint probability distribut !
given below: 4
9
4 5 [
2 1 10 2 s 2 St
4 3 At — — |
’ - = 5 % % > 15 15 15
1. . 3 I £ Ll 4, Let X and Y have the following joint probability distribution:
2 % 36 36 36 36 e -
5 1 1 il 3 . IF
| 3 % 36 36 36 3 | 0 0.1 0.15
— - z : 7 5 o | 1 0.2 weh 08
i TR R o % [T % | ‘ 2 01 0.15
| 11 9 7 9 1 ! Show that X and Y are independent.
Total = = — = | )
- 35 % o 0 36 J 5. The joint probability distribution of X and Y s given below:
! NP -
i Find (i) marginal distributions of X and Y. et A ; ihE
!1 (i) Conditional distributions of X given the value of ¥ = 1 and that of ¥ | i l
L‘ given the value of X = 2. 2 1 - 12
i ! 8 24 @ |
| | . i a
I . 109 8 ol 9 :
L P{X: x) ploter 7 il L L | 3 11 9 _?_ A
! 363 3 || AV 30 35 3% 3 1 A i
—— i 25 N | [ 'g 24 11

| - R ' er— -
- m Find P(X < 4), P(Y > 1), P(X<4/Y>1), PR SX<5,Y>1), P(Y=3/X=12),

| Py = o 4 1 5 1 1] 2 < '
! PX=xI¥=1) — — 2 11| 1 1 1 = PX+Y<T)
4l “___ ._._-.._” 11 11 1 ‘!PEY'WX=2) 5 35 g! L i EJ]
i'i [ i =8 e . [hns..[z. '2'1 4, 81 6’ 24
N 3. Atwo-dimensional random variable )

(X, Y) has the joint probability M2
» Where x ang ¥ can assume only the intege’
; e CI‘IJndItIClna_l distributions of ¥ for X = X-

function p(x, y) = Ix+y

i P
6. For the following joint probability distribution qf.‘@nd Y, fﬁ;d &LJ e?;{”i
distributions of X and Y, (ii) conditional dlstﬂbutlﬂ.ns of X g

(iii) Are X and Y independent?
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258 Chapter2 Random Variables ' : O

E i ¥
[ v = <
he conditiona probability densiy function of ¥. BE% 0= denoted by ry

defined as:
f _fxy)
FOm=" .
A necessary and sufficient condition for the continuous random variables X and Yig
be independent is _
; fxy)=Fe®) FO)

La . L ——

Example 1

The joint probability density function of a iwe dimensional random var;
able is '

f(x,}’]=%xe"’. D<x<2,y>0
=0, .- otherwise
Find the cumulative distribution function.
- Solution

The cumulative distribution function is given by

Fey=[" [ feuy)dedy

-l

'
e
e

1
=-x(-e7 4

1 -
=5k

B

P+ -

1
FOy)=—xtl-¢
.(xy) 4«1‘ {1-e7), O<x<2y>0

. =0 + otherwise :

B

2.8 Two-Dimensional Continuous Random Variables 1,59

Example 2

* The joint probability density function of a two dimensional random

var::a_b!‘e X, D)is f(x,y)=xe™*D 150,y>0. Examine whether the
variables X and Y are independent.

Solution
Fxy=]" finy)dy
- J‘: xe~ gy -

FEH) “"
—x
U]

:.-I(e"” —e7)

=e " x>0

=X

=" fend
- r“ xe—r[)'+lldx
i

e—I[)‘+1) e-x[y+11
y—1 =
=(y+1)  (p+1)

=0

()

@ A=

Flxy)=xe 0
) # frlx) £y (3}

Hence, X and Y are not independent.

Example 3.
Two random variables X and Y have the joint pdf

Fry)= A, xy20
=0 T olhelwisc

Find (i) A (i) marginal pdf of X and Y (i) f0)
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Solution
(i) Since flx, y) is a pdf,

T ]' fleydxedy=1

o

?Tﬂe_{h”]d-‘ dy = 1
an 0

ch F e‘“dx] etdy=1
0

g

A 5
__-z-i(-ne Ydy=1

el

%(—e_" +e")=1

A=2
@) Sxo= [ roeydy
i =TAe-[2r*de}',
[}

= 2|_ o

o
=2 +e )

=2¢%,x20
| =22 120
- =0 ., X<0

FrO)= [ fG)de

il

2.8  Two-Dimenslanal Continuous Random Variables

-

= jAf‘Qny:dx

o
£ (2at) >
-2

= —%[e‘" -7

=2

=—(0-¢7)
=, y20

,"f,(y)ZC_y.}‘EO
=0 ,ycl]
fley)
ol x)=
@iy SfOIx) Fe)

2 e—f 2xty)

=&, _\1‘20

.61

Example 4
The joint probability distribution of X and ¥ is given by
_6—x—Y

fxN="%

=0, . otherwise

O0<x<2, 2<y<4

Find fiylx =2).

Solution
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L u-xr9-2-25-2]
- )

=£(ﬁ-2x)
-y
i flyln= ..5 2x
Putting x =2,
for=n=22
2
Exarnple 5

The joint pdf of a two d:menswm!' variable (X Y) is given by

f(x,y}—h}'e 4y )., x>0,y>0.
Find the value of k and prove that X and ¥ are independent.
Solution

Since flx, ) is a pdf,

I Ff(»‘f.)’)d.\:dy:l

j'jkxye“*z""mdyﬂ
0o
’ff ay. j'xe dr=1
]
Putting x* :f-x=\ﬁ,d.r=-_.d‘
PN

Whenx=0, r=0
When x=sa, f=o0o

E[ dx J’\;"e —\?-—dr

-3

e +e

= ra

2.8 Two-Dimensional Continuous Random Variables

o i : 1
Similarly, j'ye Ty
Putting bﬂth 1ntegml values in Eq. (1),
k=4
If X and ¥ are independent,
fx(x) fr(}') f(x,y)

felx)= J- f(x.}') dy

T 2
=ka_ve'(’ J-"'z’dy .
0

27 1
= R j_y e dy
o

Eh g A
2

%
=2xe " x>0

=dxe

()= j Flxy) dx

fe) fyy=2x6" 2y€” 1y>0

2,2
‘ =4_‘.),¢—(x+y}

= f(xy), x>0,y>0

' Hence, X and Y are indcpendent.

2,63

Example 6
The joint probability density function of
able (X, Y) is

atwo dimensional random vari-
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| f=biaoy) 0<FEA-ECISE
' =0 , elsewhere
Find (i) k Gii) fex) Gii) fy0) () fo%)
Solution
Since fix, y) is a probability density function, 5
|- faydedy=1

N [o] ey dy =1
2 T

kj:x :}'-——3-;,— dre=1
-X

o

2 g L
kLZx de=1

2
B
* 4
k(8)=1
k=t
8
(ii) The region of integration is AOAB. ¥
In AOAB, along vertical strip RS,
Limitsof y : y=-xt0y=x

k

and x varies fromx=0to x =72, rIx /

H=[" faydy

= [ Jlx-y)dy
e

= 2 & = x
Ae-fos

=k (2x%) = W .f\

¥=-x

o
-S(ZJ)

2.8 Two-Dimensional Continuous Random Variables 2,65

=£—, 0<x<2
4
(iii) For limits of x, AOAB is divided into two parts, AOBC and AOAC.

In AOBC, along horizontal strip PQ, g
Limits of x: x=—y to x = 2 and y varies fromy =-2 o y=0.
Int ADAC, along horizontal strip P'QY,
Limits of x: x =y 1o x'=2 and y varies fromy=0toy=2.

e =|_fxyae

= ]:kx(x—y) dx, —2<y<0
"ga Izkx(x—y)dr, 0<y<2
¥

Now,

R
j:kx(x-)’)dx=k\—3——7‘_r

O 0
=374 .
Also, .
3 2
2 X Xy
Ihf**ﬁdﬂ"?"\z y
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: Sy
(iv) ﬂr“FW

Example 7 o
The joint pdf of a two-dimensional random variable (X, Y) is given by

fyp=gw.  1SyS2 1558y

=0 , otherwise
Find the marginal density function of X and Y.
Solution o1

“The region of integration is AABC.
In A4BC, along vertical strip PQ,

Timits of yt y = xto y =2 a.2c| @ y=2/

" and x varies fromx=ltox=2,

ol
Marginal density function of X is xeid B
fr0=[" flxyay
28
=| —ayd
Lg’f"’ £ .
2
— I §
W 0
972,

Fig. 2.2
4
=3X(4—J’2), lsx<2

In AABC, along horizontal strip P'Q", limits of

y=ltoy=2
_Marginal density function of ¥ is
£V =" fla
v8
= : Exydx

x31=lmx=yandyvariesff°m

2.8 Two-Dimensional Continuous Random Variables 2,67

2
71
1

=%?('yz—!}. 1sy<2 i oy

.
52

Example 8
If the joint distribution function of X and Y is given by

Flry)=(-e51=€7), x>0y>0.
=0 ; , otherwise
Find f ), ;) (ii) Are X and ¥ are independent (iii) Find P(1 <X <3,
1<¥<2).
Solution
Flx,y)=( —eF)l-e")
The joint pdf is given by

2

f(x.y)=£5;

_1[@1}
T ax\ dy

=i[_a-(1—e“‘}(1-f"')1
™

ax

] ~X e am¥
==—(l-€ Ne™)
ooz

=6_"‘€_:II

=G x>0,y>0

f(x,y)=€‘u+ﬂ> x>0,y>0
=0, , otherwise
i fyl0= j:'f(x.ﬂ dy

S
: _

_ -umr

=|-€ o
P —x

=(-¢" +€7)

= 8",1’}0
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268  Chapter2 Random Variables 2.6 Two-Dimensional Continuous Random Variables .69

; ™ ) ' 03 _3x12
fo)=[_flayd -—-lsje"’le—_; dy
i =4 0z
=I0 E-U‘”)d-x of -5 & I 3
- v =-5| e (e - )y
2 |_e-<nr)|u 03
=(-e"+e) g e i
& =5 ~¢")
=7 x50 5 loz
N
@ fylx)fly=e"-e7 ; ; = - -
= xs0,y>0 =6.84x107
= flx.y) i
S o ¥ Rl i) P(X<2 ¥>02) = | [ fxy)dxdy
(iii) Since X and ¥ are independent, d Gj 2
Pll<X<31<¥<2)=Pl<X<3)P(I<¥<2) = | J15e7dxdy
3 2 0.20
= [ re@ae [ Ao dy Sy
S g =15 e'”dx]e'”dy :
=Le ‘d.tvj-le}dy JLM
3 2 . w| -3
=l J-er =15 [ 15— ¢4
o -sfj5{ e

=(=e? 4o (-e? +ely

=gt ZigT

1}
..‘..
—i

(e =1edy

=

2

_ .,
Example 9 _ =-5(e™® -1>~i—s

The joint probability density of two random variables is given by
fxy)=15e75,

0.z
=(* =D -

x>0,y>0 (e — 1=
F =0 B elsewhcre =0.367
ind (i) P(1< X < 2,02 < ¥ < 03) (ij) p, (iii) The region of i tion is the first quadrant.
il 1 ¥ , gion of integra
probability density functions of X an(d ;} .(X <2,Y>0.2) (iii) marginal Hence. ¢ and y both varies from 0 to .
Solution — ity I fxy)dy
) P(1<X<2,02<¥<03) = [ [, »)dxdy @
: 021 =Ilse-1x-5ydy
03z - 0

o = I IlSe‘sx‘Sydxdy

=1
o ! =152—M ‘ 3
: [ L

1 3 2
= ~Sy| -
SGLE r['!‘e s :|d)"
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=3¢ (e -¢)

=3¢, 520

fro=[ fepdx

= J 1 Se'h'l”d)’

]
e—l(
=57 =£")

=57, y>0

=15¢"

Example 10
The joint pdf of (X, Y) is given by

f{x,y}=%e"!"+|)'|, —tog x< oo, —o0 L Y < 00

. (i) Are X and Y independent?

(ii) Find the probability that X< 1 and Y < 0,
Solution
|xf =—x, =ocx<0
=1, D= x<ow
Simjlaﬂy, JJ.-| ==y, =—sa<y<(
=y 0OSy<e

fix, y)%ﬁ‘Hﬂ

A
=Iel J,_qugo’_w{ysﬂ
_1 ~X= .
I‘Ze ’!053((0,05)%“

6 fx(= [ fxydy

<] Lot gy

1.8 Two-Dimensional Continuaus Random Variables 7
== 1 4 I ‘H

= %e_!'q [? e}'dy+]ﬂ z"dy}
N (]
s M ]

1.
=2t

TRl

fr)= T fley)dx
e
}I 1 ol

1 -~
=2¢ Ii[_L ]
:-};{M[e"i_ﬂ-}vl—e—’\:]

= ie_l’i(l+l)

L

=-—g =00 < Y o2

1 1
fe@ =5t 7

= l—t’_le'}J'._—” < x oo, —so y< o
4
; =[xy
Hence, X and Y are independent.
01

i) Px<1,7<0) = | [ frydedy

Y i'[ lj %e‘1‘1“" dxdy
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0 0 L | A

137 ¢ -x 3 e W
’EI"H[I"? d.x-i-J‘;e dx}dy | : k(1—€?)fsinyf2 =1

o | . ka-e7xn=1

1 0 -t |
=z]""'m[|"-”L+|" L]dy ¥

A # 1=¢" ¥

iR

L ol e LA P 3
=;£e (1= +Ddy @ P[X+Y22]-1—P[X+Y<E)

1 = t ¥ The region of integration x + y < 1 is the E{O%}
=:(1-e )Je 9 AOAB. In AOAB, along horizontal strip P'QY,

n
=%{?_e-1)1e,|1 Limitsofx:x=0wx=5-y
Lo ; Limits of y: =(.'m:-)r=E
=—{2=¢" )l | sof y1y 2
: L Fig. 2.4
%‘2"‘;!} ' P(X+l’<l)=j02 j'oz ke~ cos y dx dy
- | x B 3
=kfz —eF
Example 11 . [2cosy|-e L N
The joint of (X, 'j_g : g . .
Joint pdf of (X, Y) is given by iffen - _[2 JHD *
f(Ly):ke"ims).‘ 0$IS2,{]5}‘5£ |
; 2 - .
— y 'I d o
=0 ; otherwise | —kjolcos{-—e e+ ] y
o i ;
o e P[X+Y : g] ; s k[_e"ij%e? cosydy+ [ 2 oos)’d}":]
o
Solution 5
M = k[—e"§ l—'?)L (cosy+siny) i +|sin )*E
1T 1+1
o
J T renasay=y

S Sy |

z .
Jk Eﬂ%}'d&’d}l:]
0

] P W % S ) I i
: ‘ =k{—e g{%[cos%+s1nv£]-a—]+mn-z—
|

L]

2
kJﬂ’COSyITvg"‘E dy=1'

x
kicos)‘(_enz"'l)ﬁyz]
o
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T20-¢)

Example 12

—

The joint p.df of a two-dimensional random variable (X, Y) is given by

f(x,y)=%(6—x—y), 0<x<?2,

=0 , otherwise

Find (i) P(X < 1, Y < 3) (i) P(X < 1/Y < 3).
Solution "
() PX<1,¥<3) =

2<y<4

1.8 Two-Dimensional Continuous Random Variables 2,75

" _PX<1Y<3 i
(i) PX<1¥<3) —-W ‘._‘(1)

P(Y <3)= Flxy)ydedy

fi
f

(6-x-y)dedy

oo | —

o

12-2-2y)dy

o | —

wl—

3
|
2
3
o
2
1 3
=§j; (10=2y) dy
~ghor-»7]
=%{(30—9)-(zow4)]

s
8

Substituting in Eq (1),

P —
oo | L

)

' 1) ... 1
Find (i) P(X > 1) (ii) P(Y CE) (iii) P(X > 11Y<5)

PRIy < 3);?]:%
8
Example 13
The joint pdf of a two- -dimensional random variable (X, Y) is given by
2
P o 0gx<2, Dyl
fxf(xi.)j) el 8
0 , Otherwise

(iv) P[Y <%!X>1) (v) PX < Y) (vi) PX +Y<1)

__—#
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Solution

* 12
@ Px>D=[[fnydrdy

__,.,_
2,
Y
|

2
X
& dx dy
(=)
2
g2 3
S o
2 24

Dy = D —m— D —— D ——
(]
=
+

L |
]
R
mi"“u
+
2=
—
.
<

[}
’ N oo
L
<
v
+
|-
| SR
(=%
<

w
b4

B3| =3
[t

S
4

|-
S

) P[X >1Y c%]

18 Mnfmmlnmi Continuous Random Varlables 2,77

i}

2N
=
H
=
&
&

Ry T S ¢ [ D

1
W ==
x x ]
_1 2 +ﬁ[® o 1 2 ¢
1 Fig. 2.7
1 ¥ o1
=22+ [ L-+=|a
-1( y2+3] [2“24]”
1
2 2
=j(3L+_’_]d,
W2
1
D
2 24
17
Srtv—
16 48
-
T 24
1 5
P(X:-l.}'<2] 721_5
P[x;-lrvc—}= T
P[Yca] 2
5
. Lre—| 2
(iv) P(Y'(Ef.’(:’l = P(X?l} 12 19
24
1¥
W <Y =[[fxydxdy
[ RY]
1x I
o5 e
8
0o
1] .22 3
=2 +—;El’d}
o 2 0
- —
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_ R G Rondom Yariables 2,79
if4 3 . ) | e -
- I[y_%‘;)dy | Find P(X*+Y* <4), 3 .
2 !
oys Al Solution
¥ ! | A
54'96 . px?+r* <= [[ fley)dedy
1 ; { e e 3
1 |
T ' gt
10 9% . i
53 . = [[ —e 2‘3 dxdy
e | e T 2ma*
430 | ) ¥
d Li-y The region of integration is the interior of the circle
P -
i) PX+¥S1) =] | fGny)dedy Ly =4
00 Converting to polar coordinates by putting
L=y £ | y=cos0,y=rsinf, dvdy = rdrd6, equation of the )
"= .[ o’ +"]d‘dy circle &+ =4 reduces to r=2, Fig. 2.8
o g In the region, along elementary radial strip OA,
I £y x> I : Limitsof r:r=0wr=2
= J' +2 dy ; i
2 B | and in the region
! ‘ Limits of 8 6= 0t 0=2r

a-y'y*  (-»° | ==, A
o e AN dy | 1 e (F_L Tha
PP 4Y s 4= f, Zmze rdrd@

1
ety
_lacaety? a-w’
![ 2 YR d —_I [ [-—)d:de
}{]( -2+ 1 2l :
2 i i )+—( -J’)} J . =2_1E' ox ] P [-:Ioe”"f'(ﬂdr=em’]

1 '
ke L=y | ¥ a
32 5 24 (—4) ; | _ 1 p2n _e_;'—'- J_-l]de
SHERAE : | e
213 2°5) ¥ : 2T
1 * lef,

__3_ =—J1=e "
~ 480 s
2
| — “Lli-e @ |om
Example 14 : 2
A . . . " 1
! The joint pdf of a twe dimensional random variable (X, ) is given by | %
! ) ) =1-¢7
F i ! 1 hx +y
= 2 y | 2
fxy) Zzaze a "X, Y < 0o |
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2.80 ChapterZ Random Variables

m .

Example 15 . ordi :
A gun !I: aimed at a certain point (origin 0‘{ fhe CL; Ord”;“fe B
Because of the random factors, the actual h:r pr:n can .rhe any p‘oim
(X, Y) in a circle of radius ‘a’ gbout the origin. fsnm; ot fhe ) Oiny
de;m’!y of X and Y is constant in this circle and is given oy
2
foy=e K+y <a
=0, otherwise
Find (i) c (ii) fif®).
Solution
(i) Sincefx,y) is a probability density func- ( |
tion, !
e |
| | fayaxdy=1
j’j cdrdy=1
xz-iyzsaz |
c ” dedy=1 f
.#+yzSﬂ?'
i efared of circle £+ y'=a¥) = | Fig. 2.9
I ; claa’) =1
| [ ' = —L

. (ii) The region of integration is the interior of the circle * + y* = &°.

Intheregionalongthe verticalstripAB, Limitsof y = ~ya? — 7 to y =@’ ~#* |
andx\'a.ﬁ.ﬁsffomlzﬂlox:q‘ |

f@=[" ey
-z
=J'_‘|r;;—_?cdy
-_—cMﬁ—%
= c‘(v‘az - +ﬁ]
)

R
r 4 e o a* -x .
' ma J —Asx=<g

—

b i
8 Two-Dimensional Continuous Random Variables 281

EXERCISE 2.4

1. The joint pdf of a two dimensional random variable (X, ) is given by
fixy)=2, 0<x<1, 0<y< :
T =0, otherwise

Find (i) marginal density function (if) conditional density function.

Ans.: i
i) flx)=2x, O0<x<1- (i) f(ny)z;; O<x<i
=0, otherwise 1
fix/y)=——,0<y <1
1-y
B =21-y), 0<y<1
=0 ,  otherwise

2. The joint pdf of a two dimensional random variable (X, Y) is given by
1
==, 0 , 0 b
f(x,y) 5 <x<a, O<yc<
=0 , otherwise

Find the joint probability distribution function and marginal density
functions. Are X and Y independent?

Ans.: F{x,y):%. O<x<a, U;:y's.b
=0 , otherwise
f0 =10 = 5 Yes
3. The joint pdf of (X, Y) is given by f(x,y) = kOgxeys<2.
Find (i) k (ii) f(x), fyly) (i) fly/x), flx/y)
Ansa: (1) % (i) fie(x) = %{1 -x,0£x<Lf = %Iv,ﬂ sys?

1
() fy /) =5 =ix <y <2 X/ )= 0 <X <
4. The joint pdf of (X, Y) is given by

fix,y)=k(y +xy°),0£x 2,05y <2

Find (i) k (i) fy00), fly) (i) fy/X), Fx/y)
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282 Chapter2 Random Varlablés

Ans.: () k== ,(“)fx(x:' '("3-4'2‘}’

y[x F}U<y<2f{x:‘yl
2x*+2)

(iit) fily/x) =

. The joint pdf of (X, Y} is given by

5
f(x,lfl=%(3x’+xyl. 0<xst 0<ys2
=0, , otherwise
Find P(X +Y 21).

[Ans LI
7

6. The joint pdf of (X, Y) is given by
T foy) = k(b -x—y), 0<x<2, 2<y<4
Find (i) k (ii) P(X < 1, ¥ < 3), (i) PX+ Y < 3), (iv) P(X <1/y <3)

[Ans.: (i}%,(ii} ,(m] ,(w} ]

7. The;ointpdl‘of (X, Y) is given by fixyr=e?, x>0, y>x

=0 , otherwise
Find (i) P(X > 1 / Y < 5) (ii) marginal distributions of X and Y.

' 4 -
s [Ans': o E’T": (1) fxb) =™, x>0; fy(y) = ye™ ¥ ’0}

Py ' Xy
8. The joint pdf of (X, ¥) is given by fix,y) = leT‘i'x 20,y20
=~ 0 otherwise

(i) Find conditional density functions of x and Y,
(ii) Are X, Y independent?

{“‘5 (i) ﬂy!x).__e 3

V20 f{xfy):__e 4,1‘ >0, (“]Yes

9. The joint pdf of (X, Y) is given by fix,y)<

_"—-—--—__

(1+x+yp’
, otherwise

x>0,y>0 -

Find (i) F(x, ¥) (ii) filx) (ifi) fiy/x),

1 |
0<xsZHW=gV + W05y o

|
|
|
|
|

28 Two-Dimensional Continuous Random Varigbles 2,83

1 1 1

i e e e e
0 Flny) =1 ‘l +X !+x+y 1+y
o - ) 0

(i) fy(x) “”)1 x>

=0 , otherwise
1[1+x)
iii Ix) =
( i} fly/x) = s x+y)"

10. The joint pdf of (X, Y} is given by f(x,¥) = x? +-’;£, 0<x<t0<y<?
= , - otherwise

Find [1] P[X > ] (i) P(Y < X) (i) P[Y <= ;."X < )
Ans: 2, iy .{iii)i]
LR T 32

|
11, The joint pdf of (X, Y) is given by flxy)=—(1+ xy), |x <1, v <1
=0 , otherwise
Show that X and Y are independent.

12. The joint pdf of (X, ¥) is given by f(x,y)=Ae ™. show that X and ¥
are independent.
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"CHAPTER

Basic Statistics

Chapter Outline

31 Intrpductioxi_ _ el
3.2 Measures of Central Tendency
3.3 Measures of Dispersion

34 Moments
3.5 Skewness
3.6 Kurtosis

3.7  Measures of Statistics for Continuous Random Variables
3.8 E)ipected Values of Two Dimensional Random Variables
3.9 Bounds on Probabilities - |
3.10 Chebyshev’s Inequality

3.1 INTRODUCTION

A discrete random variable is described by probability function or probability mass
function. Similarly, a continuous random variable is described by its probability density
function. Instead of a function, a more compact description can be made by a few
parameters, known as statistical measures, that are reprcsentati've of the distributio:?. In
descriptive statistics, statistical measures are used to summarize a set qf obsefvanons-
in order to communicate the information as simply as possible. The observations are
described in
(i) a measure of location or centra rith

(i) a measure of statistical dispersion like st&nflard deviation ‘

(iil) a measure of the shape of the distribution like skewness or kurtosis

(iv) if more than one variable is measured, a measure of statistical dependence ;

such as correlation coefficient.

] tendency, such as arithmetic mean
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3.z Chapter 3 Basic Statistics

NDENCY
L TENDE L2

' central tendency is a central or tYpic
Orltni]: :Issl:za?lfcd acenter or location oif the dlisnibution_
ften called averages. a‘ﬁm averags is a single valy,
f the whole dismbutlnn_. There are five s
s which are commonly used.

3.2 MEASURES OF CENTRA

In statistics, a central tendency
value of a probability distribution.
Measures of central tendency are ol
which can be taken as a representative O
of measures of central tendency or averages
(i) Arithmetic mean or mean ot expectation
(ii) Median g
(iii) Mode
(iv) Geometric mean
(v) Harmonic mean

. mean : ility distribution of a disc
average value (u) of the probability distribu el
andom varab al . jon and is denoted by E(X).

random variable X is called as expectat
fi=EX)=Y x p(x)=2,x p(x)
i=1
. where p(x) is the probability mass function of the discrete random variable X,
Expectation of any function ¢(x) of a random vari able X is given by

Epm]= 3 605 p(x) = X e(0)p()
i=1

Some important results on expectation:
(i) E(X+k)=EX)+k -
(ii) EaX+b)=aEX)tbh .
(iii) E(X + ¥) = E(X) + E(Y) provided E(X) and E(Y) exists. _
(iv) E(XY)=E(X) E(Y) if X and Y are two independent random variables.

2. Median The median is the point which divides the entire distribution into two
equal parts, If X is a random variable, the value of X = x for which the cumulative dis-

tribution function F(x) =-;- is called the median of X. For a discrete random variable

o s 1
X, if there exits no x such tha_t F(x} = — then the mdiaﬂ M prrobabilit)’ distribu!iﬂﬁ
is given by 2

1
M= E{xk +xﬂ‘+l)
1 1
where F(xp) < 3 and F(x, ) > o

and x; and x;.,; are two consecutive values of X.

3. Mode The mode is the value of discrete ra;ndo

m variable X for which the prob-

e |
]

G

3.3 Measures of Dispersion 33

4. Geometric Mean The geometri
log G = E(10g X). The geometric meq
random variable X is given by’

Mean G of a random variable X is defmedl b
) y
Mean of the probability distribution of 2 discrete

logG= S : =
g(]og *)p(x) = ¥ (log x) p(x)

where'p(x) is the probability mass function of the discrete random variable X
5. Harmonic Mean The harmonic mean of a rand

1_g(1) Then i :
H E[ X] + H1e harmonic mean of the probability distribution of a discrete random

variable X is given by :

om variable X is defined by

1.1 o1
5 § o PE =2 p

where p(x) is the probability mass function of the discrete random variable X, -

3.3 MEASURES OF DISPERSION

A measure of central tendency is a representative value of the random variable. But it
is important to know how the values are clustered around or scattered away from the
measure of central tendency. The property of the random variable or its distribution
by which its values are clustered around or scattering away from the central value is
called dispersion. There are three types of measures of dispersion which are commonly
used. -
(i) Quartile Deviation
(ii) Mean Deviation
(iii) Standard Deviation

1. Quartile Deviation Quartile deviation or semi-inter quartile range of the prob-
ability distribution of a discrete random variable X is given by

1
Q= 3 (@5-Q0
where Q, and Q; are the first and third quartiles of the distribution respectively.

2. Mean Deviation Mean deviation of the probability distribution of a discrete
random variable X is given by :

MD = E{|X -}

= i]x[ - u|p(x)

=1

=le—plp(x)

Where p(x) is the probability mass function of the discrete random variable X.
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3 p 3.3 Measures of Dispersion 3.5

iation is the positive square root of the arith.

1 3. Standard Deviation Standard dev N s By st e ; St

B metic mean of the squares of the deviations of the § s
| _mean, Itis denoted by the Greek letter O. _

" . =441
SD=0= ‘ixf p) -1 (i) Variance = 0 = Fop(x) -
i=1 : :

- I 3) (5 7Y .(9)
! G ! | =]l — Al == i e s
| s JE - - 1. ' (36]+ (36)+9(36J+16(36J+25[36J
: = JE(A) -[EXF ' ' +36(%J— (447

Variance Variance characterizes the variability in the distributions since two | : 701

distributions with same mean can still have different dispersion ot: data at!nul.the ir means, ' - i 19.98
Variance of the probability distribution of a discrete random variable X is given by o=
Var(X) = & = EX - )’ ' | (iii) P(1<X<6)=P(X=2)+P(X=3)+P(X=4)+P(X=5)
= E(X®) - EQXp) + EQ) _ “36 36 36 36 -g
=EXY - 2UEX) + pz [+ E(constant) = (constant)] " .
=EXY) - 2up + i , =
=E®)-p | - 067 |
= EX) - [EX)P
Some important results on variance: : . Ex ample 2 ; .
Bl Il | ility distributi andom variable X is given below. Find
(i) Var (kX) = K¥* Var (X) _ The pmbabrluy_d:smb-tfnon ofar ' 8 .
(i) Var (X + k) = Var (X) ‘ - (i) E(X), (ii) Var(X), (iii) E(2X —3), and (iv) Var (2X - 3)
(iv) Var (aX +b) = a” Var(X) - ., 0 1 2 ’
_ — PR ke e S e
r. Example 1 | 2 _ =
| . A random variable X has the following distribution: f Solution
T ' @  E@=Xxp(x) _
4 5 6 | , : =_2(0.2) - 1(0.1) + 0+ (0.3) +2(0.1)
. [ I — ['] < 3
| SelTe g i1 ¢ : = >
i Wom et = ; Gi)  Var(X) = Zx* p() - [EX)]
& d (iii e -_ff_;m "LJ | , 2 4(0.2) + 1(0.1) + 0+ 1(03) +4(0.1) - 0
& : na (iii) P(] < X < 6). | -16
e Selution ' | (i) EQX -3)=2E(X) -3
| i | @) Mean = = ¥ p(x) : | - =203
T R {1 . . : ‘ =-3 A,
Lt | =1(“'}+ 2(3-} 5 11 (iv) Var (2X-3)=(2)* Var (X
o | 36) “\3)+3 '-) +'4(_7_ 2 6(-'"' | |
! 0/, \3s ol L i - ":‘:(;-6)
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3.6 Chapter 3 Basic Statistics 3.3 Measures of Dispersion ~ +3.7
E'xarnple 3 Demand () 1 2 3 4 5 6 7 8
Mean and standard deviation of a random varicz!s)le ;(X)are 5 and 4 FOLHHVIEOMN 0.08 0.12 019 024 016 0.10 007 0.04
- : 2 deviation of (3 — 3X). ' . e
respectively. Find E(X) and standard de . f Find the expected demand for watches. Also, compute the variance.
Solution ~ Solution '
EX)=p =5 E(X)=Zxp(x)
SD=g=4 ' =1(0.08)+2(0.12) +3(0.19) +4(0.24) + 5(0.16)
Var(X) = ¢* = 16 +6(0.10)+7(0.07) + 8(0.04)
Var(X) = EQ) - [EX) * : =4.06
16=EX)-(5) . - ' Var(X) = E(X®) - [EX)]?
- E)=4 1 | =Zx* p(x)-[EOF
Var(3+-3%) =E‘“ (95)1‘ (3)" Var (%) | = 1(0.08) +4(0.12) +9(0.19)+ 16(0.24) +25(0.16)

=1} + b .

e (16) | +36(0.10) +49(0.07) + 64(0.04) - (4.06)”

- l _197-

SD(5-3X)= -fVaI 5-3X) ;r :;92'; 16.48
= iz | '
|
=12 ; Example 6 : o
i A discrete random variable has the probability mass function given
Example 4 ! below:

A machine produces an average of 500 items durin g the first week of the
ORI and. on avenage of A0 Hems during the last week of the month,

the probability for these being 0,68 and 0 ; 1
expected value of the pmducrion. - TSRS DGR R 15

Find k, mean, and variance.

: [Summer 20151 | .
Solution : Solution ]
. ; Since P(X = x) is o probability mass function,
Lerd he the ey variable which denotes the items prog; ine. The | ZP go=al ¥
probability distribution is Produced by the machine. |
i - : - | 0.2 +k+0.1+2k+0.142k =1
1 | 5k +0.4= 1
! !
Eﬁpected value of the production ECO = Z LS : :
= 2% p(x) '
= 468 2 i
|
;

j
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3.8. Chapter 3 BasiC dtatipLiw

Mean= E(X)=Y xp(x)

-caf 2l Zon{is)a(ip) o)
T '
25
Variance = Var(X) = EX?)-[EX)T

=¥ 2 p)-[E&T

(M)

7336
250 625
203

7625

Example 7
A random variable X has the following probability function:
N 0 1 2 3 4 5 ¢

“0__ ik 2!c 2% 3k B a2k
() Determine k. (i) Evaluate PX < 6), P(X > 6), P(0 < X < 5) and

Solution -
(i) Since p(x) is a probability mass funt;tion,
: ' 2.p(x)=1
Otk +2k+2k+3k +k7 4262 4742 4 =1
1082498211 -
A0k-D(k+1ymg k
k= --1-16 k=1

1
k““‘“[ p(x) 20, k#-—ll

3.3 Measures of Dispersion 3.9

.Hence, the probability function is

001 02 ‘02 03 o0l 00z oi7

(i) P(X<6)=P(X=O)+P(X=1)+P(X=2)+P(X=3}+P(X=4)+P(X=5)

=0+0.140.2+02+0.3+0.01
=0.81
P(Xz6) =1-P(X<6)

=1-0.81
=0.19

P0<X<5) =PX=D+P(X=2)+P(X=3)+P(X=4)
=0.14+02+4+02+0.3
=0.8

P(04X44) =PX=0)+P(X=D+P(X= 2)+P(X 3)+P(X=4)
=0+0.1+02+02+0.3
=0.8

(iii) Distribution function of X

0 0 o |
1 01 015
2 02 03
SR 028y 2033
T4 03 08
57 o001 081
6 002 083
:r_,_ﬂ,_...._lmj

) p=Y )
=0+1(0.1)+2(0.2) + 3(0.21f4(
=3.66

V) Var(X)=0®=X*" p()~ s
=0+1(0. 1)+4(0.2)+9(0. .2)+1

0.3)+5(0.0D + 6(0.02)+ 7(0.17)

6(03)+25(0.01)+36(0._02)
+49(0.17)—(3.66)

=3.4044
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3.10 Chapter 3 Basic Statistics

Example 8 - ;

A fair dice is tossed..Let the random variable X denote the twice the

number appearing on the dice. Write the probability distribution of x
Calculate mean and variance.

Solution

Let X be the random variable which denotes twice the number appearing on the dice.
. (i) Probability distribution of X

= W
=8
o=
|-
o=

(i) Mean=y = Y xp(x)
2(6}4( 6)%['3]%(3]”0(3)“2(8)
=17
(ii1) Va:ig_nce= o =2-\‘2P(x-}—pz

A2

=11.67

Example 9 - —

Two unbiaseddice are thrown at rg
andom. Find th, ility distribution
of the sum of the numbers on them, A i mz,zfzizmty .:.izsmbuno
: g variance.

Solution

3.3 Measures of Dispersion 3.1

A A AG
A3l

36
=7

Variance = 0:2 :212 p(x)—‘u_z . .
=4(L]+9(i +16(i]+zs[i)+36(i)
36 36 36 36 36
6 (5 4 [3)
— e — |+100| =
+49(36 +64[36J+81(36)+ %

' 2 1 2
= le144| —|-7
+1,21(36- o [36) “
=EE_49
36

=35.83

Example 10 ‘ s
A sample of 3 items is selected at random from a box containing '10
items of which 4 are defective. Find the expected number of defective

items.

Solution

Let X be the random variable which denotes the defective items.

Total number of items = 10
Number of good items =6
Number of defective iterms =4

6
G _1
P(X = 0) = P(no defective item) = e
. 6C2 AC =_l-
P(X =1)=P(one defective item) = o
6C| 4C2 _ 3

P(X =2)=P(two defective items) =~ g, 10
_ w1

P(X =3)=P(thre®

defective items) = g g, 0
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342 Chapter3 Basic Statistics 3.3 Measures of Dispersion  3.13

Hence, the probability distribution is [—-:;(a mple 12

Amit plays a game of tossing a dice. If a number less than 3 appears; he

BT 4k, b

bR 'i gets T a, otherwise he has to pay T 10. If the game is Jair, find a.
o6 e et 0ot 30 : - ;
! - ! Solution
Expected number of defective items = E(X) = Ex p(x) X _ Let X be the random variable which denotes tossing of a dice.
! | i i e Cppgedad
=0 +1[%]+ 2(%}_ 3(,_3_6_] , l_’robabﬂlty of getting a nurqber less than 3, i.e., Lor2 = p(x;)= 5 3 :
. . ' ) 4 2
=12 . . Probability of getting number more than or equal to 3, i.c., 3,4, 5,0r6 = p(x;) = iTn
Example 11 : | Amount to be received for number less than 3=x, =% a
' . . o y : id for numbers more than or equal to 3 =x, =310
A player tosses two fair coins. He wins ¥ 100 if a head appears and ; AU fohe peld tors A ’
X 200 if two heads appear. On the other hand, he loses ¥ 500 if no | E(X)= 3 xp(x)
head appears. Determine the expected value of the game. Is the game = =x plx)+x p(%;) u
favourable to the players? ' . 1 2
' ; =a(—)+('—10) ; |
Solution |
. . , a 20
Let X be the random variable which denotes the number of heads appearing in tosses | 373 _ ' -
_ of two fair coins. ' - i
 §={HH,HT, TH, TT} _ For a pair game, E(x) = 0. !
p(x,) = P(X'=0)= P(no heads) = “ e a_20_ i
-4 3 3 [
px,) = P(X =1)= P(one head) =2 1 | a=20 j
) ' el | 3
P(x3)=P(X =2) = P(two hcads)zl E L : : W
j % 4 , i KEmple 12 a bag containing 3 white and 5 black balls: i
Amount to be lost if no head " . A man draws 2 balls from a bag cor ich he draws and X 7 for '_
appears  =x) =-3 500 : : ive T 14 for every white ball which he v
Amount to be won if one head appears = x. = Z 100 If he is 1o receive X : p ; ectation? bt
" Amount to be won if two heads appear = xz' =3200 : every black ball, what is his exp ! ;
. . =h= =
Expected value of the game =y =} « i i S : ; ' _ i
" Z p(x) : : | olution. ; tes the :ball's drawn from a bag. 2 balls drawn
. . =5 PG+, plxy )4 x p(x;) | . LetX be the random variable which denobfs k. or (iii) one white and one black. -
b 10 . 500(1) i 3P% b may be either (i) both white, or (i) both blac 2 :
4 B +100[—J+200[}_ ' ' _ B s D
B i o T A 4 Probability of drawing 2 while balls = P =g, =28 1
|

Se, 10

the game is not f; s
Hiange; e gaes not Tl s gl ¢ 2 black balls = PE)=T "8

Probability of drawit:
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3.14 Chapter 3 Basic dtatidties

3.3 Measures of Dispersion 3.15 “
e 6 e 15 mmer, he should make 3 5 5
Probablhly of drawing 1 white and 1 black ball = plX3 C2 28 : - ’ il s e 0 A

the summer is quite hot, he can only expect to make I 1000. On the
other hafld, if he operates the ice-cream stall, his profit is estimated at
Z 6500, if the summer is hot, but only ¥ 1000 if it is cool. There is a 40

Amount to be received for 2 white balls =x, =% 14x2=328
Amount to be received for 2 black balls = x, =¥ 7x 2= =X 14

Amount to be received for 1 white and 1 black ball = x; =% 14 +3 7 =3 21 . percent chance of the summer being hot. Should he opt for running the
Expectation = E(X)= 3,x p(x) ' hot-snack stall or the ice-cream stall?
=x, plx))+ %y p(x) + X3 P(x3) ; E- Salutlon
. 3 10 15 =
- =28| — m +14| — >3 +21| — m ; Let X and Y be the random variables which denotc the income from the hot-snack and
ice-cream stalls respectively. :
=T19.25 '
Probability of hot summer = p; = 40% = 0.4
Exarnple 14 Probability of cool summer=p,=1-p;=1-04= 0.6
L o ; =1000, = 5000, =6500, = 1000
The probability that there is at least one error in an account statement xf : ¢ & o
prepared by A is 0.2 and for B and C, they are 0.25 and 0.4 respectively. Expected income from hot-snack fall = E(X)
A, B, and C prepared 10, 16, and 20 statements respectively. Find the =& B
expected number of correct statements in all. i ' =1000(0.4)+5000(0.6)
: : ' =3 3400
Solution
. Expected income from ice-cream stall = E(Y)
Let p(x,), P(xy) and p(x;) be the probabilities of the events that there is no error in the " : - =yphtnp
acoount stetements prepared by A, B, and € respecively. o~ | 6500 (04)+100006)
i =65 4} + g Ag
p(x;) =1—(Probability of .at least one error in the account ! =¥ 3200 _ : ,
statement prepared by A) . . : .
=1-02 ¥ 1 Hence, he should opt for running the hot-snack stall.
=038 ;
Similarly, py)=1-025= 075 ; | EXERCISE 3.1
plx3)=1-04=06 e " e jable X is given by
Also, =10, x=16, x,=20 ; i 1. The probability distribution ildiniaianle 3 g
= i , > 2

* Expected number of correct statements = EX)= 2 xp(x)
X

=X P(xl}-i-xz P(xy)+ x3 p(x3)

g ;{;(0_.8» 16(0.75)+20(0.6)

d variance.

Find k, the mean, an [Ans.:0.1,0.8, 2.16]

' ; . of the following distribution:
2. Fi ean and varjance ©
Example 15 ; 5 e - ind he m .
A man has the '(;hmce Of?‘unrfing either a hop.q P
4 | stall at a seaside resort during the Summer ::;ck stall or an ;ce—crea;”
on. If it is a fairly €0

[Ans.:5.9, 1.49] !

[E——
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- 3.3 Measures of Dispersion 317

pa e

346 Chapter3 Basic Statistics

.

3. Find the value of k from the fpliciwing data:

| . | Ans.: (i .
| O gy 200, 2 2 5 3 1
3 36 36 36 36 36

l (if) 2.5278 (ifi) 1.9713

Also, find the distribution function and expectation of X.

8. _qu the following probability distribution,

e e s

3 . EEETEE 3
5 ._-_"p_('x; X.);. 0.001 0.01 0.1 ;01 001 0.001
Find (i) miss}r;g probability, (ii) mean, and (ifi) variance. '
0 | - [Ans.: () 0.778 (i) 0.2 (i) 0.258] ;j
S e 01 T T |% : 9. Adiscrete random variable can take all integer values from 1 ’t(okeach\:.'ith él
Find (i) P(X> 1), (i) PX <0), (i) ECY), and (iv) Var(X) | the probabilty of 7. Show that s mean ane GTAACEHE s skl 3‘
respectively. ' :
lls; 3 balls are drawn without . g'

[Ans.: (1) 0.35 (ii) 0.35 (iii) 0.05 (iv) 1 .8475]
and 4 black ba

e expected number of black balls that will be

10. An urn contains 6 white
replacement. What is th

5. Arandom variable X has the following probaﬁility function: |
R g obtained?
R : 2- ; : % ! -Ans.:é
E'Egr:'ﬂ-ﬁak 4koi : °
; %5 a5 oas e : : il wi
neda ;M.A__-___.,_.S_. _5j | 11, A six-faced dice is tossed. If a prime number occurs, Anil wins that
number of rupees but if 2 nonprime number occurs, he loses that number
ourable to the player.

ne whether the game is fav
[Ans.: The game is favoura

iday resort. If the summer is

Determine (i) k, (i) mean, (iii) variance, and (iv) SD
[Ans. ()1 ii) 0.4622 (i) 4.9971 (iv) 2.24]

6. A fair coin is tossed u
ntil a head or fi
=y 5 : i h| V i i i i :
probability distribution, and (ii) mean of t;aus- Appear; Find () sl |
A T P sell 7500 cups of 162 G2 if it s hot, he Can =
) (15000 cups. 1t 1S known that for any yean

Ans,: w o cups; if it is very hot, he can s&
ke ‘ = ' ' itd is 1 and to be hot is 4 Acupof
Ex =4 % A _j,,J ' the probability of cummer to be mitd s 7 ) 7d -

— .4 8 16 16 for 7 3.50. What is his expected profit?
T s R [Ans.:€ 6107.14]

. of rupees. Determi ]
ble to Anil

rlour at a hol

m costs T 2 and is SO

- Lét % Gt (i) 1.9 a__i— 'i' ice crea
A enotes the minimum of ;
of fair dice is thrown on Wo humbers ¢ i A ; L gqorg2ast tail or 1 head
i1y ex ; own once. Determine (i) hat appear when 2 pal & - 13, ¢ two fair coins He wins ol the
@) expectation, and (iif) variance. ne (i) probability distribu cioh, I :p%l::;f g};s'fhe other hand, he loses ¥ 5 if no head appears- Fi
| expected gain of loss of the player- [Ans.: Loss of 2 0.25]
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14. Abag contains 2 white balls and 3 black balls. Four persons 4, B, C,Diy
the order named each draws one ball and does not replace it. The firy
to draw a white ball receives Z 20. Determine their expectations,

[Ans.:28,26,3 4, iz}

3.4 MOMENTS

—
.

Moment is the arithmetic mean of the various powers of the deviations of items from
their assumed mean or actual mean. If the deviations of the items are taken from the
arithmetic mean of the distribution, it is known as central moment. If the mean of the

* first power of deviations are taken, the first moment about the mean is obtained and

is denoted by p,. The mean of the second power of the deviations gives the second
momenl about the mean and is denoted by U,. Similarly, the mean of the cubes of
deviations gives third moment about the mean and is denoted bjf ;. The mean of
the fu_m'th power of the deviations from the mean gives the fourth moment about the
mean and is denoted by g, Thus, the mean of the 7 power of deviations gives the 1
moment about mean or ™ central moment and is denoted by u,. |

3.4.1 Central Moments or Moments about Actual Mean

E‘;l; moments about the mean value it = E(X) are called central moments and denoted
e

o, = E{(x—p)')

= Z(I,— i “)r P(I;}
g i=1

=2 (x=p) px)

If frequency distribution is given and n = 4, then p(x, Y Eff
4 r ] N

Z;fi(xi —uy

H, =4
N

3.4.2 Properties of Central Moments

(i) The first moment about the mean is alwg :
(ii) The secor}d moment about the meap meazz zero, Le, i, =0.
i, =0 or SD=¢g :1:\(_ eS8 Veriance, i,
=o=t[p

(iii) The third moment about the mean measures gke.
; skewness,

3.4 Moments 3.19

If 113 > 0, the dfstribul.ion is positively skewed
If p; <0, the distribution is negatively skeweci
If p13 = 0, the distribution is symmetrical, '

. 432
Skewness 8= -‘93?

(iv) The fourth moment about the mean measures kurtosis. It gives information on

Eh‘.: peakedness or height of the peak of a frequency distribution, i.e., whether
it is more peaked or more flat topped than a normal curve. '

/7

Kurtosis f3, =,u_:

(v) In a symmetric distribution, all odd moments are zero, i.e., ty = llz = ls =
=l =0.

3.4.3 Raw Moments or Moments about Arbitrary Origin

When the actual mean of a distribution is a fractioﬁ, it is tedious to calculate central

moments. In such cases, moments about an arbitrary origin ‘@’ is calculated and then
these moments are converted into the moments about actual mean. The moments
about the arbitrary origin are known as raw moments and are denoted by ;. Thus,
f1] denotes the first moment about an arbitrary origin, /15 denotes the second moment
about an arbitrary origin and so on.

p = E{(X—a)'}
= i(xi- —a) p(x)

i=1 .

= E (x~a)’P(x)

' fi
If frequency distribution is given and n = 3, then p(x;)= -

ifi(x,- -a)

ro iml
H, =

When 2 =0, p’ is¢ alled 7™ order simple moments.
P
= E(X')
= 3 5P

i=l
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3.20 Chapterd Basic Statistics 5t - R

= Y7 p(x)
2

n

3.4.4 Relation between Central Moments and
Raw Moments

The moments about the actual mean, i.e., central moments and moments about the
arbitrary origin, i.e., raw moments are related with each other by the following equations: |

First central moment = -p =0
Second central moment  jt, = 1} —(uy i :
Third central mi.)ment Hy= M3 =34 {4 + 201y’

Fourth central moment  pt, = pj —4u} Ui +64; (,u{}2 - 3(31,’)4

Similarly, the raw moments can be expressed in terms of central moments.
First raw moment Hi=p-a

M=ty + ()}
3=y + 3, g+ (i)’
Ha= Mg+ 4 1]+ 61,(u)° + ()’

" Second raw moment
Third raw moment

Fourth raw moment

Example 1

Calculate the first four moments from the Jollowing data:

m w

Also, calculate the values of B, and B..

Solution

“mean.

3.4 Moments N

Asf oS- fe-p? L fe-p)?

Sle— m"

gt 8- A 2% 80 320 1280
R LB SRR S R D T S 0
2 15 30 2. 30 g ~120 240
37 2000 S R a0 0 S
4 25 100 0 0 0 0 0
S 20, a0 i M e oo E R0 S e i
6 15 90 .2 30 60 120 240
L 70, (a3 s S0 a0 Wi D 210
5 5 40 4 20 80 320 1280
‘. DYDY NG e s a_ g HG-H=
| =12 =500 =0 . =500 . G-m=0 7 g0
Moments about the actual mean:
_Xfa-m_0 _,
H="N 125
Ffte—pl - 506,
M= 125
M= N 125
4 "
o Xfa-m 410046
47 N 125
_#32_2=0
ﬁl"'_?"m
k>
_ M 376 535
ﬁz_p% 16
Example 2

Calculate the first four moments of the following distribution i
cuiate

Also, evaluate By and P
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3.22 Chapter 3 Basic Statistics

Solution |
Let a = 4 be the arbitrary origin.

=)

oy
Slx=al)

64 256
T
224 - 448
0 0 0
112 224 448
v B
6 - 64 256
S L
R 0563 e Y= 0 =512 =0 : . =28_1§-—J
N =Y =256 ) .

Moments about the arbitrary origin:
;Y fx-a) 0
R L i S

2 N 256
ﬂi z__Zf(I—a)z =&=
N 256
,_2fa=a' o
T
4 i
i Zf(x—a) 26
N 256
Moments about the actual mcan:.
m=0
1y =15 - (i)
=2-0
=2

s = 13 =3 +2 ()’

=0-3(2)(0)+2(0)* *
=B

3.4 Moments 3.23

e = 15 = 41500+ 645 (1 F -3 (i
= 11-4(0)(0)+6(2)(0)* -3(0)* -

=11
- .
ﬁ1='83?=0’
L
By 11
.62 =—m—=
@y
Example 3

The first four moments afdis!ributfon aboutx=2are 1,2.5,5.5,and 16.

Calculate the four moments about JL.

Solution
=1, =25 =55 H;=16
Moments about the mean:
M =0
wy =5~
=25-(1)
=15
1y = 15 =3l +2(1)’
—5.5-32.5M)+20)
=0 i \
1, = —dpspy + 60 (1 Y -3(ui)
_16-45.5D+62 30"
=6

Example 4 f a distribution about the value 2 of the

. o i A
Z?ze. j;i;;sr rhree; n;zm;:g—-dfﬂ. Show that the mearn = 3, variance = 15
ariables are 1, 10

and i, = -86.

Solution e
a=2 M=b M

=l'6; Pi=]6’ }62_40

e e D

Scanned with CamScanner



3.24 Chapter 3 Basic Statistics

Variance = [, = 15

g =1} —3p 1 +2(p7)’
= —40-3(16)(1)+2(1)°
=-86

" EXERCISE 3.2

1. Calculate the first four moments about the mean from the following
data: '

" [Ans.: 0, 1.262, 0.722, 3.793]

2. Calculate the first four moments about th
- from the following table: € mean anq also the value of Pz

NERNCIC . 0y
Ml ! 8 B 15 170 56 35 g g |

—d

. [Ans.: 0, 1.294, 0.642, 0.562, 3.93]
3. The first four moments of a distributig » 1.294, 0.642, 0.00%,
n jables
are 1, 4, 10, and 45. Show that the me:r? (:ust t:l:r\if; o 1.1. gf the;-dvarl: tf;l
4. The first four central moments of a dig ’ nce = 3, and /3

Calculate B; and B,. tribution are 0, 2.5, 0.7, and 18.75.

[Ans.: 0.031, 3]
-6, and 1.22 respectively- Find

1.4]

5. The values of 1, 1y, p3and pare g g 3
skewness and kurtosis of the n:iis.!;rih:uﬂ‘o;1 3

[Ans.: 0.129,

3.5 Skewness  3.25
6. The first four moments about the

working mean 28.5 of a distributi
are 0.294, 7.144, 14.409, and 454.98 .5 of a distribution
mean. Also, evaluate §, and §,, - Calculate the moments about the

[Ans.: 28.794, 7.058, 36.151, 408.738, 3.717, 8.205]

3.5 SKEWNESS

—

Skewness is a measure that refers to the extent of synune@ or asymmetry in a
distribution. A distribution is said to be symmetrical when its mean, median, and

~ mode are equal, and the frequencies are symmetrically distributed about the mean.

A symmetrical distribution when plotted on a graph will give a perfectly bell-shaped
curve which is known as a normal curve (Fig. 3.1). '

Mean””" T ™ Mode
Median )
Fig. 3.1
A distribution is said to be asymmetrical or skewed when the mean, median, and
mode are not equal, i.e., the mean median, and mode do not coincide. If the curve

has a longer tail towards theleft, it is said to be a negati?e!y skewe.d‘ distribution
{Fig.3.2a).Ifthecurvehasa longertail towards the rigl_mt. itis said to be positively skewed

(Fig. 3.2b).. .
\%gnt tail  Left Mht tail

Left tail

Mean T Made Made 1 Mean
M 4 Median
edial
(a) Negatively skewed distribution (5} Fosihvely skewed distribution

Fig. 3.2
' : jons about
Skewness gives an idea of the nature and degree of concentration alahsbryatons FR0

the mean.

3.5, < of Skewness _
2l - Measure ' skewness of 2 distribution.

irection of
d giee ures are also known as

i xtent an
i absolute meas

A me Wwness ’
e gL A psolute or relative. The

These measures can be 2
Measures of skewness-

= . Mode
Absolute skewness = Mean — M
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. apter 3 Bastc Statistics
i 3.6 Kurtosis  3.27

mode, the skewness will be positive ang i

: . The curves with 8, >3 is called Leptokurtic and
the skewness will be negative. The normal curve for which 8, = 3 is called M

If the value of the mean is greater than the
the value of the mean is less than the mode,

The relative measures of skewness is called the coefficie

those with f8, < 3 are called platykurtic.

nt of skewness. esokurtic,

2 iy . :
As B = f.;_ and B, = ] determine the shape of the probability curve, these are

' ient of Skewness ta
3,5.2 Karl Pearson’s Coeffic _ called Pearson’s shape coefficients.

Karl Pearson’s coefficient of skewness denoted by S, is given by

_— e —

5, __ Mean—Mode Example 1
*" Standard Deviation From the marks scored by 100 students in Section A and 100 students in
‘ _ Mean—Mode
1_ o

\ When the mode is ill-defined and the distribution is moderately skewed, Llllc averages Secuon 4 Ha= 55
have the following relationship:
Mode =3 Median —2 Mean

_ Mean —(3 Median — 2 Mean)

6,=154  Mode=58.72

Section B #y=53  oz=154  Mode=4883

!
|
n
! .Section B of a class, the following measures were obtained:
|
|

Determine which distribution of marks is more skewed.

k

Standard Deviation ; | Solution
_ 3(Mezn — Median) ; Mean—Mode _ 55-5872 _ o
Standard Deviation i =", 154 '
_ 3(Mean — Median) | Mean-Mode _ 53-48.83 _ 0.27
| & _ . 1 S%=""%, 154
The coefficient of skewness usually lies between —1 and 1, !. [0.27] > |-0.24|
For a positively skewed distribution, §, > 0. !

: A ion B is more skewed.
For a negatively skewed distribution, S, < 0. \ Hence, the distribution of marks of Section
For a symmetrical distribution, S, = 0.’ [

Example 2
» 2 _ 24270, and mode = 43.7. Find
ol s For of 10 items, Y x=452, X :
. SIS : o : 52 3¢
. y — | Karl Pearson’s coefficient of skewness.
Measures of' central tendency, dispf:r‘sion and skewness of a random variable cannot g1V Solution ’ |
a.cm'nplele idea about the probability distribution. In order g bability . "
distribution completely, another characteristic Riifiogi 0 ar{alyse the pro - 1 - Zx: i Zx _ 4270, mode
the convexity of the probability curve of the distribution. 1t oo e geare? 0 |
peakedness of distribution and is given by - It measures the degree
u
ﬁz = —-;— = -“3_
H O

b. Platykurte

C. Mesokurtic
Fig. 3.3 d '
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3,28 Chapter 3 Basic Statistics

Mean —Mode
_ Mean=Vlo®
% o
- 452-437
T 1959
=0077

Example 3 ‘
In a distribution, the mean = 65, median =10, coefficient of skewness =
_0.6. Find the mode and coefficient of variation.

Solution
=65 Median=70, S, =-06
Mode = 3 Median — 2 Mean = 3(70) — 2(65) = 80

Mean —Mode
S, =—————
(e} \
0.6 = 65-80
-0
o=25 3

o 25
Cove Zx100=2x100=
CV = =x100= = x100=38.64%

Example 4

The following information was obtai

e s vas ined from the records of a facto’)
Ar:ithmetiF mean =X 56.8, Median =% 59.5, Standard deviation =% 124
Give the information about the distribution of wages

Solution
H=368 Median=595 o= 124
5 3(Mealn ~Median) _ 3(56.5 -59.5)

4 124 =065

Mode =3 Median ~2 Mean=(59.5) _2(56.8) < 4.0
Hence, the maximum wages is 7 64,9, s

There is a negative skewness in wages

3.6 Kurtosis 3.29

Example 5 - —

For a moderately skewed distribution of retail price for men’s shoes,

it is found that the mean price is T 20 and the medi L

] Poil i ian price is T 17.
If the coefficient of variation is 20%, find the Pearson ’sﬂ'og%‘iciem of
skewness. ;

Solution ,
1 =20, Median=17, CV=20%

CV :gx]ﬂ{]
X

20="2x100
20

ooo=4
By 3(Mean ;Median) L 3(204— 17) —275

Example 6

Find the mean, SD, quartiles, median and Karl Pearson s coefficient of
skewness for the following probability distribution:

g - 2 3 &4 5 6 7 3
0032 0142 0216 0240 0206 0143 0.013

iply)
Solution

s Z ﬁ:)%%) +2(0.032) + 3(0.142) + 4(0.216) + 5(0.240) + 6(0.206)
+7(0.143) +8(0.013) '
=4,903
2 .
(i) Var (X)= o’ = *p(x)-H 3 -
- 100 00% +4(0.032) +9(0.142) + 16(0:216) & 25(0.240) + 36(0.206)

+49(0.143) + 64(0.01 3) - (4.903
=2.086 :

SD = JVar(X) =+/2.086 =1444

iy £y =0008 #0052 1203 E 02
F(4) = 0.008 + 0.032 +0- :

1
ool 3+4)=35
0] 3( _ : i

240 +0.206 = 0.844 > 0.75

142 + 0.216 + 0.240 = 0.638 <0.
42+ (12_16 +0.

F(5) =0.008 +0.032+ 0.l
F(6) =0.008 + 0.032+0-

A sy R e W e
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3.30 Chapter3 Basic Statistics

0= (4+5)=45

0, =7 (5+6)=55

(iv) Median=Q,=4.5
(v) Pearson’s coefficient of skewness
s Mean — Median _ 4903-4.5 ~0.279
£ sD 1444

Example 7
Find the mean, median OD, MD, 8D, B, and B, of the following prob-
ability distribution: . ' '

) 0 1 . el &, B 6 7 8

0.02)4 003 01 0232 0280 0.204 0.112 0028 0004

Solution

(i) Mean=pu=¥xp(x)
: =0+ 1(0.036) + 2 (0.1 +3(0.232) + 4(0.280) + 5(0.204) + 6(0.112)
by +7(0.028) + 8(0.04)
=3.972
(i) Median
F(3)=0.004 + 0.036 + 0.1 + 0.232 =0.372 < 0.5
F(4)=0.004 +0.036 + 0.1 +0.232 + 0.280 = 0.652 > 0.5

Median M = %(3+4)=3.5

(iif) Mode is the value of X for which P(X = x) is maximum.
Mode=4 [ P(X =4)=0.280 is maximum probability]
(iv) Variance = 0* =" x*p(x)— 2
=0+1(0.036) + 4(0.1) + 9(0.232) + 16(0.28) + 25(0.204)

* 36(0.112) +49(0.028) + 64(0.004) - (3.972)2
=1.987

SD= \fVar.(X) =1.987 = L4
(v) F(2)=0.004 +0.036 + 0.1 =0.14 < 0.25
f‘(B} =0372>0.25

Q= %{2+3}.—.25

3.6 Kurtosis 3.31

F(4)=10.652<0.75
F(5)=0.004 +0.036 + 0.1 + 0.232 + 0.280 + 0,204 = 0.856 > 0.75

0= %(4+5)=’4L5

1 1
QD = E(Q} -Ql) =E'(4.5—'2.,.5)=1

(vi) MD = X |x— | p(x)
=3.972(0.004) + 2.972(0.036) + 1.972(0.1) + 0.972(0.232)

+0.028 (0.28) + 1.028(0.204) + 2.028(0.112)
+ 3.028(0.028) + 4.028(0.004)

- =1.091.
(vii) W' =pu=3972

' = E(X%) = 34p(x)

=0+ 1(0.036) + 4(0.1) + 9(0.232) + 16(0.280)
+25(0.204) + 36(0.112) + 49(0.028) + 64(0.004)

=17.764

" = B} =Zx'p(x) .
=0+ 1(0.036) + 8 (0.1) + 27(0.232) + 64(0.280) + 125(0.204)

+ 216(0.112) +343(0.028) + 512(0.004)

= 86.364

py = EXhy=2x'p(x)

- = 0+ 1(0.036) + 16(0.1) + 81(0.232) + 256(0.280)
+625(0.204) + 1296(0.112) + 2401(0.028) + 4096(0.004)

=448.372

= 0" = 1.987 3
=yl —3upu +20u)

'u: g::; 36?_2?;1?.?2) (3.972) +2(3.972)°

. =0.019 w» ')4

r_Aptul () — 3y :
pi :;&;?f ;{;Sﬁgl{)ssn) + 6(17.764) (3.972) - 33.972)°

=11.053

b=

2

©O19)__ ,00005
(1.987)

11053 _,g

—

(1.987)°

I

‘62..—-

1

i e T s i b A M & ¢ e D

SrE—

Scanned with CamScanner



3,32, Chapter 3 Basic Statistics

EXERCISE 3.3

—

ness of a distribution is 0.5. Its median apg

. Karl Pearson’s measure of skew! ior .
1 Find the coefficient of variation.

mode are respectively f42 and 36.

2. Erom the marks scored by 120 students in Section A f:md 120 students iy
Section B of a class, the following measures are obtained: :

Section A

¥=46.83 SD=14.8 mode=51.671

Section B

=478 SD=14.8 mode=47.07 |

e i i

Determine which distribution of marks is more skewed. )
' [Ans.: Section 4]

3. For amoderately skewed data, the arithmetic mean is 200, the coefficient
of variation is 8, and Karl Pearson’s coefficient of skewness is 0.3. Find
the mode and median.

[Ans.:195.2,198.4]

4. Karl Pearson’s coefficient of skewness of a distribution is 0.32. Its standard
deviation is 6.5 and the mean is 29.6. Find the mode and median for the
distribution.

[Ans.: 27.52,28.9]

5. The medianz mode and coefficient of skewness for a certain distribution
are respectively 17.4, 15.3, and 0.35. Find the coefficient of variation.

[Ans.: 48.78%]

6. In a distribution, mean = 65, median =
i 2 » n=70
Find the mode and coefficient of variation

[Ans.: 80, 39.76%]
3.7 MEASURES OF ST, :
g liprs ATISTICS FOR CONTINUOUS RANDOM
BRI g

1.Mean The mean or average value

random variable X s called the expect M) of the Probability distribution of a continuo¥

ation and is denoted by E(X).

p=EX)= | xfxax

-

[Ans.: 40 |

, coefficient of skewness =~

. of the probability distribution ©

7. Mean Deviatiori Mean deviation 0

.-. 3

3.7 Mea . ;
sures of Statistics for Continuous Random Variables  3.33

'ExPecmtion of any function ¢(x) of a continuoﬁs random variable X i givén by

ER@]= [ 0) £

2. Median The median is the point which divides the entire distribution into two
equal parts. In case of a continuous distribution, the median is the point which divides

the total area into two equal parts. Thus, if a continuous random variable X is defined
from a to b and M is the median, s :

M

b
[rde= [ fde==
M 2

a

By solving any one of this equation, the median is obtained.

3. Mode The mode is value of x for which f(x) is maximum, Mode is given by
f(x)=0and f"(x)<0 for a<x<b

4. Geometric Mean The geometric mean of the probability distribution of a con-

tinuous random variable X is given by
logG = [ (logx)f(x)dx

5. Harmonic Mean The harmonic mean of the probability distribution of a con-
tinuous random variable X is given by

1 G
E=_£-;f(f)dx

6. Quartile Deviation The ™ quartile of the probability distribution of a continu-
ous random variable X and denoted by @p I8 given by

QF

f ear=g-r=1%3

third (upper) quartiles respec:iv.?ly. 0, is
deviation or semi-interquartile range
Jom variable X is given by

0, and Q, are called the first (lower) and the

the median (middle or second quartile). Quartile
f a continuous ran

1
=—(0~Q)
Q 5@ |
f the probability distribution of a continuous

tandom variable X is given by
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3,34 Chapter3 Basic Statistics

MD = j |x— p| £x)

8. Standard Deviation The standard deviation of the probability distribution of ;
continuous random variable X is given by

SD = /Var(X) =0

9. Variance The variance

of the probability distribution of a continuous random
variable X is given by g

Var(X)=0" = j{x—p}z fx)dx
= ]  fo)de— g’

—o

10. Moments Central moments or moments about actual mean of the probability
distribution of a continuous random variable X is given by

0o

pe= | G-y fl®) dx

—oa

Raw moments or moments about arbitrary origin of the probability distribution of 2
continuous random variable X is given by

#= [ (x—a) f(x)dx

Whena=0, p; is called # order simple moments, -
W= fxd

—

11. Skewness Skewness of

the probability distribyg ; m
variable X is given by G y distribution of a continuous rand®

12. Kurtosis Kurtosis of the probablh distri i
able X is given by W distribution of a continuous random V3"

=H

0.4

B, =

=

3.7 ; .
Measures of Statistics for Continuous Rand; . -

Note Th? form.ulae of vanou_s measures of central tendency, dispersion, skewness
and kurtosis of _dlS.CE'BIE Probabﬁity distribution can be easily extended to ;he case of
continuous prot_)a‘mlny distribution by simply replacing p(x) by f(x)dx and the summa-
tion by integration over the specified range of the variable X.

Example 1
For the continuous random variable having pdf
f(x)=4x" 0<x<1

B0 otherwise
Find the mean and variance of X.

Solution

o

Mean =g = | x f(x)dx

0

]

—sa

I

1 3 oo
xf{x}dx+Jx f{x)d.x+jxf(x)d.r
0 1

1
=0+jx(4x3)dx+o
N

- T 2 flx) di— i

—oa

¢ b T 2 dx— z
= szf(x)dr+!ff(x)dx+!x fleydx—p

Var (X)

1 4y
==0+jx2 (4x’) dx+0=| 3
0
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336 Chapter 3 Basic Statistics

‘Example 2
For the triangular distribution
fx)y=x. O<x<l
T =2—-x 1€£x£2
=0 otherwise

Find the mean and variance.

Solution

u= [ xfGdx

—eo

1]
= xf(x)dx+jxf(x)dx+Ixf(x)+jxf(x)dx

-

=0+Ix-x dx+JI(2—x}d.x+{} ;
1 .

;j’xz clx+_2[(‘2x-—x2)dx
o 1

3.7 Measures of Statistics for Contlnuous Random Variables ~ 3.37

Var (X) = I x? f(x) dx—p?

P A P UL R

0 i 1 - S %
= szf{x)dx+f.rz f'(x)dx+j.t2 f(x)r].r+_[)c2f(J\'Jl:lx-lu2
oo 2

s

=3 P

jx .rdx+jx2(‘2 —x)de+0-1
0 1

- j’x-‘ d.r+j(2x2 -x)dx-1
0 1

1 2

x“ 213 x‘i
= Ao it B P
(o3 SH5-2) '
h(:’; 0)+[(3 4) [3 4] i
6
a2l
6
Example 3
If the probability density function of X is given by
£ - 5l
2
L 1<x£2 .
f(x)=12
.——-—3 Ll
2
0 otherwzse
=x- 5x+3

Find the expected value of. f&)=

Solution

E[Es)- I oo 1

x2—51+3}f(1)d"

E(2-5x+3)= J(
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3,38 Chapter 3 Basic Statistics

(* -5x+3) dx+

3-x
(_1[2 —5x+3)(—?")dx

1 x
:j(x275x+3)5dx+
0

£ Ty 1) 1 oy 12

1 2
=-;—I(x3—5x2+3x)dx+' j(x2—5x+3}d’f
0 1

2| -

lj{ —x® +82° -181+9)dx
22
it ose s e s P Lt e 1ee
“ala 3 20y 203 2 s 8l 47 B 2
=— [l i-ri] —[ﬁ—l(} 6——+£—‘%)
24 3 2) 2\3 2 \
"o [_8_‘ 216 162 .. }15__6_4+33_13)
2\ 4 3 2 43 .2
1 B 1
24 12 24
11
Tk
Example 4
A continuous random variable has the probability density function
f)=kee™ x20,150
=0 otherwise

Determine (i) k, (i) mean, and (iii) variance.
Solution

Since f(x) is a probability density function,

[ Fde=1

—oa

j f(x}dx+ff(x}ax 1

—

0+Ikxe""‘dx=1

3.7 Measures of Statistics for Continuous Random Variables

k‘[xe"a"dle
0
~-Ax =Ax|™
k xe _!e 51 =1
. 22 A g
: . L)
| k| (©0=-0)- 0—? =1
‘ . k=2?
- Hence, f(.r]zllxe'l' x20,A=0
=0 otherwise
(i) Mean=p= [ xf(x)dr
0 o
= |  f)de+ fx f(D)dx
S5/ 0

= 0+J,x A2 xe ™ dx

2 'hd.r
s

oA o '2['6,—1.':)“
‘2(-,1) Zx[ R A W ED
2
=A% {{o-o_w} (0 0-;3—)]

=32

ol

- 2
(iii) Variance = o= j i fladx—H

—e

2 T 2 f(x.)dx+]:x2 fyde—pt

| |
[l —{H—}!x2 A2 xe™ dx-[-;)
.—.}.ZTE e-h dx—fg
0

3.39
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1A Empars SRSt Measures of Statistics for Continuous Random Veriables ~ 3,41
-ix e"'“'] ' [e"“ ] [e‘l" ] 0 L. a4
2| 3| € |_32| & |462| —5 |-6| — | -L Hence, f(x)=—¢™ 2 -
s (flx] 3x' [ A -4} PRI Ml 2 mexs
6)] 4 el
=22|(0-0+0-0)- 0-0+0-—4~]]—~—,_ a p ,[xf{")‘i"
AT A . ‘—o0
6 4 =l T dx
Foar | 2l .
_2 ' _ =0 [+ the integrand is an odd function]
A ' f -
. (i) Var(X)=0’= Ixz f(xydx—p?
Example 5 _ | '1“"_,
The probability density f(x) of a continuous random variable is given | . ' 5 J' e dx-0

by f(x) =k e™ oo < x < oo (i) show that k =l, and (ii) find the mean 2 ;
: 2 i = 2(1]_[::2 ¢ dx [ the integrand is an even function]

and variance of the distribution. (iii) Also, find the probability that the | 2/% . :
' |
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‘variate lies between 0 and 4. | . sz i
Z | - = e dx
Solution . = 2
@) Since_ f(x) is a probability density function, =[x? f:_z xi;—x-+ Zil:

= -1 =llo

f rmax=1 e "

g _

e j ke de=1 (iii) Probability that the variate Jies between O and 4
e 4
“ PO<X<4)= [ f()dx
k.[e-!xldxgl —lrermd&'
= = E 0 .
“ :
. | 1t r g . l=x O<x<4]
2k£ ) x =1 [ ¢ is an‘even function] | T2 'FU ¢ [
4
< —x -_-—--;—le_xlo
TR AR 1 ~
0 _ - -—2-(8'_4 -1
2k|-e7*lg =1 —0.4908
—2k (0?1} =1 =N
- 1 — "
k=— . 1 ith
2 Example 6 o of electric pover is a random variable X wi .
The daily consumption °
probability density funchio". :

|
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X
flxy=kxe 3 x>0
=0 %<0
Find the value of k, the expectation of X, and the probability that on q
given day, the electric consumption is more than the expected value, -
Solution

Since f(x) is a probability density function,
L J =
0 L=
[ reyax+ [ f) de=1
{0

—en

0+JRI_E-'€ dx=1
0

x X
k I(‘T (1) T =1
3 9.,
kf0-0)-(0-9]=1
Ok =1
gl
9

x

Hence, f(X)=%xe 1 x>0
=0 x<0

E(X)= | x f(x)dx

—_—1

0 =
= I xf(x}dx-l-j:xf(x)dx '
- 0

i = -
:U-Q-Jx.axede
0

I

4
9

3.7 Measures of Statistics for Continuous Random Variables 3.43

_x o
1] a]e? &
=—x ——r 2 b
9 -—_]- 2).' 1 +2
3 9
1
=-§(0—0+D+S4)
=6
6
P(x;»ﬁ}:jmm
0
6 x
=jlx _idx
09
15 =
=—_[xe 3 dr
90 ]
= 2\
_del el
ol T 1
3 9 Jo

=%[(0—0)—(—1 se-9¢7)] '

=g
= 0.406

Example7
Let X be a random variable with E(X) i
positive values of a and b such that Y =
0 and a variance of 1.

Solution
E(Y)= E(aX-b)
0=aE(X)-b
=a(10)-&
10a—-b=0
Var(y) = Var(aX =)
1= az Vﬁr{X)
..—.az (25)

10 and Var(X) = 25. Find the
aX — b has an expectation of
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25q° =1

a=

o —

b=

Example 8

continuous random vanable X is distributed over the interval [0, 1)

A

with pdf f(x) =

find the values of a and b.

Solution
Since f(x) is probability density function,

T flx)dx=1

0 o i o
| £ dxt [ £ de [ f(x) dx=1

—eu J (1] i

1
O+j(ax2+bx)d.x+0=1

1}
3 2|t
ax_*.b_x_*:l
3 o2 1

a b
—t+—=
3.2 1

2a+3b=6

Also, =05
1

[x f(x)dx=05

0

1
J x (ax2 +bx)dx=0.5
u '

1
[(ar +b") dx=05

ax* + bx, where a, b are constants.

Ifrhe mean of X is 0.5,

]

i
l

0

3.7 Measures of Statistics for Continuous Randor Variables ~ 3.45

Solving Eqs (1) and (),
a= _611 b = 6
‘ Example 9

A continuous random variable X has Ihe pdf defined by f(x)=A+ Bx,
0 < x € 1. If the mean of the distribution is — ﬁnd A and B.

solution

Since f(x) isa probability density function,

[ feode=1

(j fx)dx +I]f(x)dx +]:f{x)dx =1
0

1

1
0+ [(A+Bx)dx+0=1
0

1
Bx*
. |Ax+H—

=1

2 1o

B .
—=1 (1
A+2 (1

=
]

Also,

T xftx)dx=

0 1
j xf{x)¢r+jxf[x)dx
D N

!
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J i : 3.7 Measures of Statistics for Continuous Random Variables ~ 3.47
3.46 Chapter3 Basic Statistics =
S C 6 1
Solving Eqgs (1) and (2), e
A=2, B=-2 ; K .
: = %
Example 10 5 . ’
' ; ability density funct
'! A continuous random variable has probability y Junction § b l
\ f(x) = 6(x —xz)_ 0<x<l. . . i (i) jf(x) dx= [ f(x) dr=o
| Find the (i) mean, (ii) variance, (iii) median, and (iv) mode. | . b
_ —
Solution - : . \ £ 6(x—x")dx=>
1 M
@ p= ] xfG)d | 3 A 1
F” ; 2 3l 2
f [ T ' ' k 2 a0
= jxf(x)dx+].xf(x)dx+jxf(x)dx : [ﬂ--&):l
t 6
| | | | 2_oud =1
=0+ [x6(x-x")dx+0 M -2M° =5
o lc i 4M3'—6M2+1=0
=6j(x1—x3)dx | (M -1)@M*-2M -1 =0 -
- | 1128
=6 i_i\] [ i M ) = 2
la 4 [ o1 =L tiesin (0.1)
11 | 2
=373 - 1
| dian M == ‘
% |i s f x for which f(x) is maximum. For f(x) 0 be MaXIRM, -
2 (iv) Mode is the vmllil'e of x for :
oo X . | f;(x)=0andf (.[)Co‘
@ VaX)= [ Pf@de-g® Fay=t
_'; 1 6(1-2x)=0
T 1
= Jxzf(x)d"""!xzf(x)dx’rj.xzf(x]dx—#z \ =y
k5 * .
: ) ‘”("-) = -121
=[H-j1.7r,z G(x—xz}dx+0-l f
’ 4 | 1 v y=-12<0
: ' At x==,f"(D=
Loa 4 1 . 2
=6L(x ) de— o
PR | ' e ' Hence, f(x) is maximum & 275
Bl ]
4 5 0 4 -1-
2

Mode =
1 1
26(1__]__ _
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3.48 Chapter 3 Basic Statistics ‘ . ' ' 3.7 Measures of Statistics for Continuous Random Variables ~ 3.49
; - M b
Example 11 ‘ . Gi) [ fde=  fode=2
. The probability density function of @ random var:_able Xis N & 2 '
i = M T e
[ . 1. 1. Ul 1 (i
l._ f(x)=Esmx 0<xsm stmxdx_[imxdx:f i
| y . I
: =0 otherwise "f | b
Find the mean, mode, and median of the, distribution and also, find the 0 2 2 i
n TR ._
probability between 0 anda. 2|Cosxln =g . : _ 4
Solution ) ‘ ' ' _._l.(cosM—l) 1 !
E e T 1 l1-cos M =0 |
@ p= | flod | e |
: 0 T o . i . =£ ,
= | xf(x)ax+jxf(x)dx+jx Flx) dx \ 2
- =5, ‘0 T (
x o | "l Hence, median M = %
=0+jx[—2-sinx dx+0 - i _
0 L.
1% ‘ (iv} P(()~<X~<£)=_(02)‘(1)'11'r
= EII sinxdx | _ ¢ 2 3
1 4 = E%Slﬂxdx
-_-.-El—xcosx-l- sinxlg \ . 5
. 1 |2
A E . = —EICCISX 0
3 ] . i
@) M?de is the ‘"’l‘f of x for which f(x) is maximum. For f(x) to be maximum, g
Fx)=0and f"(x)<0. . {
F'(x)=0 | =2
cosx=0
n : .
Ty Example 1 2 . i jable X
’ L g i a continuous random variable
ffx)= I . ' 'frhe cumulative distribution function of
x)=-—sinx 1§ F(x)=1_.£~2x £20
=0 x< 0

W 1 =
At: x—-i-,f (I}—"*-Z--CU sy ﬁmcfftm. (i) ‘mean, and

Find the . (i) the probability
(iii) variance.

28~

Hence, f(x) is maximum of x=

1o
ode= —
Mcz
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3.50 Chapter 3 Basic Statistics

Solution

® f(x)=%F(x}

1
fx)y= E
=0

—Zx

x<

@ p=[_xfdr
=* x fdx+ [ x fa) dx

xz0

0

=(}+rx-]-e"2’ dx
072

= %j:x &% dx

(=

o
2
1
E[(O 0)- (
1
8

=0+

]
b |

-1

Rl

| =

X
0

2|~

]

i)

i) Var(X) =[x f(x) dx—p?

=le2 fGyde+ [ flx)dr—pi?

—2x

é

-2

o 1 _ 1 2
2 2x
—e T dx—| —
2 [8)

Lo
:Ejn

_ 1
x?. e ’ZJ(dI___

64

Pl

oo (oo

-2 x
-8
1

64

i

1

—_—

64

Example 13

- A continuous random variable X has the distribution ﬁmcuon

3.7 Measures of Statistics for Continuous Random Variables

3.51

F(x)=0 x5l
=k(x-D* 1<x<3
=1 x>3

Determine (i) f(x), (ii) k, and (iii) mean.

Solution ;
i flxo)= E‘:—F(X)
f(x)=0 xsl
=4k(x-1) 1<x<3
=0 xed

(i) Since f(x) is a probability density function,
j: fix)de=1

J ot e e
0+j:4k(x-l)3dx+0=l

3
4
(=D} 4
4 | -
k(16-0)=1
1

k16

4k

x5l

Hence, f(x)=0
Lo 1<axs3
4
=0 x>3

(i) po= [ xfOdx ”
‘= J'1 x f(x}gx+fxf{x}dx+]3 x flx)dx

3 1 3 0
='£H-jl x’z(x‘n de-t

13 _.13d;t
:..ZL,‘.((JC ) i
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3,52 Chapter3 Basic Statistics

Putting - x—1=1
=lr(r+1)r3dr ; When x=1,1=0
o Whenx=3._f=2 '

_ oh
=%J‘ﬂ (" +3)dt

2
Ry
__...+_
4|15 4]y

(25 z“) ]
_Z[(?+ T (@

=2.6

1

Example 14
If the density function of a random variable X is given by

fX)=kx(1-x), 0<x<I1,

find (i) AM, (ii) HM, (iii) Median, (iv) Mode, (v) SD, (vi) MD about the

meart.
Solution
" (i) Sincef{x) is a probability density function, -
T fldx =1
-
[l x)dx =1
5 .

1
kj(x—x’*)d.x=1
1]

o -

R I
k —_———=
[z s] 1
= - k=6 _
Hence, f(x)=6x(1-x), Gs'xs1

(i) AM=p=EQx) = | o ar

3.7 Measures of Statistics for Continuous Random Variables

1
=J.x-6x(1~—x)dx
0

1
=6[(-x)dx
0

e #
Yy 4
1]
11
‘G(E'IJ
i
g
o1 71
(iii) —ﬁ=£:f(1)dx
11
=j—-6x(1—x)dr
Dx
1
=5J'(1—x}dx
]
2[
X
=6x-—2
1.
**‘[“E)
=3
1
B=3
i M = 1
(v) i f@de=7
Mo ]
jﬁx(l-—x)dx-_f'z‘
(1]

3.53
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3.54 Chapter 3 Basic Si:a_tistics

6M? —aM> =1
4M? —6M? +1=0

m1&1

11
M=—,—%
22
The values M = %i—‘?— lie outside (0, 1).

Hence, M = l
2

(v) Mode is the value of x for which f(x) is maximum. For f{x) to be maximum,
" ) =0andf”(x)<0.

(=0
6-12x=0
1
Xx=—
2

(x)=-12<0

; : 1
Hence, fix) is maximum at x = 3

Mode = 2
2

As the mean, median and mode are equal, the distribution is symmetrical.

i) E(x?)= ] & flx)de

3.7 Measures of Statistics for Continuous Random Variables

Var (X) = EXY)— (E(X)P

SD = JVar(X) = L L

20 25

(vii) Mean deviation about the mean

MD = [ |x—p| f(x)dx

6x(1-x)dx

Il

O ey (I D ey

.
2

: 1 5 &
[%—- x]ﬁx(l -.x}dx+[[x—-2—]6x(l—-.x)dx

| —

‘ 1
2.3
1[3Jc—9,\c2 +6x3)dx+j(—3x+9.x -6x")dx
1

2

2 st
2 4 | 3 L 3%
|35 43422 .-—2—-+3x >

I

3.55

1
2 2 2
4 3) (_3 _,__3-J
2P
.-
T 16
Example 15 pan G of the distribution

Prove that geometric

ﬂ1)=6(2~-¥)(x-1),15x52

is given by 6 log(166) = 19.
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3.56  Chapter3 Basic Statistics

Solution
logG = | (log x)f(x)dx
R —2“ ' |
=j(1ng)6(2—x) (x—1)dx
1 -

2
=—6[(x* ~3x+2)logxdx_
1

1
=—4log2+—
I o8 & -
logG+4log‘2,=%
log(GxZ“):%

10g(16G) = %

Example 16
The probability distribution of a random variable X is

f(xj=ksin%x, 0<x<5

Determine the constant k and obtain the median and quartiles of

distribution.

3.7 Measures of Statistics for Continuous Random Variables

Solution
Since fix) is a probability distribution,

]:f(x)dx=l

5
[ksinZxdx=1
s

§£(-cos¢+cosﬂ}=l
z

K p+n=1,
o

A0k,
T
n
=10
r. K.
=2 sin— 0<x<5
Hence, ' Halr gty x

The 7 quartile O, is given by

& . ‘@
If(‘)d‘=3' r=123

3.57
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B & F
CJZ‘IS—S'Q,-—‘Il 9

ORI |
gQr—COS£ 2}
- I &
Qr;Ecos (1 2)
5

Example 17

Find the median, mode and quartile devmtzon of continuous random
variable X, given that its density functions is

2 =00 L X < oo,

Solution :
(i) Since fix) is a probability density function,

| reoas=1
= g
_J;’1+x2dx=

o 1 : 5 a a L )
21‘;!; 14 £2 ag=1 [ Jaf(x)dx = 2£f(x}dx, if f(x)is even fun'ction]

2k\tan“ x[: =1

L

3.7 isti
Measures of Statistics for Continuous Random Variables:  3.59

2k(ta.ﬂ oo—-tan'] O

e

HCI'ICE, : flx)=

M.IH

gk
n

, =~ x <0
:r(l

“(ii) The M quartile @, is given by

e '
| rde=2, r=123

:

i:r(lixz)dxzz'

%Itan'] xli =%

%[tan" 0, —tanf'(~°°)] =z

e ()
tan™' @, = —("‘2)

gy ﬁan{%(r-z)}

aonf

QI = tan(0) = 0

Ry
() =“’“(T{)‘l

QD= %(Qs _Ql)

.l-[l -(-D |
2
1

[}

(iii) Median @, = 1 fv) is maximum. FOr fixytobe maximum
(iv) Mode is the value of x for which f&
F'x)=0andf’ "(x) < 0.
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" 3.60 Chapter3 Basic Statistics

f'(xn=0
___‘_Zi___=0

11'(1+x2)2
x=0"

2 [(H-xz)l —-x-2(1+ II)QI] '

f"(x)-_-"‘; a2y
_2_ 3x% -1
T or| a4
" __E
f (.0]_ J1_<(!

Hence, f{x) is maximum at x =0.
Mode =0

Example 18 :
Find the mean, variance and the coefficients By, B, of the distribution
fix) =ke™, 0 <x<eo

Solution

Since f{x) is a probability density function,

fg
i
E

°i flx)ydx =1
Tkx%"dx;l
0

k(e *)-2xe* +z{-e'*){” oy
0

k(2e%) =1

gl
2

i
Hence,’ fR =28 0<x <o

o

#= 2 Fx)dx

P
=|xf =yl

3.7 Measures of Statistics for Continuous Random Variables 1.61

e

=21 +3

=%(r’+2)!

» 1
=—(3)=3
Hy 2( )3

PR |
=—(4h=12
Hy 2( )

o 1
=—(5Nh =60
Hy 2(5}

|
=—(6!)=360
Hy 2()
1ty =y~ P =12-0) =3

= iy =3 42 ) =60-302) B)+203)° =6

Hy = By - 4.”3'1”1’ +641, (P]f i —3;@11’}4
360 4(6) (3) +6(12) 3’ -33)*
=45 -

Mean =, =3
Variance =, =3
B_or_ 2

e 3
_Eig_‘i?-.-.s
ﬁl_-'u% (3)2

Example 19 on of a randon variable X is given by

Th il ity functi :
f(xé)z =p zbébf !z gef j:z 2. Find mean, variance B, and Ps-

Solution
Since fx) is a probability density

_ ij(x)dxﬂ

fupction,

5 ||
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3.62 Chapter3 Basic Statistics

2
jkx(z-x)dx=1
0 - :

2
kf@x-x)dx=1

Hence, - f{x):%x(Z—x),OixiZ
1= [ 2 fxyax
T e
B gl
-4 4
== 2™ (2-x)dx
i

9 2(2”')
T+ +3)
;3%
=@
, 32 _6
=G s
. 3(2“) 8
X6 s
, 233 16
M=om =1

, n_6 1
1, = 3~y o

L

Hy =5 = 3"2”‘”{“1)3“‘3( J(l)+2 0

My = g = HHSHT O () =3y

7 Measlures of Statistics for Continuous Random Variables

-E-‘i( ](1)+6 (12 -3
7 [ }{l} =3(1)
2 3
.
Mean = pyj =1

13.63

| 9

Example 20

Show that for the symmetrical distribution

1
i (SR " 5 5
fx)= { H)

a*(4-7) s 'ﬂ_8_]
pp=—— and B¢ [1 an

Solution

o8 a l .
jf(x)dx:v[%rg(alni)dt | L

2

T
'(-1)]
_;[ (1) tan

=1
probahllity densﬂy function.

-1 %
fan
a

—-a

Hence, f(x) represents a

e e

e e e

=
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,u{= T x f(x)dx

s (Ml

=2a:j-

2
na_

log(a +x ]

I3
e
x ~a
=0

[ integrand is an odd funcnon of x]
uy = I 2 f(x)dx
at+x
24 °
] I
4

a
J’x +a —a
0

a+x

a+x

_ ., i 204

=y~ P =28 dd-m)
: T pu

W=ny G =0) !

= ]:x"-f(x)dx

3.7 Measur
5 of Statistics for Continuous Random Variables .65

[ ]
e

I
alg
ool R

Bl +a3tan 1]

3

3’ .
i——a3+03£
3 4

EXERCISE 3.4

2. If the probability density fun

1. If the probability density function is given by -

fo)=kx*(1-x") 0sx<d
=0 otherwise

Find (i) k, (ii) P[0<X< ) (ifi) X, and (ivy o’
[Ans (i) 6 (ii) ——(ni) (w) 245]
ction of a random variable is given by '

f=kx  0sxs?
=2k | 2<x54

_6k-kx 4sx<6

L : $Xs 3 and ﬁ“) x
b 1% (e P ; [Ans.zm %lii)% (iﬁ)i—f’-]
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3. If the probability density of a random variable is given by

f(x)= kxe_g x>0
=0 x<0
Find (i) k, (if) X, and (ifi) &".
{J\ns.: (i % (i) 6 (i) 13]

4. A continuous random variable has the probability density function
f)=2e> x>0

=0 x<0 1
Find (i) E(X), (ii) E(X), (i) Var (X), and (iv) SD of X

[Ans (i) = (11) - (m] - (w) ]

5. Arandom variable X has the pdf

,—oe L X <o

f(X)=

Determine (l) k, (i) P(X20), {m} mean, and {w) variance.
[Ans (i)“ (ﬂ) - {iii] 0 (iv) does not exzst}

6. The distribution function of a continuous random variable X is given by
F(x) =1-(1+x)e™, x 2 0. Find (i) pdf, (ii) mean, and (iii) variance.

[Ans.: (i) f(x) = xe™, x = 0 (i) 2 (ii) 2]

7. If f(x) is the probability density function of a continuous random variable,
find k, mean, and variance.

f(x) = kx* 0<x<
=(2-x 1<x<2
11 .
Ans.:2,—, 0.626]
: - x -k [ 12
8. A continuous random variable X has the probability density function give"
by .
; f(xj=20x+b 0<x<2
=0 otherwise

3.7 Measures y j
of Statistics for Continuous Random Variables 3.67

If the mean of the distribution js 3, find the constants a and b. -

3 5
el 2
[ o 2]-

9. If X is a continuous random variable with probability density function k)

given by
fix)=k(x-x’) 0<x<1
=0 otherwise

Find (i) k, (ii) mean, (iif) variance, and (iv) median.

[Ans.: 0 % (i) 0..06 (i) 0.04 (iv) 2]

10. The probability density function of a random variable is given by

f(x)=0 x<2
:2x+3 2<x<4 -
18
=0 xX>4

Find the mean and variance.
S 8
[Ans.. (i) 27 0..33]

11. A continuous random variable X has the probability density function

flx)=x* 0sx<i
:{zﬂx}g 1.‘§X52
=0 otherwise

Find P(0.5 < X < 1.5) and mean of the distribution.

15 1
[are:33]

12. The probability density function of 2 e random vriable X i

given by
flx) = kx (2 -X)
Find k, mean, and variance-

0<x<2

3.1
[Ans..:, 1, -5—]

of a continuous random variable X is given by f(x) .
tion D & that y = 4and B2 = 9. :

13. If the density func
= leMx-0) g <x<eo, SO
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14.1f the continuous random variable has the density  functig

$x) = — % x>0, find the value of k, median and mode.
1+x) '
[Ans.: 2, 1+Ji,l]
2

15. The density function of a continuous random variable X is given by
f(x):%x[Z—x],szsZ. Find the mean, median, mode, harmonic

]
"5

¥

mean, MD about mean and 5D.

2
Ans.: 1': 1: 1! ]
{ ns 3

0o w

o

16. The density function of a continuous random variable X is given
1 2
e -3sx<-1
1 6{3 +x°)
1 2
—(6-2 - =
f(x) 16{6 x*) 1< x<1
1
—(3-x* 1<x<
16( x%) x<3

Find the mean; SD and MB about the mean.

13
[Ans.. 0,1, Tg]

3.8 EXPECTED VALUES OF TWO DIMENSIONAL RANDOM
-VARIABLES

e ————

If (X, Y) is a two dimensional discrete random variable with joint probability mass

function P(x;, ;) = py» then the mathematical expectation of a function g(x, ¥) is gived.

by
- E[g(X.1)1=2, Y &x,y;)py

J=li=1

=Y, 3 26 f(x),)
x ¥y

If (X, ) is a two dimensional continuous random Vaﬁaﬁle o i3 %
i i nt probability den

— —

ElgX.N= | [ 80 fxy)dedy

3.8 Expected vq
4€s of Two Dimensional Random Variables  3.69

3.8.1 Properties of Expected
Random Variables
G IfX and Y are random variables, then
expectations exist.
i) IfX and Y are independent random variabl-es then E(XY) = E(X) - E(Y)

Values of Two Dimensional

E(X+Y) = E(X) + E(Y) provided all :h;

3.8.2 Conditional Expectation and Conditional Variance

If (X,Y) is a‘two dimens‘ic_anal discrete random variable with joint probability mass
function p;; then the conditional expectations of g(X, ¥) is given by .

E{(g(X.¥)/Y =y} =) g(xy)P(X=x 1Y =y})
i=1

._ig(l.-,y,-JP{X=I;.Y=J[,-J .

i1 P(Y =y}
- P

= zg(xi‘y})_u_
i=I Psj

In particular, the conditional expectation of a discrete random variable X given ¥ = y;
is given by e

E(XIY =yj)=ZxI,P(X.—_xin=¥j)
i=1
The conditional variance of X given ¥ =y;is given by
Var(X /Y =¥,)= E[{X-E(X!Y =¥ 1¥=y,]

If (X, Y) is a two-dimensional continuous random variable with joint probability
density function f{x, y), then the conditional expectation of g(X, Y) is given by

Elg(x, /Y =y} = [ gl

-t

_ ] gftante
=17 /W

n ¥ =yis given by |

In Particular, the condiliona} expectation of X give
j of (x,y)dx
ar = IR e
EXIY=0=""7(

\ T );f(x,:-’}dx

Similarty,  B(r/X=0=" jim

A

T S TAS

s s
B e e 2R e,

Y Tk

e i e S R BERL e S

AT

e mle

Scanned with CamScanner
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The conditional variance of X is given by
=)y Y=Yl
Var (XfY:y):E[{X—E(XfY—}') ]

Similarly, Var(Y/X =x) = E[{Y—E(Y!X:x)}z X =x]

3.8.3 Properties of Conditional Expectation

(i) If x and y are indcpendent random variables, then
. E(YIX) = E(Y)
and - EQX/Y)=EX)
- (ii) E(XY)=E[X. E(YIX)]
(i) BOCY) = EC. E(Y/Y)]

Example 1
Given a pair of discrete random variable X and Y whose joint probabil-

ity distribution is given by

ol 015 |

. 02 03
3 01 015

Find the expectedvalue of the function g(X, Y) given that g(X, ¥) =2X+¥. .

Solution
 Blgyi= Y. Y g3 f(x,y)
x ¥

=2 2 @x+)f(x)
Xy

C ={2(2)+1}0.1+{2(4)+1)0.15
+{2(2)+2]0.2+{2(4)+2)0.3
+{2(2)+3)0.1+ (2(4) +3)0.15

=84 ;

Example 2 . |

Let X and Y be two random variables each taking vl i -
having the joint probability distribution as giveﬁ bi;fj’ .

kW

(i) Show that X andY have different expectation.
- (ii) Find E(XY)
(iii) Find Var(X) and Var(). .
(iv) Given thatY =0, what is the conditional probability distribution
of X?
Solution
M) EX)=2 ()
' = —1(0.2)+0(0.4) +1(0.4)
=02
E(Y)= 2, yp0)) .
= —1(0.2)+0(0.6) +1(0.2)
=0
E(X)= E(Y)
(i) E(XY)=Y xy;P;

: =(—1)(-1)(0)+<0)(ﬂl}(0.1)+(D(*l)(ﬂ.l)
+(#1)(0)'0.2+(0)(0)(0.2)+(1)(0)(o.2}

+(-l)(l)(0)+(ﬂ )(1)(O0. D+QMO.D
=0 i ]
(i) EX*)=Y,**p(x)
= (-0 2)+0(0.4)+(°0H
=06
. Var(X) = E(X*)- (EXY
—06-(02)?
=0.56
Ex?) =Yy p0)
=(~1)*(0.2) +00. 6)+
=04 :

(1*©2)
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Var(¥) = EQ®)-(EQ)Y’

=04-0
=04
i - pX=-1Y=0)
(iv) P(X==1/Y=0)=— P =0)
_02_1
06 3
e PX=0,Y=0)
P(X=0/Y =0)= —
_02_1
06 3
PX=1/Y= 0= ————-——-P{ﬁfrl'-__yo;__ 0
_02 1t
T 06 3
Example 3 ,
If the joint pdf of (X.Y) is given by
16y
— x>2,0<y<l
f(x9 )’) = x3 4 4
0 elsewhere
then find E(X.Y).
Solution ¢
BOGN = [ | ofeuyardy

—

38 B 5 f T
=Xpected Values of Ty, Dimensional Random variables

.73

Example 4
The joint PDF of (X,Y) is given by
fix, y)=24xy S x>0,y>0,x+y<1
=0 ,  elsewhere '

Find the conditional mean and variance of Y, given X.

Solution
The region of integration is AOAB.

In AOAB, along vertical strip PQ, limits of y: y=010y= 1 —xand x varies from x =0 to

=1 y

Fe= [ fxdy

1-x :
= I 24.\’)7(1)’
o
1-x

2
=24x )’2
i}

—12x(-x), . 0sx<l

f(xy)
fx(®)
24xy
= e
12x(1-%)
2y

—

T a-x’

Sf)=

oo

E(v /X =n= | WORY

j=-x
& J'y.-g'y"z"dy
e . 1-x
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1-x
),3
3

& e
(l—x)2

.:%u—ﬂ

EQX? 10)= | Y FOmd,

1-x

Ly
2
E[ 1- Jc)2

Var(v? 1) = (B 1 )~ (EQ 1 0))
) 2
- La-x* :—{%a—x)}

i 15(1- 0 —-g-(l—x)l

1 3
=—(1-x)"
18(

1
3
=—(125-1
77¢ )
248

27

(iv) EQX+3Y)=2E(X)+3E(Y)
‘ 8 31)
=2[§)+3[?)
_ &y N
.3

3.8 Expect
e:d Yalues of Two Dimensiana Random Variables

3.75

) E(X2)=J Ixzf(x,y)dxdy

o

= xz{—)dxdy
X0 96
Y 3 x44' '

sl
1 5

=§4—!256yc-1y - 9 "

ﬁr
2I

(25-1)

2

3

Var(X) = EX*)~{EX)Y

f]

g A

s
3 e
et i

7 T T

b it
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Var(Y) = EY?) - (ED))

31y
-1-(3]
K
81
(vii) Cov(X.Y)= E(XY)—-E(X)E(Y)
- 248 (8)(31
)

=0

Example 5

Two random variables X and Y have the following joint probabi lity den-

sity function:
' 2—-x—y, 0<x<£1,0<y<1
0
Find (i) Marginal probability density function of X and Y.
(ii) Conditional density functions
(@) Var(X) and Van(Y)

. (iv) Covariance between X andY

f(x,y)={

,  otherwise

Solution

M KW= ] fEnd

1
= [@-x-»dy
0

0 ., otherwise

f (ﬂ_l%—x. O<x<l
e (x) =

3.
8 Expected Values of T Dimensfonal Random Variables

3
Similarly, f () = lz ~h O<ys)
0 H Oihermse

f(xy)
(li) fxn’ixfy): fr(}’)
2—x—-
=((3«‘€ j)’ 0<(xy)<l

E‘)’

f(x,y)
fx(x)
_Q2-x-y

=

i) E(X)= [ xf(x)dx

ff_.fx(yfx}z

P2
4 3,
_3.1
]
5
12

3.77
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Var(X) = E(X?) = (E(X))?

1 1)2
4 12

o Expected Values of Two Dimensional Random Variables ~ 3.79

Ll |
18 10 18| -

]
ik 1_L+i]
“li8 10 18

15

=24

1

144

Similarly, Var(¥) =<

i “144
Example 6

If the joint pdf of (X, Y) is given by
fix,y)=24y(1-x),0<y<x<1,
then find E(XY). ’
Solution i

# The region of integration is AOAB. In AOAB, along horizontal strip P’Q"
: Limits of x: x=ytox=1and y varies fromy =0to y= |, '
iy

Frs P e e

E(XY)= T Tx;vf(x. y)dxdy

— 0

:‘_j; .

11
= [ [xy-24y(1- x)dxdy

(1Y J

1
=241j]’xy2(1—x)dxdy

oy L& —_—

Example 7

Two random variables have joint pdf

'12"'? 0:<x<4’ 1.<y<5

(x,y)=19
! 0 , elsewhere

. i) Var(¥)
Find (i) E(X) (i) E(Y) (i) E(XY) (iv) E@X + 3Y) (v) Var(X) (w? a.r

(vii) Cov(X,Y)

Solution

i EX)=

1 1 i‘l}dxdy
4
dy

T x fCx,y)dxdy

|z

3

|

x
3

10

_ b y[ﬁ]dy
o6 3

e e i
R T T
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(3
w

o vl

wee w

() Ey)= ] T:rf(x,y)dxdy

—0 -

1
=—(125-1
36( )

3
9

i) EXY)= [ [ xpfCey)dedy

—00 —n0

i 2 L

|

3.8 Expect )
Xpected Values of Two Dimensional Random Variables 381

(v) Cov(X,Y)= E(X_YJ-E(X)E(Y}

-+l

S
T4
Example 8
Let flx,y)=8xy, 0<x<y<l
=0 , elsewhere

Find (i) E (YIX = x) (if) EXVIX = x) (iii) Var(¥/X = ).

Solution

The region of integration i$ AOAB. In AOAB, along vertical strip PQ, .hrmts ofyiy=x

oy =] and x varies fromx=0t0 x = L.

\ : y
fy(x)= _[ fle,ydy \
= B
! e
=I8)ydy o
X 11 r
.5l 2
=8x 7).

=4x{l‘x2] o<x<l

In AOAB, along horizontal strip P'Q"

e R R A R B Y A S e e
> e e T e T e o L
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Limits of x : x =0 to x = y and y varies from y=0toy =1

FO)= [ fxy)ax

- =4y, D<y<l

Sy el yy==—""—

Fix,y)

(y/x)=
Frix(y1x) 1)

() E(XY/X=x)=xEQ¥/X=x)
_Zx(l+x+x2)
T3 (+x)

3.8 Ex
pected Values of Tiwo Dimensionar Random Variables ~ 3.83

@ B 1X=9= [ Phoxo/ 1

Var(Y/X = x)= EQ X = x)-(EX /X = x)f

_1+.\r2 2 14+x+2
cEEN Al e ]

1452 4{+xts?)
29 (1+xF

EXERCISE 3.5

1. If the pdf of (X, Y) is given by
f(x,y)=2—x—y,0£xs1/.<_1

Find E(X) and E(Y). _ PO 8 }
- : 1212
. 1 pcxt+y<t
A fixy)=qa’ |
2yt : ;
0, x4y" > [Ans.: 0]

~ Find the covariance of X, V-
3. Joint pdf of X and Y is given BY <x<1,05ys1

flx, y) = 3 ) |
Find E(Y/IX=X) and Cov(X,Y): : ' s _l{]
: A 1+x) 7320
| < oo
4. Letfm,(x y},._.e-(ﬂ.v} osxcw,0<y
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3.84 Chapter3 Basic Statistics

5. If the joint pdf of (X, Y) is givenby -
fo,y)=2, 0sx<ys<t, |
find the conditional mean and conditional variance of X given that ¥ =,

Ans.: 3-, l’i
2°12

6. If the joint pdf of (X, Y) is given by
fx, y) =212y ,0<x<ys

find the conditional mean and conditional variance of X, given that
Y=y,0<y<1.

. 7. If the joint pdf of (X, Y) is given by’
f, y)=3xy (x+y),0<xsy<t,

verify t;'uat E{E(YIX)}=E(Y) = % 5

i 3.9 BOUNDS ON PROBABILITIES

If the probability distribution of a random variable is known E(X) and Var(X) can be
computed. Conversely, if E(X) and Var(X) are known, probability distribution of X
cannot be constructed and quantities such as P {]X - E( x)| <k} can not be evaluated.
Several approximation techniques have been develop
bounds to such probabilities. The
inequality. )

i

3.10 CHEBYSHEV’S INEQUALITY

! ed to yield upper and /or lower
most important of such techniques is Chebyshev’s

B

H.X 35 8 random variable with mean {1 and vatiarios o7, then for any positive umbe &

P{|x - |2 ko} 5_;1-:

i P{|X—p|-_<ka}al-;1; :

Proof
Let X be a continuous random variable,
o’ = E[X- E(X)P

= - 2 o
“EX-uF e

(310 Chebyshev's Inequality . 3.85

= [ = F0x where f(2)ispat of . ‘

p-ko H+ke

= | SO [ G- e | oo e

H—ko H+ko
p—ko -

[ G-wif@des [ G-p fooax - (D

s pi+ke ] -
We know that x < g —koand x> + ko

lx—ul 2 ko
Substituting in Eq. (1),
i ¥ _ufka = y
0’z [ Ko’ f(x+ [ ¥’ rxdx
) . p+ko

—a ko

—k -
N [ﬂjoﬂx)m | f(der]

= K22 [P(X S jt - ko) + P(X 2 p+ko)]
= PG’ [P(X - p £ —ko)+ P(X — i 2 kO)]
= kK2a*P{|X -4l 2ko}

1
p{|x_p]zka}s?

" P -2 ko) P{X-H|< ko}=1

P{|X-y|<ka}=er{|X-p]zkof}
1

21-—-}-53'
Note
L. Ifko=c>0 5
4 c
P{|X-*4u|2f}S P
o2l
and P{lX".{‘d(C}z —cz

e ing form of Chcbyshev’é in-
; babilities following foTIr
2. To find the lower bound of Pr°

equality is used: 1
pljx-ul<ke}217}3

R e Ty e

Ty

2 e Py e At i e Tl oy
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'3.86 Chapter 3 Basic Statistics -

i
!

: -
or P{]X—,u]<c}21-%;_

3. To find the upper bound of probabilities following form of Chebyshev's jp.
equality is used;

P{x-sko} s

or P{'X—,uIZC}Siz

Example 1

A random variable X has a mean Jt = 12 and a variance o’ =9 and
unknown probability distribution. Find P(6 <X < 18).

Solution

p=12, &#=9
c=3
By Chebyshev’s inequality,

1
P{x-pl<ko}z1-—
P{—kc{X—p.:ka}gl__l_
kz

1

P{u—ko <X <p+ko} 2-1_k_2

P{12-3k <X <12+3k}21-L
k?.

Comparing with P(6 < X < 18),
12-3k=06

12 +3k=18
k=2

'P{6<X<18}21—i

P{6<X<18}a%

A random variable X has pdf fix) =€

3.10 Chebyshev’s Inequality ~ 3.87 _

Example 2

4 random variable X has a mean 10 and g variance 4 and’

unknown'pmbabih'ty distribution. Find the value of ¢ such that

p{|X -10] 2 ¢} =0.04.

solution

u=10, =4
c=2
By Chebyshev’s inequality,

P{|X—p[;ka}$kl2

Comparing with P{|X -10|2 c} <0.04,
1
Ii- =004

k=5
and ko=c
c=5(2)=10

Exam i
ple 2 x>0, Use Chebyshev’s inequal-

ability is given by e” .

Solution _
The random m;ﬁl ;ef:uows exponential distribution with parameter A= 1.
E(X)= p = -i- =1
Var(X)=0" =711§-f1

By Chebyshey’s in;aqualit}'r .
_ i
plx-u>ko}S T

£

e g e s et e
S e R R e e e e e g e AR
b b it T fiae S ! =
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3.88  Chapter3 Basic Statistics

Comparing with P{IX -p|> 2}.
ko=2
k(1) =2
k=2

s P{x-1> 2}’5%

_The actual probability is given by '
P{x-1>2}=1-P{x-1|<2}
=1-P{-1<X <3}
" =1-P{0<Xs3}

3
1—je"‘dx

1

Example 4

A random variable X is exponentially distributed with parameter 1. Use

Chebyshev’s inequality to show that P{-1< X < 3} > > = Find the actual
probability also. '

Solution
For an exponential distribution with palrameter A=1,
1
EX)=puy=—=1
(X)=p g

2_ 1
(o] —'F-—l

Var(X) =
o=1
By Chebyshev’s inequality,

PﬂX—ykka}zl-f{

P{-ko <X -y <ko‘}21._._12_
k

3.10 Chebyshev's Inequality ~ 3.89

Plu-ko <X <ptrgzi-L
. kz
P{l-k<X<1+k)21-L

kz

Comparing with P{~1€ X < 3}2%,

l1-k=-
. Bt

P{-ISX£3}21—%

2

| w

The actual probability is gi‘ven by
pP{-1sx<3}=P{0sX< 3} [ x>0 for exponential distribution |

= [ fx)dx
0
3
= J.e_xdx
0
i
= ’-e
0
= —€_3 +&
=1-¢
=0.9502
Example 5

i s, Use Chebyshev’s fn:equaiiw to find a
 fair dice is tossed 120 time getting 80 1o 120 sixes.

lower bound for the probability of

Solution

Let X be the random variable Whlc“ denotes %
i8 10ssed by 720 times.
=720
Probability of getr.ing 6 in single 105
L =

= —

6

mber of sixes obtained when a fair dice

=

il

i
g=1-p=1"%

T S el -t i

EL A i St

4wy
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3.90 Chapter3 Basic Statistics

X follows a binomial distribution.

u= np—(?zﬂ)(%) =120

1\(5)_,
o’ =npg = (720)[—J[—] =100
6 )\6
=10
By Chebyshev’s inequality,
: ' 1
P{]x—,u]<k0'}21—k—2
' 1
P{—ko<X—g<ko'}Zl-?
1
P{Ju--kon—:X«.,u+kcr}21—k—2

P{120-10k < X<120+10k}21~;1—2-

' Comp'f]ring with P{80< X <120},

120-10k =80
k=4

1
P{80<X¢120}21—4—2
- 15
P{80<x <1m}2T€

Hence, the lower bound for probability = E
16

Example 6
Two dice are thrown.once. If X is the sum of the numbers sharing up:

35
prove that P{|X 17|23} S.g‘i - Compare this value with the exact prob-
ability.
Solution

Let X, and X, be the random variables w

: hich denote the butcomes of first and second
dice. . ; :

1
E(X)) = E(X,)= E(1+2+3+4+5+6)=1 E
2

E(J._c)=E<x,)+E(x2)=p=l;.+1=
)

3.10 Chebyshev's inequatity ~ 3.91

EXY)=Ex)=Lq..
(X7)=EX3) Rl +22+32+42+52+6’)=%

Var(X,) = Var(Xz)—_-.%l.q(l]z _3

2 12
Var(X) = Var(X, +X,) = (1Y Var(X, )+ (1) Var(X,)
GZEE'}"E:E
12 12 6
o= .3_5
6

By Chebyshev’s inequality,
1
P{x-u2 kc}sk—z

Comparing with -P{|X -7]23},

p=1
ko=3

P{lx-7=3}<

. 6 2
3.|—
.3
- 54
Actual probability is given by
Plx-7> 3}=Pix = 1,2,3,4,10,11,12}
{ 2 3 4.3 2 1

—_

- L —t—t=*
=36 36736 36 36 36 36

CAFS

e ——

Examp .

e7 . ; b
times a fair coin must be

Use v impguality to find how many

to Ssezh,;bﬁf;; “:}:::f?; wobability that the ratio of the number of heads
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3.92 Chapter3 Basic Statistics

will the between 043 and 0.55 will be at leqy
0.95.

Solution

Let X be the random variable which denotes the number of heads ob.tained when a faj;
coin is tossed n times. =

1

.
P—?—E
X follows a binomial distribution.
Mean=np and Var(X)=npg
1

Mean of required ratio * = E[— X) =%E{X)
n n

By Chebyshev’s inequality,

it
n

——H
P{—ka.:{—,ucko-}zl_i
n kZ

< ko} z 1-_]-
kz

|
. P‘{p—kc<£<p+ko}21-L
n k2

But P{DAS < et < 0.55} 20.95
n

1
l_k_i =0.95

1
k_z =0.05 )

k=420

310 Chebyshev’s lnequality ~ 3.93
U—ko =045

1
0.5-| —|=04
(z&] *

n=2000
Hence, the fair coin must be tossed 2000 times,

Example 8 -

If X is the number on a dice when it is thrown, prove that
P{|X ~ulz 2-5} < 0.47, where L is the mean.

Solution

Let x be the random variable which denotes the number on a dice. The probability
function is

3 3 c@ois . e

!
f.d%m 3 |
6 6 6 6 6 |

) =p= 3900

AR

B |~

Var()=o? =3 p0-#" -
2
o E Y o Y1 _I-J 36[-1-)-(1)

- ‘(z]*“[ﬂ”[e]*“@*”[s e

o =1707

By Chebyshev’s inequality,
1
plx-u>ko}<m

Comparing with P{|X ~#{> 25}
. ko‘ :25

k(1.707) = 2.3
r=146

Sinec it legg odn it

R i
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.
P{]X—p]>2,5}<m
p{{x- u}>2.5)<047.

Example 9

The number of planes landing at an airport in a 30 minutes interval
obeys the Poisson law with mean 25. Use Chebyshev’s inequality to find
the least chance that the number of planes landing within a given 3(
minutes interval will be between 15 and 25.

Solution

Let x be a random variable which denotes the number of planes landing at an airport.
For Poisson distribution,

E(X)=p=25
Var(X)=0% = g =25
o=35

. By Chebyshev’s inequality,

P’{|X&ui<f}o}21—%
P{—ka<X—u<:ko-}21—kL2 '

P{u—ka<X<y+ko‘}21~fQ—

; 1
P{25~—5k<X425+5k}21—k—2
Comparing with P{15 < X < 25},
25 = 5k =15 and 25 + 5k =25
k=2
1
L PIS<X<25) 21—
) o4

T

53
4

_—
5. A discrete random variable takes the values

110 Chebyshev’s Inequality - 3.95

EXERCISE 3.6

1 3 1 % i
558 respectively. Find P{x - 4| 225},

]

9. Use Chebyshev’s inequality to prove that P{X = u} =1 if Var(X) =0.

3, If Xis a random variable with E(X) = 3 and E(X?) = 13, find the lower bound
for P(-2 < X < 8) using Chebyshev’s inequality.
3 21
I:AI'IS.. -2—5]

4. Can we find a random variable for which P{u - 20'< X < pt + 20} = 0.6
[Ans.: No]
5. If X denotes the sumof the numbers obtained when 2 dice are drawn, obtain
an upper bound for P{|X —7| > 4}. Compare with actual probability.

35 1
[Ans..%, 6]

6. Afair dice is tossed 720 times. Use Chebyshev’s inequality to find a lower
bound for getting 100 to 140 sixes.
' 3
Ans.: —
[ ’ 4]

ed 900 times and X denotes the number of times a

7. A pai ice is roll s
toi):ll I;n? 2 T:fu:.z_ Find P(80 <X < 120) using Chebyshev’s inequality.
: . - 2
[Ans.. 9].

8. A discrete random variable X can assume the values x =1, 2, 3, .. with

probability 27, Show that PLIX
1

E .

9. A random variable - X h

" 1 16
' i the pmf PX=1=gg PX=D=1p
' 2
a
P(X=3)= ! Showthatthei'e isavalueof csuchthat p{]X -#fz c} T
= = '?8-- 5

-1, 0, 1 with probability '

X-2|22} < -;—, while the actual probability
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3.96 Chapter 3 Basic statistics

<0 that, in general, the bound given by C

improved.
10.Using Chebyshe

tossed in order t
~ number of tosses Wi

i i | ' fair COiI’i must b
e inequality find how many times a o
et ol ratio of number of heads to the

hat the probability of the. .
(L lie between 0.4 and 0.6 will be at least 0.9.

n a factory during a week is a

11.Suppose that number of articles produced i
random variable with mean 500 and variance 100. What can be said about
ill lie between 400 and 600.

the probability that a week’s production W
- : [Ans.: At least 0.99]
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Hs Properties of Regression Coefficients _
2% Properties of Lines of Regression (Linear Regression)

41

0 or

Yarigh

es,
Ottelag; "
iy,

<__INTRODUCTION

S:;laﬁﬂp and regression are the most commonly used techniques for investigating the
2 Onship between two quantitative variables. Correlation refell's to t.he relationship
more variables. It measures the closeness of the relationship between the
egression establishes a functional relationship between the variables. In
On, both the variables x and y are random variables, whereas in regression, x is
oM variable and y is a fixed variable. The coefficient of correlation is a relative
¢ Whereas the regression coefficient is an absolute figure. '
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42  Chapter4 Correlation and Regression

4.2 CORRELATION

Correlation is the relationship that exists between (wo or more variables, Two variap,,
are said tobe correlated if a change in one yariable affects a change in the other var able,
Such a data connecting two variables is called bivariate data. Thus, correlation is2
statistical analysis which measures and analyses the degree or extent o which
variables fluctuate with reference to each other. Some examples of such a “’la“m'lship
are as follows: ;

1. Relationship between heights and weights, )

2. Relationship between price and demand of commodity.

3. Relationship between rainfall and yield of crops.

.4, Relationship between age of husband and age of wife.

4.3 TYPES OF CORRELATIONS

Correlation is classified into four types:
1. Positive and negative correlations
2. Simple and multiple correlations
3. Partial and total correlations
4. Linear and nonlinear correlations

4.3.1 Positive and Negative Correlations

Depending on the variation in the variables, correlation may be positive or negative.
1. Positive Correlation If both the variables vary in the same direction, the
correlation is said 1o be positive. In other words, if the value of one variable increases,
the value of the other variable also increases, or, if value of one variable decreases, the
value of the other variable decreases, e.g., the correlation between heights and weights
of group of persons is a positive correlation.

150 152 155 160 '|_52 165
60 & o .6 . 6T 69

2. Negative Correlation If both the variables vary in the opposite direction
correlation is said to be ne:;aﬁve. In other words, if the value of one variable increasss:
the value of the other variable decreases, or, if the value of one variable decreaseh

the value of the other variable increases, e.g., the correlation between the price
. demand of a commodity is a negative correlation,

Price (T per unit)

Demand (units)

line is obtained, e.g.,

44 Methods of Studying Correlation 4.3 -

4.3.2 simple and Multiple Correlations

pepending UPON the study of the number of variables, correlation may be simple or
pultiple-

1, simple Correlation When only two variables are studied, the relationship is
jescribed as simple correlation, e.g., the quantity of money and price level, demand
m‘ld pﬂ-i.:c. elc.

2 Multiple Correlation  When more than two variablesarc studicd, the rlationship
is described as multiple correlation, e.g., relationship of price, demand, and supply of
1 ;ommodiﬂ’- ;

4.3.3 Partial and Total Correlations

Multiple correlation may be either partial or total.

1. Partial Correlation When more than two variables are studied excluding some
other variables, the relationship is termed as partial correlation.

2. Total Correlation When more than two variables are studied without excluding
any variables, the relationship is termed total correlation.
4,3.4 Linear and Nonlinear Correlations

Depending upon'the ratio of change between two variables, the correlation may be
linear or nonlinear.

1. Linear Correlation I the ratio of change between two variables is constant, the
correlation is said to be linear. If such variables are plotted on a graph paper. a straight

L. Nonlinear Correlation If the ratio of change between two variables _isj not
constant, the correlation is said to nonlinear. The graph of a nonlinear or curvilinear
’e|allonship will be a curve, e.g., ‘

i 6 L
iz e 15 ] 5 S5
R0 v R

Advertising expe

4.4 ELATION
44 _METHODS OF STUDYING CORRELAT™

There
{

at¢ two different methods of stdying correlation, (1) Graphic, methods

%) Mathematical methods. _
taphic methods are (a) scatter diagram, and (b) simple graph.
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Mathematical methods are (a) ¢
(b) Spearman’s rank coefficient of correlation.

4.5 SCATTER DIAGRAM

Karl Pearson's coefficient -of correlation, ang

The scatter diagram is a diagrammatic representation
of bivariate data to find the correlation between EWo
variables. There are various correlationships between
two variables represented by the following scatter
diagrams. :

1. Perfect Positive Correlation Ifall the plotted
points lie on a straight line rising from the lower
left-hand comer to the upper right-hand corner, the

< correlation is said to be perfectly positive (Fig. 4.1).

2. Perfect Megative Correlation If all the
plotted points lie on a straight line falling from the
i - upper-left hand corner to the lower right-hand corner,
it the correlation is said to be perfectly negative
(Fig. 4.2).

3. High Degree of Positive Correlation If all
the plotted points lie in the narrow strip, rising from
the lower left-hand corner to the upper right-hand
corner, itindicates a high degree of positive correlation
(Fig. 4.3). ; al

4. High Degree of Negative Correlation If all y
the plotted points lie in a narrow strip, falling from
the upper left-hand corner to the lower right-hand
corner, it indicates the existence of a high degree of
negative correlation (Fig. 4.4).

5. No Correlation If all the plotted points lie on a
straight line parallel to the x-axis or y-axis or in a
haphazard manner, it indicates the absence of any
relationship between the variables (Fig. 4.5),

Merits of a Scatter Diagram -

1. Itis simple and nonmathematical method to find
out the correlation between the variables,

4, i
7 Karl Pearsons Coefficlent of Correfation 4.5

Tt gives an indication of the degree of linear correlation hetween the
variables.
3, Ttiseasy to understand.

3 Itisnot influenced by the size of extreme items,

46 SIMPLE GRAPH
et

Asimple &7 aph \“ adiagrammatic representation of bivariate data to find the correlation
petween WO vanahi_es. The values of the two variables are plotted on a graph paper.
o curves are obtained, one for the variable x and the other for the variable y. If both
{he curves move in the same _i]ll‘CCfllJl‘li the correlation is said to be positive. If both
carves move in the opposite direction, the correlation is said to be negative. This
method is used in the case of a time series, It does not reveal the extent 1o which the

yariables arc related.

47 KARL PEARSON’S COEFFICIENT OF CORRELATION

The coefficient of correlation is the measure of correlation between two random vari-
ables X and ¥, and is denoted by r.

_coviX,Y)

. a0y

where cov (X, ¥) is the covariance of variables X and ¥,
0y is the standard deviation of variable X,
and oy is the standard deviation of variable ¥.
This expression is known as Karl Pearson's coefficient of correlation or Karl Pearson’s
product-moment coeflicient of correlation.

cov(X,1) =~ ¥ (x-B) (=)
n

=
e 2 ’E(x x)
n
oy =202
n

Y a-Re-Y

D X0 1 L
)

The aboye expression can be further modified.
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4.6 Chapterd Correlation and Regresion

Expanding the terms, b
Z(“}' .‘.:‘,,..,;—‘v,r+.l’7I

-2;x+x’)m2 yy+}'2)
Y- -7 ¥ x- xE}""X}'zl
sz 2x2x+x Zl ) ‘23‘2-"+5' pN

D,__. Y ¥ x-5 E)’rz Zy'
T 5P .

50- 2222
oo BT -2

4.8 PROPERTIES OF COEFFICIENT OF CORRELATION

1. The coefficient of correlation lies between —1 and 1, i.e., —1<r<1,

Proof Let XandF be the mean of x and y series and o, and o, be their respective
standard deviations.

_ e} -
Let Z[?i{:—’] >0 {
x r

26-5" Fo-y

ol o
n+ntlnrz0
2nt2nrz0
2n(l+r)20
1tr20

14r20 or

rz-1 or

sum of squares of real quantities
cannot be negative

2 ~IHv=v
+ D (x-EHy ))a[}
0,0,

e, 1-r20
r<l

Hence, the coefficient of correlation lies betweeﬁ:-l and 1,ie. -1 5 r<l

s

48 Properties of Coefficient of Correlation 4.7

1. E:;:::-ﬂm Cﬂefﬁdent s independent of change of origin and change

proof Le[dx: s e
x=a+hd, y=b+kdy

where d, b, h (>0) and k(>0) are constants,
x=a+hd, =X=a+hd = x-T=hid -d,)
y=h+kd, =>?-—-b+h3y ﬂy—j"zk(d,;jy)

Y (x=F) (3-7)
J Y-8 Y o-77
= Yhid,~d,) kid, -d,)
T, ~a.) (YK, ~d,?
~ Yd,~d)d,-d,)
\(:S_“(d_‘ -d,7 \Jd,~d,7
=,

Hence, the correlation cocfficient is independent of change of origin and chmge of
scale.
Note Since correlation coefficient is independent of change of origin and change

of scale,
Ed E
Edd - = ?

- \/E:ff—-(-z%- \!;M

3. Two independent variables are uncorrelated.

Proof  If random variables X and Y arc independent,
; Z(X_g)(y__ﬁzo or coviX.¥)=0
r=0
Thus, if X and ¥ are independent variables, they are uncorrelated.

Lat d\'anahk
Note Tpe converse of the above property iAok true, L, TG uacomeiyie 2
_ma)' not be independent.
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—
Example 1 _
Calculate the correlation coeﬁic:em petween xand y using the foffow;,,g
data: .
Solution
n=6 -
R 18 4 324 6 |
T 2T e I
5 10 25 100 50
el 8 36 - 64 a8
8 7 64 49 56
AR Bl 55
[ Zee36  Byeo)  TPe26 Bam6 o= |

ZW_E_’;EA’
[o- & for

3 (36)(60!
G |

29

L
\[266_@ Jm_(mf
6 6

=-0.9203

:a?::lamzrx Ty, T4, 5% Ty can be directly obtained with the help of scientific

"Example 2

Calculate the coefficient of correlation from }kefoilowing data:

48  Properties of Coefficient of Correlation 4.9

n=T )
1 Ll 144, 196 163
2 : BRI P
E & 64 36 8
10 ) 100 31 R
11 11 121 121 121
ll i 12 169 Taa 186
II 4 3. i # . . 1 —
l Tx=170 __Z,_;;_z_:fﬁ Eﬁ:z{am ¥y =651 3 .zxy-ﬁ'{ﬁ_u
20y
8 Za :
- 2 2
 EA s (Bo)
JZ‘ NN JE? "
76 1063
- 7
B 3
Jm a0® , -
=0.949
Example 3

Caleulate the coefficient of correlation for the following data:
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4,10 Chapter 4 Correlation and Regression

Solution

n=9

9 15 81 225 135
e op T 2z e
? 14 49 196 98
TR 13 36 169 78
5 11 2 25 121 55
4 12 16 144 48
3 10 9 100 30
A T 4 6 16
1 2 9 1 81 9
| Te=ss | Sy=i08 Tdooss Tf=i3se To-ser
PN
ZI—V'Z 23
o 2 8 3
fge-E sy (B
n "
597 45)(108)
= 9
2 2
\/235—Eil J1356————(108]
9 ¢
=095
Example 4

Calculate the correlation coefficient benwe

3] |
35

en the following data:

S 5 5 13 17 2
12 20 25 33

48 Properties of Coefficient of Carrelation 4.1

solution
n=3
Yx 65
T e |
A Tl
Xy _12s
5

b
0
I 4 g N
21 35 8 10 64 100 - 80 _
Ye=65 Ty=125 E(’:? ZE}:E} ' Z{:l—;f I,u(:;sial’ Zi:‘:;);j"“?
S a-DG=N
T EG- {20
236
~ 160 /358
=0.986

Note Since Ex, Ty, ¥4%, Ty%, Lxycanbe directly obtained w‘ith the help of scientific
calculator, correlation coefficient can be calculated without using mean.

Example 5

Calculate the correlation coefficient between for the following values of

demand and the corresponding price of @ commodity:

65 66 67 67 . 68 69 f ?5 TZ_

‘g 6y .65 68 72 726 T
_-—-——'-___-_"_"_’

Demand in Quintals

in rupees per kg :
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Solution
Let the demand in quintal be denoted by x and the price in rupees per kg be dencgeg
by y. '

n=§

Fa XX Mo
n 8
y:._£=ﬂ=ﬁg
n 8

(x=%)° (=30 (x=Rj(ya )

S

| 65 67 -3 2 9 6
| 66 68 2 & 4 1 2 r
| 67 .65 =1 -4 1 16 4 .
| 67 68 B -1 1 1 | ‘
[' 68 72 0 3 0 9 0 |
| 69 72 1 3 1 9 3 "
I 0 6 2 0 4 0 0 ‘
) 72 7 4 2 16 4 8 .
Eresta Byassz 0 0 I0-N T6-B' 3p-7 Z-Dy-3)
=0 =0 =36 =d4 =24

e 2=D)y-7)
V{Z(.r-;}z Jz(yvj")l
24

T J36vaa
=0.603

Example 6

Calculate th ici \
xandy: e coefficient of correlation for the following pairs of

. e T
B¥ R R !
b LR e R e

4, '
8 Properties of Coeffictent of Correlation 4,13

Jution
peta =23 and b= 27 be the assumed means of x and y series respectively.
d =x-a=x-23 t
.ﬂ". =y-b=y-27

n=8
7 23 -6 -4 36 16 24
19 27 A7 o0 16 (0L Carie 0
21 25 -2 =2 4 4 - 4
% 2 3 ] 9 1 -3
0 27 -3 0 9 0 0
2% 25 5 2 25 4 10
2% 30 3 3 9 9 9
Bz cias 4 6 16 365 kgl
Td,=0 Xd,=0 Zd}=124 S?=10  $d,d,=48
za;dy—-z'@
S 7 2
dr) d
- 8-C
V1240 4f70-0
=0515

Note Sil.1ce Y, Ty, Tt Ty, Ty can be directly obtained with ll:rc help of scientific
€aleulator, the correlation cocfficient can be calculated without using assumed mean.

Example 7
Caleulate the correlation coefficient from the following data:

BT e B W 8 B g6 B
TR i e e e N e
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4.14  Chapter4 correlation and Regression

Solution

Let a’= 30 and b =25 be the assumed mean
d, =x-a=x—30 I
g"y =y—b=x—25

s of x and y series respectively,

n=10
9 9 9
4 4 4
; 1 1 1
30 25 0 0 0 0 0
31 2 1 1 1 1 1
33 28 3 3 9 9 9
33020 5 4 25 16 20
%6 306 5 36 25 30
39 . 32 9 7 81 49 63
Id,=11 3d,=7 3d'=215 Td’=163 Xd,.d,=186
Fas,-T4Z4
-
szz ] sz (Zaf
136—@(—”
£ 10
] z
les-ﬂ 16340
10 10
=0.996
Example 8

Calculate the coefficient of correlatio

n betwee s and
annual maintenance costy, n the ages of ca

Age of cars (year)

2o % 8

_ 7 8 10 12
16001500 1800 1900 1700 2100 2000

Annual maintenance cost

k]

48 Properties of Coefficlent of Correlation

4.15
Safutlﬂﬂ
Let the 2ges of cars in yeats be denoted by x and annua] maintenance costs in rupees
be dcnated by y.
ulﬂ, =7 and b = 1800 be lhc assumed means of x and ¥ SeTiCS PCSWU\'C[Y
Leth = 1 =100
= %x—d = *-7 =x-7
d, = B 1 :

2 IS
4 9 9 J
6 1800 -1 '_ 0 L
7 1900. .0 0 1 5
g 1700 1 -1 1 1 =1
10, 2100 3 3 9 95 EE
12 2000 5 2 25 Geo o 20
{ Yd,=0 3d.=0 =70 Ydi=18 Tdd=31
4,5 d
>d.d, —Z Z
s
2
d d
sz; (zaf JZJZ (Ze)'
 37-0
70-0 +28—0
=0.836
Example 9

Calculate Karl Pearson’s coefficient of correlation for Iﬁe data given
below:

T
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Solution
Let a = 22 and b = 24 be the assurhed means of x and y series respectively,

1 3
4 4
0 0
9 0
_ 2% 30 1 b 1 1 1 ‘
S L 4 4 4 =il
L ¥d,=-3 Xd,=-3 Zd’=19 Xd =19 Eﬂ}dfﬂ
>d.yd, '
= zdxd’—_'n_
— =
d d,
-l 5y 67
lg_ﬂ-é
= 6
=06
Example 10 5

The coefficient of correlation between two variables X and ¥ is 0.48. The
c;;anance is 36. The variance of X is 16, Find the standard deviation
of Y.

Solution

r=048,
O'x:4

cov(X, ¥) = 36, o2=16

gxample 11

4.8 .
Perties of Coefficient of Correlation 417

UL L 0,27
Oy Oy
36
D48 = I;';

. oy =18.75

Given n = 10, 0y = 34, Oy = 6.2, and sum of the product of deviations
from the mean of x andy is 66. Find the correlation coefficient.

solution
n =10, Oy =54, Oy =62

¥ (x-F)y-F) =66
n

Eo—at
10

T (x-5)? =2916

_=
. >o-m

: :
_ ’Z(y—i)"-
6.2 —. 0

Y y-7) =3844
N (x=T)y=7)
Y (-3 {209
66
V2916

=0.197

Oy =
54=

r=

3844

Example 12
From the following information,
Smd, Tyet Eitoth Ty =44 E0=40r=

caleulate the value of .
1
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Solution

RO
n

=y
2 : 2
[ @ 4 @7
n n

n=48
v s

Example 13
From the following data, find the number of items n,
r=053 (x-3)(p~7)=120,0, =8 ¥ (x—%)* =90
Solution
20o-%

n

__—2
b /Z(y ¥)
M n
Y -7 =6dn _
e 2=D0-Y)
G- {2077
0.5= 1200
@‘fﬁﬁin

n=10

Oy =

Example 14

Calculate the correlati : ) {
o ation coefficient between x and y from the following

&zm,zpm,zy=150,):(x~10)2 =180
2(r=15) =215, ¥, (x~10) (y~15)= 60

o

48 Properties of Coefficient of Correlation  4.1%

solution
Edi‘ = E(J:—]i])3 =180
Ydi=F (y-15¢ =215

Yd d, =¥ (x-10)(y~15)=60
) a=10

(40)(0)
0 80-"0
GO o
180— ——]0— 215 0
=0915

Example 15

i computer operator while calculating the coefficient between two

Variates x and y'for 25 pairs of observations obtained the following

Constants:
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=25, x=125, ¥ »* =650, Xy =100,
3 17 = 460, X1y =508

It was later discovered at the time of checking that h’e had copied doy,,
two pairs as (6, 14) and (8, 6) while the correct pairs were (8.12) ang
(6, 8). Obtain the correct value of the correlation coefficient,

Solution
n=25
Corrected Ex = Incarrect Zx——(Sum of incorrect x) + (Sum of correct x)
= 125-(6+8)+(§+6)
=125
Similarly,
Corrected ¥ y=100— (144-6) + (1248} =100
Corrected ' x* =650 - (6" +87) + (87 +67) = 650
Corrected ¥ 57 = 460 (147 +6%) + (122 +8%) = 436
Corrected Y’ xy =508 - (84 +48) + (96 + 48) = 520

- | Correct value of correlation coefficient

3o 222
(5B Js s ©F

520 - (125)(100)
25

125)° :
650~ 42V |,5c (100)?
O S

=0.67

F=

EXERCISE 4.1 -

1. Draw a scatter diagram to re 5@
re il
P r 5_,.2-;__'.‘_':_%‘_9 fQIlcwqg data;

.{a_, £ .12 __“) B 0 11 |

{ T e TN T L SRR
Calculate the coefficient of correlatig,

N between x and y.
[Ans.: —0.92]

48 Properties of Coefficient of Correfation ~ 4.21

2. Find the coefficient of correlation between x and y for the following
data:
x 10 12 18 14 23 27
Al 13 18 12 25 i qo

i L

[Ans.: 0.223]

3. Fromthe following information relating to the stock exchange quotations
for two shares A and B, ascertain by using Pearson’s coefficient of
carrelation howshares A and B are correlated in their prices?

ORI 160 164 172 182 166 170 178
GCREICHCRON 292 280 260 234 266 1254 230
; [Ans.: —0.96]

4, Find the correlation coefficient between the income and expenditure
of a wage earner.

Month:
~income

Expenditure

[Ans.: 0.769]

5. From the following data, examine whether the input of cil and output
of electricity can be said to be correlated. .

69 82 78 48 96 80 7.7

1.9°05315° 1657 | 1.3 553, 5 NI

? [Ans.: 0.696]

~inputiofoil” o
“Qutput of Electricity

6. For the following data, show that cov (x, x*) = 0.

] 3 2 -1 0 D
P A 1 0 T LA 9

7. Find the céefﬁcient of correlation between x and y for the following
data: '

B &2 e« 65 6 T 71 T2 4
B 136 435 139 145 165 152 180 208
o [Ans.: 0.9032]

8. The following data gave the growth of employment in lacs in the
organized sector in India between 1988 and 1995:

1985 1989 1990 1991 1992 1993 1994 1995
98 101 104 107 113 120 125 128
5 65 67 e 68 69 68 68

Public sector

Private sector”
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Find the correlation coefﬁéient between the employment in pubje ang _anD@n+l)  nin+ 0t
i 6 4
private sectors. ) [Ans,; 0.77) Liom
9. Caleulate Karl Pearson’s coefficient of correlation from the foligyy,, 12
data, using 20 as the working mean for price and 70 as working meg, ol Lot
for demand. similarlys L= = B
M % I s W -i if d denotes the difference between the ranks of the " individuals in the two
87778 7075 66 67 62 58 60 ariables, -
[Ans 5 ~0.95] A d=x-y=(x-X)-(y-3) [+ ==7]

10, Asample of 25 pairs of values x and y lead to the following results; gquaring and summing over i from 1 to n,

- N
Y x =127, Ty =100, ¥x* =760, 3 y* =449, 3’ xy =500 Yd =Y [x-D)-0-7)]

, i =Y (e-3 + X -9 2T - D 0-P
Later on, it was found that two pairs of values were taken as (8, 14) )Y Y+ E0-9" -2

and (8, 6) instead of the correct values (8, 12) and (6, 8). Find the —B-T) =T -0+ T (y-FP -T2
corrected coefficient between x and y. z(x 2 [z’ E z ]

[Ans.: —0.31] Llrinly e
- e’
4.9 RANK CORRELATION Hence, the coefficient of correlation between these variables is
- _ . Y E=-Dy-T)
Let a group of n individuals be arranged in order of merit with respect to some r= "Z{x_i)zz[),_ﬂz
characteristics. The same group would give a different order (rank) for different
characteristics. Considering the orders corresponding to two characteristics A and B, L(R:i _,,)__242
the correlation between these n pairs of ranks is called the rank correlation in the 12 2 e
characteristics A and B for that group of individuals, = 1 PR
- 12
4.9.1 Spearman’s Rank Correlation Coefficient : y 63d
Let x, ¥ be the ranks of the /P individuals in two characteristics A and B respectively e
where i =1, 2, ..., n. Assuming that no two individuals have the same rank eithet for¥ 63d
or y, each of the variables x and y take the valyes 12 im =l-—= 1
P 14243+ 40 _nln+l) n+i WA= -

X=y=

L

n I
Te-1 =¥ (@ -2 F+7) : Note 3d=Y (x-p=Yx-Ly=nE-7=0 .

This is called Spearman’s rank correlation cocfficient and is denoted by p.

=z,.\:3—-2.?zl.\:+i2 21 ; E
=% -2 it x=rEand S l=n Xample 1 : : ; %
=¥ -n¥ [ Ze=mand 3 ] Ten Participants in a contest are ranked by two judges as follows:
. o 9 8

F o0 ] 2 . ] 1 3 7 5 ,4 6 .zv. et
e +...+,,z)n"(1‘:_] SR ¢ L

Calculate the rank correlation coefficient.
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Solution

1 3 =2 4
'3 1 2 4
7 .; 3 9
T T =
4 6 2 4
FEiE 9 5 9
2 7 -5 25
10 8 2 4
9 10 -1 1 !
8 2 6 x|
| =0 3&=9%
2
e 522,4
nin~—1)
__ 6(96)
10[(10)2 1]
=0.418
Example 2

Ten competitors in a musical test were ranked b i
7 the three judges A, B,
and C in the following order: ' d R

Rank by A
Rank by B
Rank by C 9 8 .

—_ 1 2 3

Using the rank correlation mer - ‘ o]
hod, which the

nearest approach to common liking in music. pair 0{ Sjﬁufrf;'; f;_:] e

Solution _

n=10

4.9 Rank Correlation 4.25

Rank Rank

Rank
by B by C

by A

= ik

4 £

! . A 4 9 25

g g 7 : R T : B

2 2 : e 4 9 1 16
B e i L )

3 7 1 4 ) %

2 10 2 -8 [ o 6t A 0

4 2 3 Sy =f X ; I

9 1 10 3 e 64 81 1

7 6 5 i 1 2 I T 4

8 9 7 -1 2 -1 1 + 4 1,
i ¥d,=0 3d;=0 Tdy=0 Td?=200 Td}=214 Tdl=60

r(x.y)=1--6zz—d'z-
a{n"=1)
. , 1 6000
10 (10> -1]
=-021
r(y.z)=1—6z."—d;f
nin~=1)
_ 6(19)
10[ 10y 1]
=-0.296
6% d
n(n*=1)
_. 6060
~0lao?-1]
=0.64

Since r(z, x) is maximum, the pair of judges A and C has the nearest common
8pproach,

Example 3

Ten students got the following percentage of marks in mathematics and
Physjcy.

r(z.x)=1=
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Solution
n=10 .

8§ 84 10 3 7 49
6 B 1T BB -1 r
9 o1 1 1 0 0
25 60 9 6 g g
75 68 4 4 0 0
T ; : = 4
%2 86 2 2 0 0
@2 8 6 ik -1 1
65 35 5 10 -5 25
35 49 8 g -1 1
3d=0 3= |
g 62242
nin“-1)
—___ 600
10107 -1]
=0455
Example 4

The coefficient of rank correlation of the marks obtained by 10 students
in physics and chemistry was found to be 0.5. It was J'ah;l' discovered
that the difference in ranks in the two subjects obtained by one of the
students was wrongly taken as 3 instead of 7. Find the rank coefficient
of the rank correlation.

Solution
n=10

4.9 Rank Correlation 4,27

6 Zdﬂ
nin? -1
g 52

10(100-1)
Y d* =825

r=1-

0.5=

Correct Y. d” = Incorrect 3" d* —(Incorrect rank difference)’
+ (Correct rank difﬁ:rcm:c)2
=825-(3)0 +(7)}
=122.5 :
6(122.5)
10(100-1)
=0.26

Correct coefficient of rank correlation r=1-

. 4.9.2 Tied Ranks

If there is a tie between two or more individuals ranks, the rank is divided among equal
individuals, e.g., if two items have fourth rank, the 4™ and 5™ rank is divided between

them equally and is given as i) =4,5" rank to each of them. If three items have
the same 4™ rank, each of them is given %ﬁ: 5% rank. As a result of this, the
following adjustmient or correction is made in the rank correlation formula. If m is the
number of item having equal ranks then the factor li—z(m3 —m) is added to Zdi‘ It

there are more than one cases of this type, this factor is added corresponding to each
case,

1 1
6[2@% E(m? —m)+ E(m? -wa)'f-"]_
n(n® 1)

r=1=

Example 1 _
Obtain the rank correlation coefficient from the following data:

Solution

‘Here,n=6
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3 -3 9
TR : S
Td'=135 |

There are two items in the x series having equal values at the rank 4. Each is given (g,
rank 4.5. Similarly, there are three items in the y series at the rank 3. Each of they is
given the rank 4.

my=2m =3
6 Za‘z +é(m|3—m1,}+L(mg —mz)]

o ) 12
n(n® =1)

=

[ 1 1
13.50+—(8 - — (27~
i +12(S 2)+|2(2? 3]:|

=1-
66 -1]

=10.5429

EXERCISE 4.2

1. gompute Spearman’s rank correlation coefficient from the following
ata:

T AR
e Bl I Y

[Ans.: —0.9]

a serfes of eight one-act plays
e relationship between their

2, :l‘wo judges gave the following ranks to
in a drama competition. Examine th
judgements.

7 6 3 7 1 ";F
=F i A T 8 |

fo |

 fAns.: 062

3. From the following data, calculate Spearman’s rank carrelation between

xand y.

4.10 Regression 4,29

X 36 5. 20 47 o e

200 350 W% 75 60 T4 e m
S -—————ms.: 6;92]

are ranked‘ by three judges in the

4. Ten competitors in a voice test
following order:

Rank by First Judge
Rank by.Second Judge
Rank by Third Judge

6 10 2-9 8 41 5 3 .4 ?l
IS (US M CFC  5
A B LW T &5 1 5 ]
Use the method of rank correlation to gauge which pairs of judges has
the nearest approach to common liking in voice.

[Ans.: The first and third judge]

5. The following table gives the scores obtained by 11 students in English
and Tamil translation. Find the rank correlation coefficient.

4 46 54 60 70 80 8 85 8 90 95|
845 45 50 43 40 75 55 72 65 42 70
[Ans.: 0.36]

6. Calculate Spearman’s coefficient of rank correlation for the following
data: .

53 98 95 8 75 7 5 55 l
4 3 ;3w a3t e
- [Ans.: —0.905]

7. Following are the scores of ten students in a class and their 1Q:

BYE 35 4 25 55 8 90 65 55 45 i
000 | 100 100 110 140 150 130 100 120 140 110

Calculate the rank correlation coefficient between the score 1Q.
[Ans.: 0.47]

410 REGRESSION

‘Regression is defined as a method of estimating the value of one variable when that

o the other is known and the variables are corelated. Regression analysis is used to
Predict or estimate one variable in terms of the other variable. Itisa highly valuable tool
for prediction purpose in economics and business: It is useful in statistical estimation
of demang curves, supply curves, production function, cost function, consumption
unction, etc,
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4.30 . Chapter4 Correlation and Regression

4,11 TYPES OF REGRESSION

Rclegressicn' is classified into two types:
1. Simple and multiple regresslfms
2, Linear and nonlinear regressions

4,11.1 Simple and Multiple Regressions
Depending upon the study of the number of variables, regression may be simple 2
multiple.

1. Simple Regression - The regression analysis for studying only two variables 5,
time is known as simple regression.

2. Multiple Regression The regression analysis for studying more than twg
variables at a time is known as multiple regression.

4,11.2 Linear and Nonlinear Regressions
Depending upon the regression curve, regression ‘may be linear or nonlinear.

1. Linear Regression If the regression curve is a straight line, the regression is
said to be linear, ‘

2. Nonlinear Regression If the regression curve is not a straight line i.c., nota
first-degree equation in the variables x and y, the regression is said to be nonlinear
or curvilinear. In this case, the regression equation will have a functional relation
between the variables x and y involving terms in x and y of the degree higher than one,
i.e., involving terms of the type ¥, ¥, ¥*,%, v, etc. '

4.12 METHODS OF STUDYING REGRESSION

There are two methods of studying correlation:
(i) Method of scatter diagram
(ii) Method of least squares

4.12.1 Method of Scatter Diagram

It is the simplest method of obtaining the lines of regression, The data are ]Jlf’“ed
on a graph paper by taking the independent variable on the x-axis and the dependent
variable on _rhe y-ax is. Each of these points are generally sca“md. in a narrow strip-
the correlation is perfect, i.e., if ris equal to one, positive, or negative. the points il
lie on a line which is the line of regression, ' Rl

444 Regression Coefficients ~ 4.31

412 2 Method of Least Squares

This 15 2 mm'hcmaucal metpu.d which gives an objective treatment to find a line of
sion. Itis used for obtaining the equation of a curye which fits best toa given set of
observations- Itis based onthe assumption that the sum of squares of differencesbetween
e estimated values and the actual observed values of the observations is minimum.

413 LINES OF REGRESSION
g

Jf the variables, which are highly correlated, are plotted on a graph then the points lie
in a narrow strip. 1F all the points in the scatter diagram cluster around a straight line,
the line is called the line of regression. The line of regression is the line of best fit and
is obtained by the principle of least squares.

Line of Regression of y on x

Ttis the line which gives the best estimate for the values of y for any given values of x.
The regression equation of y on x is given by

.
y=¥=r—=(x-x)
*
Itis also written as
y=a+bx

Line of Regression of x on y
Itis the line which gives the best estimate for the values of x for any given values of y.
The regression equation for x on y is given by

Gl
(y=¥) 5
G.‘

xX=xX=r

Itis also written as

x=a+ by
where X and 7 are means of x series and y se
deviations of x series and y series respectively,
Xand y,

ries respectively, o, and o, are standard
ris the correlation coefficient between

4.14 REGRESSION COEFFICIENTS

1 x is also called the coefficient of rggress!lon
value of y corresponding to a unit change

The slope b of the line of regression ofyo

of ¥ on x. It represents the increment in the

1n the value of x. ;
b,, = Regression coefficient of y 00

=r—
a

x
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4.32° Chapter4 Correlation and Regression

Similarly, the slope b of the line of regression of x on ¥ 15 called the coeffigien,

regression of x on y. It represents
unit change in the value of y. ’
by, = Regression coefficient of x on ¥

=p—
G'I_
Expressions for Regression Coefficients
(i) We know that
L, E=D-F

T Ee- Zo-»

61_:1‘2“_:”
n
i ’Eo-—.vr
n
a-\'
bp:,—._.-_
_2E-DO-P
Y -%
: -
and b, =r—=%
Xy o,

Yo-77

(ii) We know that

{he increment in the value of x correspondi

ME to 5

414 Regression Coefficients  4.33

Q L‘Q

b_" =p
x

Ew—&&

Exz—-[z—‘:r_

Q

-

and by, =r

=

¥

ZU—ZIE?

(iii) We know that

Z dxd,. = Z_d‘ zfr_

r= B

A

o’]’ x
n
32
>d
Y Edf_'( HT)
a,
b)“_:rzé
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4.34 Chapterd Correlation and Regression

4.15 PROPERTIES OF REGRESSION COEFFICIENTS

—— 18
1. The coefficient of correlation is the geometric mean of the coefficieng, ¥
" regression, i.&., r= !b’,b,, .

Proof We know that

a_
¥
b, =r—
=T,
g
ba=r—’-
gy
e
b b zr—-‘-.r_.é
e xy
Oy Cl'y
=rz
r=b,b,

2. If one of the regression coefficients is greater than one, the other must be less
than one.,

Proof Letb, >1
We know that
r* <1 and r2=bﬁbn
b, b, sl

by S

Cal [

Hence, if b, < 1,b,,> |

3. The arithmetic mean of regression coefficients is greater than or equal ta the
coefficient of correlation.

Proof We have to prove that

1
E(by,-'-b,})ér
by 1 T 3
1e., — r-—!-+ri =r
2| o, a;
&
ie., —’+_0L22
o, O’y'
ie, o +0l-200 20
e ¥ x ™y

415 Properties of Regression Coefficlents 4,35

i (oy_d‘)z =0
which is always true, since the square of a real quantity is 1 > 0.
4. Regression Coefficients are independent of the change of origin but not of
SC'ﬂIF-
_Xa y=b

proof Let Id'_ h "dJ'=T

x=athd, y=b+ld,
where a, b, 1t (> 0) and k(> 0) are constants.

= S N
T, d, =Ty Od, = e Oy = ?03‘
d
bd,d_‘, Td.d, —”o_d
g
=%
Iy
I a,
ok &
Bl
h o,
k
==b,
h
Similarl b =Ny
¥ dydy — 3 T

5. Both regression coefficients will have the same sign i.e., either both are positive
or both are negative. :

6. The sign of correlation is same as that of the regression coefficients, ie,r>0if
b,,>0and b, > 0; and r <0ifb,, <0 and by, <0.

4.16 PROPERTIES OF LINES OF REGRESSION
(LINEAR REGRESSION)

1. The two regression lines x on y and y on x always intersect at their means

x,v. ‘
2. Since 7* = by, by, iien 1= ybu by
sign. .
3. If r =0, the regression coefficients are zero. ;
entical if r = 1. It follows from t:he regression
0, these lines are perpendicular to each

, therefore, r, by, by, all have the same

4. The regression lines become if
equations that x=xandy=¥.1fr=
other,
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—

Example 1

The regression lines af a sample are X+ 6y =
(i) sample means X and 3, and .
(i) the coefficient of correlation between x and ¥.
(iii) Also estimate y when x = 12.

6 and3x + 2y = 10, Fing

Solution )
(i) The regression linés pass through the point (X, ¥).
T+6y=6 A1)
Ix+2y=10 o2

Solving Eqs (1) and (2),

O -
=53 = =~

X y=5
(ii) Let the line x + 6y = 6 be the line of regression of y on x.

by==x+6
1
=-—x+1
7 6

1

b_=
6

.wr
Let the line 3x + 2y = 10 be the line of regression of x on y.
Jxr==2y+10
10
T

Since by, and by, are negative, r is negative,
1
F=——

Estimated value of y when x = 12is

J’=—%(12)+1= -1

413 Properties of Regression Coeffictents 4.3

—

Example 2 .
the two lines of regression are 4x - 5y + 30 = 0 and 20x-9y—107 =0,

which of these are lines of regression of x on y and y on x? Find 1, and

oy when Oy = 3

solution

the line 4x-5y+30=0,

2 =5y =-4r-30
y=08x+6

b, =08

=-107=0

20x =0y + 107
x=0.45y + 535

b,,=0.45

For the line 20x -9y

Both by, and b, are positive.
Hence, line 4x — 5y + 30 =0 is the line of regression of y one x and line
20— 9y — 107 = 0 is the line of regression of xon y.

r=,||by b, =4J(0.8)(0.45) =0.6

o
be=rr
e
a
08= 0.6[—’1
3
oooo,=4

- Example 3

The following data regarding the heights () and weights (x) of 100
college students are given:

3 x=15000,  Xx*=2272500, Xy=6800 .
Y 2 = 463025, ¥,xy=1022250

Find the coefficient of correlation between height and weight and also
the equation of regression of height and weight.

Solution
n=100

Scanned with CamScanner




4.38  Chapter4 Correlation ond Regression

Zi.
x; (zx}

(151)00)(6800)
100

{15000)°
100

1022250 -

2272500-
=0.1

Zw-2
3L

{15000)(6800)
100
(6800)°
100

1022250

" 463025
=36

r=Jb by = 0D G6) =06

The equation of the line of regression of ¥onxis
y-F=b, (x-3)
y—68=0.1(x~150)
y=0.1x+53
The equation of the line of regression of x on y is
x=¥=b, (y-7)
x—150=3.6(y—68)
x=3.6y-948

4.1
S Properties of Regression Coefficients ~ 4.39

—————

Zxample 4

For a bivariate data, the mean value of x g 20 and the mean value of y is

45. The regression coefficient of y on  is 4 and that ofxonyis l
Find 9
i) the coefficient of correlation, and

(ii) the standard deviation of  if the standard deviation of yis 12
(iif) Also write down the equations of regression lines..

Splution
T=20, v=45 b,=4, b_=

(i) b, =r—%

{iii} The equation of the regression line of y on x is
y=y=b(x-5
y-45= 4(x=20)
y=4x-35
The equation of the regression line of x on y is
x=xX=by(y-7)

x—20=%{y-'45) ;

1
I
x 9}

————

Example 5

nd
From the following results, obiain the two regression equations a
g Tes 5 O
“stimate the yield when the rair nfall is 29 cm and the rainfall, when the

Yield is 600 kg:
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4,40  Chapter 4 Correlation and Regresslon

Rainfall in cm -

'Yieldinkg .
Mean 503.4 267
sSD 3638 4.6

The coefficient of correlation between yield and rainfall is 0.52,

Solution
Let rainfall in cm be denoted by x and yield in kg be denoted by y.

T=267, y=5084, o, =46 0,=368 r=052
a,
bﬂ=r—o:‘:-
36.8
=052 ==
(%)
=416
o
bﬂ:r;:-
6
=052
[353)
=0.065

The equation of the line of regression of y on x is
y=y=by (x=%)
¥=508.4=4.16(x-26.7)
y=4.16x +397.328
The equation of the line of regression of x on y is
x=3=b, (y=¥)
x=26.7=0.065(y-508.4)
" x=0.065y-6.346
Estimated yield when the rainfall is 20 cm is
y=4.16 (29) + 397.328 = 517.968 kg

Estimated rainfall when the yield is 600 kg is
x=0.065 (600) - 6.346 = 32.654 em

Example 6 , .
Find the regression coefficients b, and b, and hence, find the cormiaﬂ-"?’
coeﬁic:em between x and y for r}:e fo!!owmg data:

418 4
Properties of Regression Coefficients  4.41

solution
ne=s

(P

5 - 222
. sz_(z:_j

41905

b,

15)(15)

(15)2

49— 5

==025

r =_m - 025029 =025

Since b, and b, are negative, ris negative.
r=20.25
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4.42  Chapter4 Correlation and Regression

Note T, Ty, 544 3% Exy can be directly obtained with the help of scientiﬁc;_ai
culator, .

—_—

Example 7

The following data give the experience of machine operators ang theiy
performance rating as given by the number of good parts turned oy
100 pieces. ' :

Operator 3

4 5 6 |
53 63 73 83
7 8 9 10

Calculate the regression line of performance rating on experience and
also estimate the probable performance if an operator has 11 years of

experience. [Summer 2015]
Solution
n=6

3 s 25 115

43 6 36 258

53 T 49 i

63 8 64 504

73 9 81 657 |

8 10 100 g0 |

| Ze=338 Zy=45 }:f:a__:\:ﬁﬂ?ss;

Yiip LY

n

iy

52

2735 338)(45)

2
355- 9
6
=11429

tper

The equation of regression line of x o yis
x=I=b, (y-y)
x=56.33=11429(y~7.5)
x=11.429 y- 293875
Estimated performance if y'= 11 is i
x=11.429(11) - 25.3875 = 96,3315

Example 8

The number of bacterial cells (y) per unit volume in a c‘.{{{mre at different
hours (x) is given below: . : S 7

o 1 2 3 4 5 6 T €29 |

; ool
43 46 8 9% 123 167 19 213 245 272

Fit lines of regression of y on x and x en y. Also, estimate the number of
bacterial cells after 15 hours. : '

Solution
n=10
: 0 43 0 il 1849 ! )
: 46 1 46 2016 |
2 82 4 164 6124
3 98 ? 294 9604 -
4 123 16 492 15129
3 167 25 835 27889
6 W % e PEL
7 IER a0 gt ase
, 60025
8 s o L e
9 e i SLIES 344:924 ey
Tits Spoum DP=ws Eos
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.

2 E‘E}'

o =

P ( x}

e (45)510433)

(GO
10

285-
=27.0061

Ex},_):,x"):,y
zv!,(_z?y)_2

(45)(1488)
10
(1488)°
10

by =

8924 -

282290
=0.0366

The equation of lhe line of regression of y on x is
y=¥=b,(x—X)
y——]48,8—2‘.-'.0061(x—4‘5)
C L y=27.0061x+27.2726
The equation of the line of regression of x on y is
x—¥=b,(y-¥)
x=4.5=0.0366(y~148.8)
x=0.366y-0. 9461

At x= 15 hours,
¥ =27.0061 {15)+2:-' 2‘!26 432.3641

44
3 Properties of Regression Coefficients 4,45

— 9
gxample :
Find the regression coefficient of Y onx for the following data:

solution
n= 5

2 !

3 140 0 3 0 .
4 180 1 8 e S

5 200 2 23 4 56

PR

Teels Ty=860 D)= 0 To-p=0 TG~ 1%10 E&f—w =80

i Z(x-— T)(y-»
o Z(x—x)
_80
10
=8
Note Since Tx, Xy, Zr, 3%, Lxy can

caleulator, the regression coefficient can

be directly obtained with the help of scientific
be calculated without using mean.

—

-Example 10

Calculate the two regress
Correlation coefficient.

jon coefficients from the data and find
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4.15 Properties of Regression Coefficients 4,47

Solution

! 7 6 1 0 1 0 0
| q_.- 5 -2 -1 4 1 o ‘ . .
8 9 2 3 4 9 A |2 1 4 3 16 9 T
; 6 8 0 2 0 4 0 LK 2 : =1 16 2 1%
[ Is "2 4 - 1 16 4 e = = g 4 0 0
| R S R TN O TN N TR
30 Z‘syo =0 =0 —10 4oy Zix-Ty-n=12 =:&=30 i }jgx;;ﬁ) _Et’y;;‘r) ﬂx;g Z{y;:‘;’ E{x_;xi_.?s
-Z&-D0-3) . T -9 -7
= g TP
-2 ‘ 26
10 ’ T
- =12 : =065
; b S XE-D0-) (-7 =)
T Y-y b"’z'_wr
- 26
o "% :
sl =-13
| r=m=m=ﬂ.6‘33 ? The equation of regression line of yon xis
’ % y—?=bﬂ(x—-ﬂ
! et y—8=-0.65(x—6)
thoi ] Example 11 E y=-065x+119
: Obtain the two mgress}ion lines from the following data and hence, find The equation _or_ regms.ficEn line of xon y is
the correlation coefficient. : X=X =by(y=3)

— x—6==13(y-8)
= ° - 2 ; 10. 4 g ! x=-13y+164 &
—9‘ 11 5 s = : r=\(5;'b;,-= (—-0.65}(']'3}50'91
T [Summer 201 2 _ _
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4.48  Chapterd Correlation and Regression

Since b,, and b, are negative, r is negative.
r=-0.9192

Example 12 R

- Calculate the regression coefficients-and find the two lines of regye Ssion

from the following data: —

57 8 59 5 6 6l 62 64
SRR 68 72 (L

Find the value of y when x = 66.

Solution .
n==8
- XX 480
x = % T =60
so? _392_
(=) (5 5)
57 67 e -2 9 4 &
LR -1 4 1 2
g Wl 4 i 16 4
59 68 -1 5 1 | ,
A 32 0 3 0 9 0
61 72 1 N 1 5 3
62 6 2 0 4 0 0
64 71 4 2 16 4 8
Br= Sy= ZX-X) X3 Sx-FP S(y—3) B
I 480 552 =0 =0 =36 (’_'4? Lx-Dy-»=%

b ZE-DO-F)
o Xe-E

|2

]

n
28
3

415 Properties of Regression Coefficients 4,49

_2G=D0-9
T Ny~
_u \
T a4
=10.545

b

" The equation of regression line of y on x is

y=¥=by(x-X)
y—69=0.667(x-60)
y=0667x+28.98
The equation of regression line of x on y is
x=X=b,(y-¥)
x =60 =0.545(y-69)
x=0.545y+22.395

Value of ¥ when x =66 is
¥ =0.667 (66)+28.98 = 73.002

Example 13
The following data represents rainfall (x) and yi:eld af paddy per hectare
(v) in a particular area. Find the linear regression of xony.

x 3 w0z 9 120 Mo 10 15
¥ T T I (N i

Solution

" Leta= 120 and b= 1.8 be the agsurned means of X and y series res_pectivcly.

d_' =x=-ag=x-120
d,=y-b=y-13
n=17
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2 imate (i) the age of th, _ -
Hence, estima _ e husband whe e
Iy | ) e cxe o e i e of e w15

113 18 -1 o 0 0 .
) g . e ret e 03 0.09 5.4 My sd'uﬂon
05 13 25 05 0.25 125 Leta =26 and b =17 be the assumed means of x and y series respectively.
e e R R | 0.01 i d, =x—a=x-26
140 L1 20 -0.7 0.49 ~14 . dy=y-b=y-17
AB0USEAE20, - 10, 02 004 o 250 Bl
. 125 1.7 5 0.1 0.01 0.5 /
x=825 Ty=113 3d=-15 ¥d,=-13 3d;=089 Tddy=54) T s 5 1 , % =
;._ . Ed " _E*&Edr ) g 15 —4 -2 16 4 -. 3
b nt W T il | S 23 20 2 3 4 9 6
3l D, 2 .
ng_(Zdy) | 2 17 0 0 0 R
g b 35 22 9 5 81 25 4s
5A4_H5}‘?ﬂ )| i4 6 -3 k[ 9 18
- 13y | %2 s 5 = . : -
. 089——"?— . 10 21 T 4" 196 i 1‘6 2 55“
=403 o 3 g 2 A s
{ R 54 9 24
E=2x=§_}2£=117.86 & u = . 2 ] Tdd,=172 |
E” Sr=2s6 Yy=172 3d=— T4=2 Zdi=450° T4 =78 24 =
- /11, Hl 2R ihemer
| y=22 13 1 6a
: n 7 Ed z
] g = ' dd, S
I The equation of the regression line of x on y is “Z i =
. ; x-X=b,(y-F) - b= d}z
) ' 2 (Z_{_ S
i x—117.86 = 4.03 (y-1.614) ' Y e B
o x=4.03 y+111.36 , 172_{;4.)@
: : ) : 0
Note Since Ex, Xy, 'E.rz, Iy, }:'.13 can be directly obtained with the help of scientific = {-14)1
calculator, the regression coefficient can be calculated without using assumed mean 450__.5-
e
Example 14 ' =Hets

Find the two lines of regression from the fOHO}Iving A

»f husband (x)

Agc of wile (y)
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3 Z4Z4 -

b,

' =

s Z4)

e e)
- 10

@
10

78—
=2.227

= %{ = % =256
— ¥ 172
y= T == W =17.2
The equation of the regression line of y on x is
y=y=b,(x-%)
y=17.2=0.385(x—25.6)
y=0.385x+7.344
The equation of the regression line of x on y is
x=xX=b,(y-»
x-25.6=2227(y-112)
x=2.227y-12.704
Estimated age of the husband when the age of the wife is 19 is

x=2.227(19) - 12.704 = 29.601 or 30 nearly
Age of the husband = 30 years

Estimated age of the wife when the.age of the husband ils 30is

¥ =0.385 (30) + 7:344 = 18.894 or 19 nearly
Age of the wife = 19 years

|

Example 15

From the following data, obtain the nva regre.s-smn lines and correlation
coefficient,

Sales (x) 08 78 85 110 a3 80

Purchase (y) 90 - TG _72 95 .:.SI 74

415 Properties of Regression Coefficients  4.53
Let a =93 and b =81 be the assumed means of and y series respectively.
d =x-a=x-93
dy=y- —b=y-91 ‘ \
H.:? " - F
100 85 o LT . SR
o 9% 5 9 25 8l 45
s 70 -15 -1 25 12 ' 165
i 72 -8 o e 81 oz
10 95 17 14 ‘289 196 s
03 21 0 0 0 O3k 0
80 4 13 -1 169 49 &
Te=64 Ey=561 3d,=—1 T4=0 Zd-81 :“3 S Ty
Yaa _LAEd Zd
A N
- (Z N
n .
639—-—( .
P 7
= el
g21- 1L
=0.785
d,
¥ dy—z 2 :

" T

(=0}
7

©°
Sa4-=

639—

'=1.1746
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4.54  Chapter4 Correlation and Regression

Yx oM
S D
X " 7
= Yy 567
== - __-3§]
* n T

The equation of regression line of y on x is
y-y =bu(x-x)
y—=81=0.785(x-92)
y=0785x+8.78
The equation of regression line of xon yis
x=x=b (y-7)
x=92=1.1746(y-81)
" x=1.1746 - 3.1426

r= ‘fby, b, =/(0.785)(1.1746) = 0.9602

EXERCISE 4.3

1. The following are the lines of regression 4y = x + 38 and 9y = x + 288.

Estimate y when x = 99 and x when y = 30, Also, find the means of x and
y. !

- [Ans.: y =43, x =82, x =162, ¥ =50]
2. The equations of the two lines of regression are x = 19,13 — 0,87 y and

Y = 11.64 - 0.50 x. Find (i) the means of x and y, and (ii) the coefficient

of correlation between x and y.
[Ans.: X =15.79, ¥ = 3.74, (if) r = -0.66, b, =-0.5,b,, =0.87]

3. Given var(x) = 25. The equations of the two lines of regression are
S5x—y=22and64x - 45y = 24, Find (i) X and 7, (i) r, and (iif) ¢,-

[Ans.: X =6, =8, (ii)r=1.87 (i) o, =0.]

4. In a partially destroyed laboratory record of ; jon data
: ; analysis of correlation
the following results are legible, Variance = 9, the equations of ¢
lines of rlegressrmn 4X—5y+33=0,20x—9 y — 107 = 0. Find (i) the
mean values of x and y, (ii) the standa ; “and (iii) the
coefficient of correlatio;m between x andﬂ; deicn oh IO 40D

[Ans.: ()% =13, 7 =17, ii) o, = 4, (i) r =08 ]

5. From a sample of 200

4.4
5 Properties of Regression Coefficients ~ 4.55

were calculated: pairs of observation, the following quantities

S x=11.34, 3y =2078 ¥ x? <1216, 312 =84.96, 3wy =22.13

From the above data,

show. how to
equation y = a + bx, . compute the coefficients of the

[Ans.: a=0.0005,b=1.82]

6. In the estimation of regression equations of two variables x and y, the

following results were obtained:
X =90, ¥ =70, n=10, S(x - R)! = 6360, £(y - 7)* = 2860

Zx-X){y - ¥)=3900
Obtain the two lines of regression.

[Ans.: x = 1,361 y — 5.27, y = 0.613 x + 14.812]

7. Find the likely production corresponding to a rainfall of 40 cm from the

following data:

Rainfall {in cm)

Output (in guintals)

| mean 30 50 %
ISa g 5 10
r=08

[Ans.: 66 quintals]

8. The following table gives the age of a car of a certain make and annual

maintenance cast. Obtain the equation of the line of regression of cost
on age.

Age of a car
Maintenance

[Ans.: x =0.325 y + 0.5]

9. Obtain the equation of the line 6f regression of y on x from the following

data and estimate y for x =_?i .

POl 0 7z 4 76 78 80

M ;0 188 19 220 )
T [Ansay=5.31x— 21157,y =175.37]
(x) and of the eldest sons (v) are given

10. The heights in cm of fathers
below:

PR (s ic0 170 163 173 158 178 168 173 :;g :;::::J
Wl 73 tes 173 165 175 168 173 165 180 7
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4.56 Chapter 4 Correlation and

Estimate the height of

172 cm and the height 0
173 cm. Also, find the coefﬁc1ent of corre

fathers and sons.

[Ans.:

" 11. Find (i) the lines of re
~ the following data:

gression, and (i) coefﬁc1ent of correlation o

Regression

he height of the father i
the eldest son if the ]
f the father if the height of the eldest sofy il
lation between the helgh t %: ,.

- 1.016 X — 5123(n)x 0476“9393

(ifi) 169.97, 173.45. (iv) r = - 0. 696]-:}?“-:'

BRI

;y;& 6

_67 , 67 6_8

720

65 72

WMNWWMWM i Seiiaihe il e

[Ans (1)y-1964+072xx 3329+05y,(n)r 0604].

12. Find the line of regression for the following data and estimate y
correspondmg to x = 15.5. :

z o A AR A RS

2 13 16 17 20 25
22 27 29 33 37

[Ans y‘121x+771 y= 26465]

13, The followmg data give the heights in inches (x) and weights i in le (y) ?
of a random sample of 10 students

,.“Whhm""?g-_MM§4 65 ..70 63
130115 110 125 100

----------

Est1mate the welght of a student of he1ght 59 mches

[Ans.: 126.4 lbs]

14 Find the regression equations of ' .
y on x fro i elow
tkmg dewatlons from actual mean of x and r: e daty glvegs

Price in .r.t.jpees (' ')
. Demand (1)

S s e

Estamate the demand when the pnce is ?20

[Ans.:y = —0.25 X + 44, 25 y 39 25]
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5.1 INTRODUCTION

—

stributions that are

Thel-e\ : '
are some speciﬁc di
ese distributions. S

f .

ﬁg:g;“em behind each of th

applicaifal life phenomenon, th
e inge ons. then a random experiment that we
i« c;ESted in the associated random variable
inclyge ;l?tef .disc_usses speci
istriby inomial distribution,
ution and gamma distribution.

used in practice. There is a random
ince these random experiments model -
are u‘secl frequently in different
encounter 111 practice is such that we
X with such a standard distribution.
and their distributions. These
normal distribution, exponential

ese special distributions

al random variables
Poisson distribution. I
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5.2 Chapter 5 Some Special Probability Distributions

5.2 BINOMIAL DISTRIBUTION

; — ¥
Consider n independent trials of a random experiments which results in either g,

or failure, Let p be the probability of success remaining constant every ﬁm:c“"
g=1-pbe the probability of failure. The probability of x successes and n — x fgjj

is given by p* " ~* (multiplication theorem of probability). But these x Sumcsmmes
n — x failures can occur in any of the "C, ways in each of which the probability js Same.

X m—X

Hence, the probability of x successes is"C,p" ¢ -

P(X=x)="C,p"¢"". x=0,L2,..n where p+g=1
A random variable X is said to follow the binomial distribution if the probability of x
is given by

P(X=x)=p(x)= "Cx P' q""“
The two constants n and p are called the parameters of the distribution.

5.2.1 Examples of Binomial Distribution

(i) Number of defective bolts in a box containing n bolts.
(i) Number of post-graduates in a group of n people.
(iii) Number of oil wells yielding natural gas in a group of n wells test drilled.
(iv) Number of machines lying idle in a factory having n machines.

x=0,12,..nandg=1-p

5.2.2 Conditions for Binomial Distribution

The binomial distribution holds under the following conditions:
(i) The number of trials n is finite.
(ii) There are only two possible outcomes, success or failure.
(iii) The trials are independent of each other.
(iv) The probability of success p is constant for each trial.

5.2.3 Constants of the Binomial Distribution
1. Mean of the Binomial Distribution

E(X)=Y, x p(x)
n
- Zx 'C, px q-—x
x=0 .
=0-"Co p° 4" +1-"C, pqd" +2:7C, p? " 4ok P
=np{qn—l+(u—tlcl qn—z p‘+ (w—l){:2 qn-l P2 +"'+P"_I]
=np(g+p)™

=np [+ ptg=1]

k. 4

52 Bw Distribution 5.3

2 yariance of the Binomial Distribution
var(X)= EQ*) -
:2 _rz p(x}_"uX
=0

12 "Cx p, q“-‘ -#2

[r+xx-n)"c, p* -2

iMe= iM= i

n
x an plql-l +Z‘l (x=1) .Cx px q"—’—ﬂl
=0

o=l o

=np+ ) x(x-1) e tapt
P Eﬁ ( 1(1—1) C,.:P q’ “
=np+ z rl(n-—l)‘"_Z’C",!,(.v:j:i’"'2 =1t
x=0

=
=ap+nn-Dp Y, 0C,, P ¢ - e
=0

=np +nn-1p*-lg+pY " K

=Hp+ﬂ(ﬂ—l)Pz—]-|2 [ p+e=1l
=np [I + (rl_— “P]' #1
=np [1—- p‘H'!P]"Pl
=np[q+n?]'ﬂ2 L 1-p=dl
=nplg+ I'lp}“("l’)z
=npq
3. Standard Deviation of the Binomial Distribution
SDh= JVarianoe — J—";’;
4. Mode of the Binomial Distribution yich pla) has maximum value-
Mode of the binomial distribution s M@uofx“;w“mm
Mode = inegral patof @1+ DP-F € P canieger.
—(ns)pand(at np- Lif(+DP
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5.2.4 Recurrence Relation for the Binomial Distribution
For the binomial distribution,

P(X=x) ="C p"&"*

PX=x+l) ="C, p™ g

P(XZ_‘(‘FI) ” ncﬁ-l px+[ n=x=1

P(X=x) "Cx P q"*
! o n! xl(n—x) p
(x+D!(n-x-1)! n! q

T (x+Dxl(n—x=1! g

Az p
x+1

_(n-x)(n-x-Dix! p

o

P(X=x+1)=2"%
x+1

L px=x
q

5.2.5 Binomial Frequency Distribution

If n independent trials constitule one experiment and this experiment is repeated N
times, the frequency of x successes is N P(X = x), i.e.. N "C, p* """, This s called
expected or theoretical frequency f(x) of a success.

n " n
Y f(x)=NY P(X=x)=N [ ZP(sz):]]
x=0 x=0 x=0

The expected or theoretical frequencies, F0) (1), f(2), ... fn) 0f 0, 1,2, .., 1, SUCCESSES
are respectively the first, second, third, ..., (n + 1™ term in the expansion of N(g +p)
“The possible number of successes and their frequencies is called a binomial frequercy
distribution. In practice, the expected frequencies differ from observed {requencies
due to chance factor.

Example 1
The mean and standard deviation of a binomial distribution are 5and?
Determine the distribution.

Solution
p=np=>5

SD=\npg =2

npg=4

52 Binomiat piggry s

~ W=75

Hence, the binomial distribution is

P(X=x)="C p"q""

s (1Y (47
="c, (*5'] (;] »ox=0,12..25

Example 2 .
The mean and variance of a binomial variate are 8 and 6. Find
P(X22).

Solution
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5.6 Chapter 5 Some Special Probability Distributions

P(X22)=1-P(X <2)
=1-[PX=0)+P(X=1)]
1
=1-Y P(X=x)
x=0

1 1 M 3 32-x
=273 (3

=0.9988

——

Example 3
Suppose P(X=0)=1-P(X = 1). If E(X) = 3 Var (X), find P(X = 0).
Solution

E(X)=3Var(X)

np=73npg
1=3q

. g=

W |-

W

1
=1-g=1-—=
P q 3

Let PX=Nl=p
P(X=0)=1-P(X=1)
=l-p
2

=]-—

3

]

Example 4

The mean and variance of a binomial distribution are 4 and 3
respectively. Find P(X 2 1).

Solution
p=np= 4

2 4
s =l

5.
2 Bioomial Distripution 5.7

=
=
=)

- |
n
W= e
]
L | -

]

n=6

P(X=x)="C p" ¢~

2 x 1 S~x
=%, [3) (5} . =012 6

P(X21)=1-P(X <1)
=1=-P(X=0)
] (]
(2]
= C”[a 3
=0.9986
Example 5

A discrete random variable X has mean 6 and variance 2. If it is assumed

1 i H ili <X<T.
that the distribution is binomial, find the probability that 5 X
Solution
u=np=6
o’ =npg
npq
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5.8 Chapter5 Some Special Probability Distributions

P(x.;x): ucx px qn-x
x Qx
o (4] eraaa
\5) (5) CFm0L2es
PS<X<T=P(X=5+P(X=6)+P(X=17)
7 i
=Y P(X=x)

x=5

7 2 x 1 9—x
-% (5 )

,§ *\3)\3
_ 4672

6561
=0.7121

Example 6
With the usual notation, find p for a binomial
9P(X=4)=P(X=2). .
Solution
For the binomial distribution,
P(X=x)="C, p"q"", x=0,12,..n
n=6
IP(X=4)=P(X=2)
9%, p'q* =°C, P'd’
9p*=¢" =(-py’

) 9p2=1—2p+p=
8p* +2p-1=0
244432 246 _ 1
=T s 5 2

1
. o . 1
Since probability cannot be negative, p= T

—

distribution if n = 6 ang

1
4

e ——

Example 7
In a binomial dist

probability of 1 and sses are
Find the parameter p of the distribution.

ibution consisting of 5 independent 1
2 successes are 0.4096 and 0.2048 res

n‘aﬁ. he
pectivt?l)l

samtion

52 Blnorm
. Distribution 5.9

n=5 PX=

' 1)=0.4006, F(le):om

mmbﬁ‘sty_af geting x successes out of 5 gy
P(X=x)="C,p* ,‘";'=5('. P
P(X =1)=°C; pg* =009
P(X=2)="C, p* ¢ =02043

pividing Eq. (2) by Eq. (1),

5':'2 P1 q3 :%

) pq'

X=012..5

A1}
{2

=
=
o

1
S pfe =S

2|
L

w
5 w
I non
w= =
| 1]
s

|

]

Example 8

In a binomial distribution, the sum and product of the mean and va riance

are o and i respectively. Determine the distribution.
3 3

Solution

For the binomial distribution,
25
np+npg= -—3—

AN

25
"P(1+q)=—3‘

¥ 50
and - np(npq]=—3-'

2 50
n- p2 q¢-73-‘
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5.10 Chapter5 Some Special Probability Distributions

Squalarin\g Eq. (1) and then dividing by Eq. (2). k
2.2 2 o
np(+g” _ 9
nptq 50
3
1+2q|'+q|'2 25
g 6

6(q> +29+1)=25¢
6g° —13g+6=0
(2¢-3)(3g-2)=0

i
=3 %45y

Since g can not be greater than 1,

=3

L |

2
=l-g=1-—=
P q 3

From Eg. (1),

[1][ 2) 25
n|l=||1+=|=—
3 3 3
= n=15
Hence, the binomial distribution is

B b
reeanre () wewa
(X=x) C13 3 r=0,1,2,..15

Example 9 ,
If the probability of a defective bolt is <. find the (i) mean, and

(ii) variance for the distribution of 640 defective bolts.

Solution
1
==, n=640
P=3
640
J[.[.':f{‘u=_———=80
Rl
pmiet=d
§=5EC B

51 gy
Nomial Distribution 5,41

In eight throws of a die, S or 6 is e
number of success and the standarg dﬁr‘;:ma"‘fﬁn. Find the mean
on,

wrisnc.e of the distribution = npg = m(l ][1}
sl

golution
Letpbe the probability of success,

Example 11
4 coins are tossed simultaneously. What is the probability of getting
(i) 2 heads? (ii) at least 2 heads? (iii) at most 2 heads?

Solution

Let p be the probability of getiing a'head in the foss of a coin.
1 L1 o
L B e
peg g=1-p 572

The probability of getting x heads when 4 coios e tossed

x m-X AC l}‘(}_}‘_l.x=0.1.2.3‘“
Px=x="C.p'qa = ™\2)\2

2 < are tossed
(i) Probability of getting 2 heads yhen 4 coins :

s Y 8
-Px=2="G|3)7) 73
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5.12  Chapter5 Some Special Probability Distributions
(i) Probability of getting at least two heads when 4 coins are tossed
P(X22)=P(X=2)+P(X=3)+P(X=4)
4
=3 P(X=x)
=2
4 x d—x
-2 () ()
-2 2] \2

e B
. ¥ 16

(iii) Probability getting at most 2 heads when 4 coins are tossed
P(X<2)=P(X=0)+P(X=1)+P(X =2)
2
=Y PX=x

x=0

e
.

Example 12
Two dice are thrown five times. Find the probability of getting the sumas
7 (i) at least once, (ii) two times, and (iii) P(1 < X < 15).

Solution
In a single throw of two dice, a sum of 7 can occur in 6 ways out of

| ' (1,6), (6. 1), (2.5).(5.2), 3.4, (4.3)
Let p be the probability of getting the sum as 7 in a single throw o
_6 _1
| P73 6
t Probability of getting the sum x times in 5 throws of a pair of dice

.' n x _m=x 1 i 5 78

PX=x)="C,p 9 = %G, (gj [E) L x=0,1,2,...5

(i) Probability of getting the sum as 7 at least once in 5 throws of two dice
P(X21)=1-P(X=0) :

aesalt])

f a pair of dice.

LS
=l-p=l-——=—, =5
q P & G n

Example 13

6 x 6 =36ways.

5.
L Binomial Distribution

5.13
ekt
M6
‘w3651
7776
j) Probability of getting the sum 2k
¢ s (1V(s5Y 7w times in $ thegi of two dice
PX=2)= C:[—) [~] =55
6/ \6) ;s
(i) probability of getting the sum as 7 for P{1 <X <5)in S throws of
s of two dice

PO< X <5)=P(X=2)+PX=3)4 Py = 4

)
=Y P(X=x)

=1

-5 (@)

_ 1525
1776

If 10% of the screws produced by a machine are defective, find the
probability that out of 5 screws chosen at random, (i) none is defective,
(ii) one is defective, and (iit) at most two are defective.

Solution
Let p be the probability of defective screws.

p=0.1, q:l-p—.-i—l].'i:ﬂ.‘}. n=3
Probability that x screws out of § screws are defective
pX=x)="C, p* ¢ ="C; 0 (097, 120,123
(i) Probability that none of the Scress out of § screws is defective

P(X = 0) = Cy (0.1 ©9) =050 :
(i) Probubilty thar one screw out of Ssccws s oS
PX=1)="C, O} O =03 e efecive
(i) Probability that at most 2 screws ot ot 2
P(X <2)=P(X =0)+PX =_1)+Pix =2)
e ;
= E.P(X =1x)
- x=l
-3 fcon e’
=0
=09914
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5.14  Chapter5 Some Special Probability Distributions

Example 14 =3
A mufrxp!e-chofce test consists of 8 questions with 3 answe,
_question (of which only one is correct). A student answers eac;,m oa
by rolling a balanced die and checking the first answer if he AUestigy
the second answer if he gets 3 or 4, and the third miswef -l
5 or 6. To get a distinction, the student must secure at least ?5;{3&8 &ty
answers. If there is no negative making, what is the probabil; Pl
student secures a distinction? L

[Summer 5
Solution -

Let p be the probability of getting an answer 10 a question correctly. There are
answers to each question, out of which only one is correct. e
1 12
p=—2 g=l-p=l-—=—,
3 2 2 |

Probability of getting x correct answers in an 8 questions test

1 x 2 B=x
PX=x)="C_.p* ¢ =", [;] [EJ o x=0012,.,8

n=28

Probability of securing a distinction, i.c., getting at least 6 correct answers out ofég
8 questions

P(X<6)=P(X=6)+P(X=T)+P(X=8)

]
=Y P(X=x)
=5
-3l @
-t G
_ 43
2187
=0.0197

Example 15

A and B play a game in which their chances of winning are in the rati
3.2, Find A’s chance of winning at least three games out of the five
games played.

Solution
Let p be the probability that A wins the game.
3

3. 2
3.3 ipEiat=l ad
Faa s ¥ 7 88 "

‘It has been claimed that in 60% of all solar heat installations the

52 Binomial Dhstribution
probability that A Wins x games cur o i

PX=0="C, p' ¢~ <3¢ [J [1 iy

x\T -

z 5 ] » =042, R
mbability that A wins at least 3 5 L2..5

P(X23)=P(X=3)+P(x=
P PIX=4)+p(x s,

=Y Pix=x) “ )
x=3

3 o Sz

' 1 P, "
?;; \5)\s él
a3 |
=31 i

=0.6826

——
gxample 16

wtility bill is reduced by at least one-third. Accordingly, what are the k)
probabilities that the utility bill will be reduced by at least one third in 1
(i) four of five i nstallations? (ii) at least four of five installations? \{ |
Solution il

Let p be the probability that the wiility bill is reduced by one-third in the solar heat
installations.

p=60%=0,6, q:l—p=1-0,6=0.4. n=5
Probability that the utility bill is reduced by one-third in x installations out of 5
installations

P(X=x)="C, p* ¢ ='C,08f 047, x=0,1, 2,03

it
3 i i

Probability that the utility bill isreduced oY one-third in 4 of 5 installaons "é"

162

5 4 A %

P(X = 5)="5C, (06)° 04) = s |

s third inat 4 of § installations :

Probahility that the utility bill is reduced by onc-third inat Ieast i

P(X 2 4)= P(X =4)+PX =9

=i?tx=ﬂ

g

-3 5c, 0610 ”
=4

...

T3125

=033
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5.16  Chapter5 Some Special Probability Distributions

Example 17 ' T

The incidence of an occupational disease in an industry is such g,
workers have a 20% chance of suffering from it. What is the prg, at th,

bak:
that out of 6 workers chosen at random, four or more will _mﬁe:bu'
the disease? Jrom

Solution

Let p be the probability of a worker suffering from the disease.
p=02, g=1-p=1-02=038, n=6
Probability that x workers will suffer from the disease
P(X=x)="C, p* ¢"*=°C, (02" (08)"%, x=0,12....6

Probability that 4 or more workers will suffer from the discase
P(X24)=P(X=4)+P(X= 5)+P(X=6)

(]
=Y PXx=x)

=4

&
=Y ‘c, (02708

=4
=3
T 3125
=0.017

Example 18

The probability that a man aged 60 will live up to 70 is 0.65. What is
the probability that out of 10 such men now at 60 at least 7 will live up.
to 707

Solution

Let p be the probability that a man will live up to 70.

p=0.65, q:l-p=l-l165={),35, n=10
Probability that x men out of 10 will live up to 70

P(X=0)="C, p" ¢" ="C,(0.65)" (0.35)"*, x=0,1,2,... 10
Probability that at least 7 men out of 10 will live up to 70

p(x27)=PX=T)+PX=8)+P(X=9)+P(X=10)

10
=Y P(X=x)

x=7

= ol Distribution .47
0 -
P 10
= C, (0.
;—'7 « (0.65)° (g 3570
=0.5138

/—\
Example 19

na multiple-choice examination, there g
has 4 alternative answers following i
go17ecs answer. 4 marks are given for g correct answer and | mark is

deducted for @ Wrong answer. A student must secure af legst 50% of the

: sible marks t o
maximim p(.]s“ 0 pass the examination. §
has not studied at all, so that he n. Suppose a student

s the :
What is the probability that he will pass the ﬂmmau?n; g only.

re 20 questions. Each question
and the student must select one

solution

gince there are 20 questions and each carries with 4 marks, the maximum marks are
40, If the student solves 12 questions correcily and § questions wrongly, he gets 48—
_ 40 marks required for passing. If he gets more than 12 correct answers, he gets more
{han 40 marks. Let p be the probability of getting a correct answer.

1 1 .3 .
ve PET g=l-p=l-2=7,»=20

Probability of getling x correct answers out of 20 answers
1Y (3

x W1
s i i

Probability of passing the examination, i.¢., probability of getting at least 12 wl
answers out of 20 answers

20
P(X=12)= 3, P(X=1)
x=12

(0

=93539x107

Example 20 L S times, what
The pb bility of a man hitting @ T8¢! 3° (i) Ifhe fires
i e 1 rwice? (i) How many

e t leas
is the probability of his hiting Ihgaﬁﬁt?o'}m iting the target €St
times must he fire so that the pro ,

once is more than 90%?
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5.18  Chapter5 Some Special Probability Distributions

Solution
Let p be probability of hitting a target.
1 I 2
—=— =l-p= I——= -_— =
P=2. 4 p 57 B

Probability of hitting the target x times out of 5 times
, x 5-x
PX=x)="C /i ¢""=°C, G) i (%] , x=0,1,2,..5
(i) Probability of hitting the target at least twice out of 5 times
P(X22)=P(X=2)+P(X =3)+P(X =)+ P(X =5)

5
=Y PX=x)

x=2

(ii) Probability of hitting the target at least once out of 5 times
P(Xz21)>09
1-P(X=0)>09

i) L]
1-"C, [1) (E] >0.9
3 3
i—[zj >09
3
2Y°
Forn:ﬁ,'l—[g] =09122

Hence, the man must fire 6 times so that the probability of hitting the target at lest omee
is more than 90%.

I

Example 21

In sampling a large number of parts manufactured by a machine, e
mean number of defectives in a sample of 20 is 2. Out of 1000 su
samples, how many would be expected to contain exactly two defectV®

parts?
Solution
Let p be the probability of parts being defective.

[Summer 2015

np=2, ¥ Boomi trtion 5,19
Ju-ni=2 "B Wiy
20(p)=2

p=01

g=l-p=1-01=0s
ility that the samples contain x defecye S

=x)="C.p* of 20
P(X=0)="Cp" ¢"* =3 (0 1r g gt parts

2x=0,1,2,...,
ility that the samples contain exactly 2 defosive 2,..20
P(X =2 ="C,0.1} (09)* =085, iy

Expected number of samples to coatain exacily 2 defectve parts = N P(X =2)
= 1000 (0.2852)
=2852
=285

=
Example 22
An irregular 6-faced die is thrown such that the probability that it gives
3 even numbers in 5 throws is twice the probability that it gives 2 even
numbers in 5 throws. How many sets of exactly 5 trials can be expected
to give no even number out of 2500 sets?

Solution

Let p be the probability ofgenhgsnﬂmmmbﬁ'i.ualhmwcfadh
n=S5, N=2500

Probability of getting x even numbers in 3 throws of a dic

P(X = 2)="C, P ¢ = C, P 3= 023

P(X=3)=2PX=2)
SC, rd =2(SCI qu!)
10p° ¢ =20p¢ ;
p=24
p=2(1"P}=1'1p

22
P=3

1
q:l*,P:l"} 3
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5.20 Chapter 5 Some Special Probability Distributions

Probability of getting no even number in 5 throws of a die

a 5
w2 o

Expected number of sets = NP (X =0)
2500
243

Example 23 e

Out of 800 families with 5 children each, how many would yoy ¢y .
to have (i) 3 boys? (ii) 5 girls? (iii) either 2 or 3 boys? (iv) at leqs; mf'
boy? Assume equal probabilities for boys and girls. %

Solution
Let p be the probability of having a boy in each family.
1 1 I 1
=1 a=i-loilo2 a=5 N=B00
R T e T

Probability of having x bays out of 5 children in each family

X S-x
P(X=x)="C, p"q"" =’c,[%] [é—] Lx=0,1,2,..5

(i) Probability of having 3 boys out of 5 children in each family
: 2 5
o ] ( 1 ] 5
=3="Gl=| |=]| ==
P(X=3) 3[2 2 6
Expected number of families having 3 boys out of 5 children=N P(X=3)
5
=800| —
(Iﬁ]
) =250
(ii) Probability of having 5 girls, i.e., no boys out of 5 children in each family

131y
ol (-3
=R “[ 2)\2) 32
Expected number of families 5 girls out of 5 children = NP(X =0)
1
— 800[-—‘]
32
=25 :
(iii) Probability of having ither 2 or 3 boys out of S children in each family
" 3

P(X=2)+P(X=3)= Y, P(X=2x)
=2

52 Binemigr Distribution  5.21

Expected number of families Baving cither

20f3 'of 5 chi
=NIP(X =2y, pry boys out of 5 children

=3)
()
8
y =500
(i) Probability of having at least one boy out of 5 children in each Gl
P(Xz1}=P(X=i]+ﬂx:1~,+p(x,3}+ﬂ3=4‘+ﬂx;s]

3
=Y P(X=x)
=l
5 X poaSx
=3 ¢ (l) [l]
E‘. "\2) \2
3
T
Expected number of families having at least-one boy out of § children
=NP(X21)
- sm(ﬂ}
12
=715
Example 24 .
If hens of a certain breed lay eggs on 5 days @ we:e_zi!c on c:n az:npge? £?:h
how many days during a season qf 100 days i will pouliry
5 hens of this breed expect 10 receive at least 4 €ggs-
Solution e
D dayoia
Let p be the probability of hen 13ying 30 22 on any 42y
=k ek NS 100

5 s
p=2 a=1-P=17777

4 of aweek
Probability of x hens laying eges °8 2% =

a §-x
: wx25C Li) (?-') ,x:U.Ll‘--J
P(X.-:;}:“Clp =G\ \7
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5.22 Chapter 5 Some Special Probability Distributions

Probability of receiving at least 4 eggs on any day of a week
P(X24)=P(X=4)+P(X =5)

5
=Y P(X=x)
=4

£ (e

=0.5578
E’_ipocwd number of days during a season of 100 days, a poultry keeper with 5 hep,
this breed will receive at least 4 eggs = N P(X 24) X
=100 (0.5578)
=55.78
=56

——

Example 25

Seven unbiased coins are tossed 128 times and the number of heads
obtained is noted as given below:

No. of heads 0 1 2 3 4 5 6 7 i
Fo 6019 23530 423 - 7 1

Freg

Fit a binomial distribution to the data.

Solution
Since the coin is unbiased,
1 1
==, =—,n=7,N=128

P A= N

For binomial distribution,
: T 3
PX=0)="C,p ¢ ="C, (?) (-5] ,x=0,1,2,..,7

: Theoretical or expected frequency f(x) =N P(X =x)
RO
f(x)=128 C‘(z] s 1287¢,|
1Y
f0)=128 16"[5] =1

1 7
Fm=128"¢ (5] =9

.|1
5| =u

f@=128"c, [2
7 1Y

F=1287C 5) =35
Wy

fw=1287¢, [5] =35
1 T

f5)=1287¢; [ﬂ -

1 7

f6)=128"C; [E) =7

. 7
fM=18"¢, (5] =1

Binomial distribution

Mo, of heads x o 1 2 3 4 5 6 7
Expected binomial frequency fix} BN R L ys' T ‘.1

Example 26
Fit a binomial distribution to the following data:

2

Solution

pY
Mean=-i-f:

2(o)+14{1)+20(1}+34(3)+12(4)+8(5)
. 2114420434+ 2248

B’
T 100
=284
For binomial distribution,
n=5

Scanned with CamScanner

Scanned with CamScanner



5.24 Chapter5 Some Special Probability Distributions

p=np=2.84
5p=284
~. p=0568
g=1-p=1-0568=0432
P(X=x)="C, p* " = °C,(0.568)" (0.432)**
N=) f=100
Theoretical or expected frequency f(x) =N P(X=x)

v xm0,0,2. 0 5

F(x) =100 °C, (0.568)(0.432)" "
£(0) =100 5C, (0.568)° (0.432)° =1.505=1.5
F(1)=100 *C, (0.568)" (0.432)" =9.89 =10
£(2)=100 °C, (0.568)" (0.432)° =26.01~26
£(3)=100°C, (0.568)° (0432)* =34.2 =34
£(4)=100 °C, (0.568)" (0.432)' =2248 =22
£(5)=100 °C, (0.568)° (0432)° =5.91=6
Binomial Distribution

& 1 Z 4 & 5
T T R

X

Expecied binomial frequency

EXERCISE 5.1

3, Find the binomial distribygig

4. In2 pinomial distribution, the S

variance are 4 and 3 respectively.

‘ Ans.: 0.98%9

5. The odds in favour of X g . ! 1
probability of ¥ winning 3 games 8ame against Y are 4:3. Find the

6. On an average, 3 out of 10 students fail in an examination, What is the

1. Find the fallacy if any in the following statements:
(a) The mean of a binomial distribution is 6 and SD is 4.
(b) The mean of a binomial distribution is 9 and its SD is 4.

Ans.:(a)False, g =% is impossible

(b) False, g = {—} is impossible |

2. The mean and variance of a binomial distribution are 3 and 12
respectively. Find n, p, and P(X < 4).

‘ zo‘ss]
[Ans.: 5,0.6, 3‘1‘i§

52 Binomig Distribuion. 5.2

Find P(X =2)

e g4 o]

" Find PXX 2 1).

out of 7 played.
[Ans.:0.0929] -

ity th ;
En;‘:\:arfii?t \frail?at out of 10 students that appear for the examination

[Ans.: 0.0282]

7. If on the average rain falls on 10 days in every thirty, find the probability {
(i) that the first three days of a week will be fine and remaining wet,
and (ii) that rain will fall on just three days of a week.

RIS}
b’““ 0757 ® 1137.5

8. Two unbiased dice are thrown three times. Find the probability that the
sum nine would be obtained (i) once, and (i) twice.

[Ans.: () 0.26 () 0.03)

i ity i j i decided to put

9. For special security ina certain area, it was )

U?l:e: lightbulbs on each pole. If each bulb has probability glpf bﬂnagt
out in the first 100 hours of service, calculate u: pr:buagr -.ht\;w ok
least one of them is till good after 100 hours. If P .;fety K
b 1bs would be needed on each pote 10 ensure ith 99% 5

least one is good after 100hourt [Ans.:(01-P" (4]

; hool do

a0k of the students in a sc

is know! recor : check of

o l-‘.thls"r homrtla:::: p::d the Pmbabiuw o du:.‘ng'ﬁia)r:? i’oh:nmst two

41 & . i ] o

10 studen;s, {l}t:::rhm do::;( and (i) at \3?51 one has not done
have not doné homewort i .
homework. [N\s ) 0.1074 (i 0.6778 (i) ]
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5.26 Chapter5 Some Special Probability Distributions

11. An insurance salesman sells policies to 5 men, all of identj.
good health. According to the actuarial tables, the PmbabiTilt;!‘ina

man of this particular age will be alive 30 years hence j5 2 3

3 Fi
probability that 30 years hence (i) at least 1 man will be :live %
least 3 men will be alive, and (iii) all 5 men will be alive, » (i) 3

242 .
Ans.: (i) 3£ i 84 .
_ [ O 243 O gy %‘Eﬂ
12. Acompany has appointed 10 new secretaries out of which 7 are ¢,
If a particular executive is to get three secretaries selected at ineq,

what is the chance that at least one of them will be untraine:;nd‘”'“.

[Ans.-. 0.7033]

13. The overall passrate ina university examination is 70%. Four candiga,
take up such an examination. What is the probability that (i) at | >
one of them will pass? (ii) all of them will pass the examination? 5

[Ans.: () 0.9919 (i) 0.7569)
14. The normal rate of infection of a certain disease in animals is known

to be 25%. In an experiment with a new vaccine, it was observed that
none of the animals caught the infection. Calculate the probability of

the observed result.
[Ans.: ﬂ]
409

15. Suppose that weather records show that on the average, 5 out of 3
.days in October are rainy days. Assuming a binomial distribution with
each day of October as an independent trial, find the probability that
the next October will have at most three rainy days.

[Ans.:0.2403)

16. Assuming that half the gopulation of a village is female and assuming
that 100 samples each of 10 individuals are taken, how many samples
would you expect to have 3 or less females?

[Ans.: 17]
17. Assuming that half the population of a town is vegetarian s that the
chance of an individual being vegetarian is %, and assuming that 100

investigators can take a sample of 10 individuals to see whether they

are vegetarians, how many investigators would you expect t0 re

that three people or less in the sample were vegetarians? 7]
Ans.:

T

19. Alot contains 1% def,

48. The probability of faj,

ective items_
in a lot so that the % What should be the "
S atleast 005 YOt Satlag at Vst e deteciioe ko,

70. The probability that a bomp
are required to
probability that the

[Ans.:0.3447]
21. Out of 1000 families with 4 children each, how
2 = y mwwmidywexpect
:t"l)ﬂt:wleg(i“l}lls'-.’bws and 2 gi? (i) at least one boy? (i) no git? (i) at
[ Ans. (3 375 (i) 938 (iif) 63 (iv) 69]
22. In a sampling of a large number of parts produced by a machine, the
mean number of defectives in a sample of 20 is 2. Out of 1000 such

samples, how many samples would you expect to contain at least 3
defectives? 5

[Ans.: 23]

23. Five pair coins are tossed 3200 times, find the frequency distribution
of the number of heads obtained. Also, find the mean and SD.

[ Ans. (1100, 500, 1000, 1000, 500,100 1) 1600 ) 28.28]

24. Fit a binomial distribution to the following data:

[m.-.ﬁ.s?.%,&'t.ﬁ]

5.3 POISSON DISTRIBUTION =
3 - aibation if the ility of x
A random vambxextsmdmfuuwpmssmmmw probabil
given by _
el S I X
P(x=x)=P{I)-=T‘

e SuZpl
where 1 is called the param! er of the
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5.28 Chapter5 Some Special Probability Distributions

5.3.1 Poisson Approximation to the Binomial Distributiop,

Poisson distribution is a limiting case of binomial distribution under the fojloyp,
conditions:
(i) The number of trials should be infinitely large, i, n— oo
(i) The probability of successes p for each trial should be very small, ie,, p_, o
(iii) np = A should be finite where A is a constant. :

The binomial distribution is

P(X=x= M'C, Px qnu'

P x
(g
= ”C‘_ [L] (I'PJ“
I-p

Putting p= i,
n

n{n—1n-2)---{n— x+l](
x! Ll_ A

=D -x4D AT 1 A]"

*! - n* (]_%]”\ X

_nn=1)n=2)-(n-x+1) A’ (1_1)“'

. &l A\

(D)
Since lim [1'_1]” oo

X .J‘, A=X
| S
f—pon n

lim (l—l]= lim (1—2)= 1
A=—heo n LET n

PX=x)=

and

Y

5.3 Pofsson Distribution

qaking the limits of both the sides as n — o,
i e—,],

PH=R="m =012,

5.3.2 Examples of Poisson Distribution
@ Number of defective bulbs produced by a reputed company
(i) Number of telephone calls per minute at a switchhoard
(iii) Number of cars passing a certain point in one minute
(iv) Number of printing mistakes per page in a large text
(v) Number of persons born blind per year in a large city

5.3.3 Conditions of Poisson Distribution

The Poisson distribution holds under the following conditions:
(i) The random variable X should be discrete.
(ii) The numbers of trials n is very large.
(iii) The probability of success p is very small (very close to zero).
(iv) A= npis finite.
(v) The accurrences are fare.

5.3.4 Constants of the Poisson Distribution
1. Mean of the Poisson Distribution

E(X)= Y, x plx)
x=0

5.29

——— e

= S ErE

L TEC

= s

T
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530 Chapter5 -Some Special Probability Distributions

2, Variance of the Poisson_Dlstribution
Var(X)=E(X*)-p*

=i & plxy-p’
xml)
R e A 3
-?;0 2 = A
...12

e—llx
1

= i x[(x=1)+x]
x=0 X

‘12

= x(x-1e A S xe At

= + =
E x! X_Zé x!

= i x(x-1e? A A

+A-4
x(x=1)x~2)---1 L

x=0
= lz-z
=Y ——+a-1°
Z(x-2)!
12
=et 22 1+A+?+r--]+l~ﬁ.’
=—e" et 24222
=A2+A-32
=1
3, Standard Deviation of the Poisson Distribution
SD = /Variance =4

4, Mode of the Poisson Distribution

‘Mode is the value of x for which the probability p(x) is maximum.
PO plx+1) and p(x)2 p(x—1)

When p(x) 2plx+ 1).I

- ‘-Az =4 x4l
et At e A

x! T (x+I)
A
l_Zm
_ (x+)z A i
x2A-1 ! 5D
Similarly, for p(x) 2 p(x - 1), - ;
xSA4 5D

5.3 Polsson Distribution 5.31

pining EQs (5.1)and (5.2),
o A=-15xs54

Hence, the mode of the Poisson distribution lies between 41 and 4.

case! 1fAisaninteger then A~ 1isalso an integer, The distribution is bimodal and
wlwmdesa.rcl-l an_d 7 2

case Il * 1f Ais notan integer, the distribution is unimodal and the mode of the Poisson

gistribution is an integral part of 4. The mode i the integer between A — 1 and A.

5.3.5 Recurrence Relation for the Poisson Distribution

For the Poisson distribution,
e—i A*
x!
=4 l.t+l
(x+D!
p{x+1) _ e-,\ ixﬂ ' %!
plxy  (x+D! e* A0
A

T oxtl

plx)=

plx+1)=

plx+ n=;’:—'|p<x>

Example 1 o
Find out the fallacy if any in r}w.s.taiemem.
distribution is 2 and the variance is 3.

The mean of a Poisson

Solution _ e
i , the above statement

1n 2 Poisson distribution, the mean and variance are same. Hence, CLe 0¥

is false.

—— e ——

Example 2

[fthe mean of the Poisson distribution is 4 find
P(L-20 <X <A+20).
Solution
Fora Poisson distribution,
. Variance = 4
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532  Chapter5 Some Special Probability Distributions

Mean=A1=4, o=2
ety e

P(X=x)= ., x=0,12,..
x! x!
P(A-20<X<A+20)=P(0<X<8)
; 7
=Y P(X=x
x=1
e
g parilE ¢
=0.9306
Example 3

If the mean of a Poisson variable is 1.8, find (i) P(X > 1), (ii) P(X = §),
and (iii) P(0 < X < 5).

Solution
For a Poisson distribution,
A=18
—dax —-1.8 X
Pt B I8 i
x! x! .

(i) PX>1=1-P(X<1)
=1-[P(X=0)+P(X =1)]
1
=1-Y P(X=x)

x=0

e 1818

5!
(ili) PO<X<5)=PX=D+P(X=2)+P(X=3)+P(X=4)

4
=Y P(X=x)

=l
L ettt
A

(ii) P(X=35)= =0.026

x=l

=(.7983

S Y
g Example 4

|

{

5.3 Poisson Distribution 5,33 F

iable has a Poi ol
[f a random varia oisson distribution such that P(X = 1) =
PX= 2), find (i) the mean of the distribution, (ii) P(X=4), (i) (X2 1),

and (iv) P(1 < X <4
solution

For a Poisson distribution,

P B
P(X=x)= —— *=012..

iy P(X=1)=PX=2)
Al et
1t 2
A?=24
AT-22=0
AA-2)=0
A=0or A=2

Since 10, A=2
A _If_z 2
o x '

x=0,1,2..

Hence, P(X=x)=

=24

(i) p(xz4)=54_?-=0,90‘22 :

(i) p(xzn=1-PX<D)
=1-P(X=0)
220
o
=10.8647
) P<X <4)=PX=2+PX=D
=ﬁPtX=x)

z=1
i 9-2 4+

=1-

!
£
=2

= 04511

Scanned with CamScanner



5.34 ChapterS Some Special Probability Distributions

—

Example 5

If X is a Poisson variate such that P(X = 0) = PX = 1), find P(X =
and using recurrence relation formula, find the probabilities at x = | 5
3,4, and 5.

Solution

For a Poisson distribution,

PX=x)=% ’:' x=0,12,..
X

B(X = 0)=P(X =1)
e—) ’10 _ e—.l. ).1

0! 1
A=1
8—1]1
x!

—4 20
5 P(x=n)=‘—0f'—=n,3ﬁvs

Hence, P(X=x)= % x=0,12,..

(ii) By recurrence relation,

! plx+1)= .

x+1 i

1
PGHD=—=p(¥) [ A=1]]
p(1) = p(0) =0.3678

p2)= % p(l)= 15(0.36?3) =0.1839
p(3)= % p(2)= -;—,({]. 1839)=0.0613
Py = % pB)= %{0.06] 3)=0015325

=
P(5)= % p(#) =5 (0015325)= 0.003065

_—-'.'...—.

Example 6 0
If the variance of a Poisson variate is 3, find the probability that (i ) x=0
(i) 0 < X <3, and (iii) 1 S X <4

5.3 Poisson Distribution ~ 5.39

solution
For a PoiSsON distribution,
. a=Mean=A=3
ce
Varial 8-1 AF e‘—i 3
PX=x)= e x=0,12,..

_340 ;
3
i) P(X = o;:im— =0.0498

@) PO<X <HN=PX=D+PX=D+P(X=3)
is 3
=Y PX=x)

x=1

=0.5974
(i) PO <X <4)=P(X=1)+P(X=2)+ P(X=3)

3
=Y Px=x
x=1
3 é-ﬂs-'

- 1
- ¥

=0.5974

?: rgf,-fo: distribution is such that %P(X =1)=P(X=3), find
() Px 2 1), (if) P(X £ 3), and (ii)) PR S X £3)

Solutior_l v

For a Poisson distribution,

2p(x=D=PE=3

=Lad
34 552_

2 3
3, A
2%

A3-91=0

R
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536 Chapter5 Some Special probabillty Distributions

A(AE-9)=0
A=03-3
Since A>0, A=3

“3ax
3 x=0,1,2, ...

Hence, P(x=x)= ;

< xll

() PE2N=1-PX<D
=1-P(X=0)
e
=0.9502

(ii) 'mrgs;:mx=m+mx=1)+mx=21+P(X=31

3
=3 P(X=1x)

a=0

=0.6472
(iii) PQ<X<5)=PX=2)+ P(X=3)+P(X=3+P(X=3)
5
=Y Px=x)
=2
5 E-v} 31

=2 x!
=0.7169

Example 8
If X is a Poisson variate such that
P(X=2)=9 P(X=4)+90P(X =6)

Find (i) the mean of X, (ii) the variance of X, (iif) P(X <2), (iv) P(X> )
and (v) P(X21).

_Sofution

For a Poisson distribution,

i b

P(X=x)= x=0,1L2,..

x!
P(X=2)=9P(X =4+ 90P(X =6)

53 Polsson Distribution 537

& =g
21 4! 6!
—13‘1[2&1__*90.’.‘
4! 6!
1_9a* 90t
2 41 6!
13 A
e, B
z 8 8
A4 +3A2—4=0
3+J0416 -
}.2:.—_!:__-‘-—]—: 3t5=]!_4
2 2
since A> 0, A7 =1
(i) Mean=A=1
(i) Variance = A=1
E_HX
PX=x= " =012

(i) P(x<2)=PX =0)+PX =1

1 e—l ¥
-

= *
=0.7358
(iv) pix>4)=1-PXXs4)
=1-[PX =0)+(X=1
[} e—llx

}4.,».(;{ =74 P(X =3+ px =1

=1- >

X Fn_x_
=0.00366

™ pxzp=1-PX=0
P
==

=0.6321

Example 9 n=PX= 3), find

If a Poisson distribution is S

(i) Px 2 1), (if) PX $ 3 9 (ift)

3 oy
HC}I that —Z-P(X"'
P(2£X£5].
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5.38  Chapter5 Some Special Probability Distributfans

- Solution
%P(X= D=P(X=3)

-3- e-.i.ll . e—klﬂ
2 1 3!

Since A>0, A=3
—Aqx

P(X=x]=cx? ¢ 1=0,12,..

6 PX2D=1-P(X<D)
=1-P(X=0)
e3P

o!
=0.9502
(i) P(X<3)=P(X=0)+P(X=1)+P(X=2)+P(X=3)

3
=Y Px=x)
=0
3 e—331
= X

=0.6472
(iii) P2X=5)=PX=2)+P(X=3)+P(X=4)+P(X=3)

3
=Y PX=x)

x=1

=ie—33x
=1 x!
=0.7165

so]'utioﬂ

Example 10

If X is a Poisson variate such that
1
3P(X= 4)=§P(X =2)+P(X=0)

Find (i) the mean of X, and (ii) P(X<2).

"Since p is very small and nis large,

5.3 Polsson Distribution 5,39

) Fora Poisson distribution,
. e—n\ lx ¥
P(X=%) == =012,

(i

3P(X = 4)= 3 PX=2)4+ P(x =0)
PR
a 2 2 o
At-221-8=0
(A2 -H (A +2)=0

A=12 (: Adsreal)

3

A=2 ¢ A0
Mean=A4=2
€_1 X
Hence, P(X=x)= = x=0,L2% .
x!
(i) P(X<D=PX=0)+P(X= h+PX=2)
=Y P(X=x)
y=ll
_ ie—lzr
B =0 x!
=(.6766

Example 11 5 i
Amanufacturer of cotterpins Inows that 5% of his products are defective.

If he sells eotterpins in boxes of 100 and guarantees ‘:;‘;3?{ m‘;“’:i‘:}:
10 pins will be defective, what is the fzp;;mxrmare ol y
will fail to meet the guaranteed qualiry’

Solution

Let p be the probability of 2 pin being defective: -

p=5%=005, =100

Poisson distribution is used.

- A=np=100x005=5 { defective pins in a box of
. i the number ©
Il-;:]?‘: be the random variable which denates
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5.40 Chapter Some Special Probability Distributions

Probability of x defective pins in a box of 100
e_‘lﬁ.r gIgx
T
Probability that a box will fail to meet the guaranteed quality

P(X>10)=1-P(X £10)

P(X=x)=

; o2=0,12

10
=1-) P(X=2x)
=0
0 ~Sex
=1_Ee 5
=0 x!
=0.0137

Example 12

A ear-hire firm has two cars, which it hires out day by day. The number
of demands for a car on each day is distributed as a Poisson distribution
with a mean of 1.5. Calculate the proportion of days on which (i) neither
car is used,.and (ii) the proportion of days on which some demand is
refused. '

Solution

A=15
Let X be the random variable which denotes the number of demands for a car on each
day. :
Probability of days on which there are x demands for a car

; ~A 2% =131 g%
Pr=g=i =€ 13 soq1a,..
xl x!
(i) Proportion or probability of days on which neither car is used
15150
P(X=0)= o =0.2231

(i) Proportion or probability of days on which some demand is refused
P(X>2)=1-P(X<2)

2
=1—2P(X =x)

5=0
2 ~l5y sx
e L5
s E, x!
=0.1912

3.3 Poisson Distribution

Bewe1s

iy coins are tossed 6400 times. Using the Poisson distribution, what is
e approximate probability of geting six heads 10 simes?

sofutl'on

Letpbe the probability of getting one head with one coin,
1
P=3
o ine 6 heads with 6 coi 1 6 3 1

probability of getting 6 heads with 6 coins = 5=

n=6400 :

|

ﬂ.:np=6400[a] =100

probahility of getting x heads
—dqx -mlm;
PX= x):e A .—_p . x=0,12..

> T
Probability of getting 6 heads 10 times

=100 10
e I00 _ pasxio™

PX=10)=

Example 14 B ) |
1f2% of lightbulbs are defective, find Ihe.pmbabdt%h;rl{lia; :-:a; :’::Z '
i defective, and (ii) exactly T are defective. Also, find P( ‘

sample of 100. |

Solution .

Let p be the probability of defective bulb- |
p=1%= 0.02
n=100

Since p is very small and n is 1arge,
A=np=100(0.02)=2

Let X be the random variable which denotes
of 100,

Probability of x defective bulbin a sample of 100

B b & =012
P(X:x)=-e'ﬁ_'='-'-' : :

Poisson distribution is used.

the number of defective bulbs in a sample

x!
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542 Chapter5 Some Special Probability Distributions
(i) Probability that at least one bulb is defective
P(X21)=1-P(X=0)
8-2 20
0
=0.8647

(ii) Probability that exactly 7 bulbs aré defective
-1 7
2 =00034

=1-

PX=T)=

(i) PA<X<8= P(X 2)+P(X = 3)+P{JL' 4)+P(X=5)+P(X =6)
+P(X=T)

-EP(me]

x=2

7 e—} 2x

Example 15
An insurance company insured 4000 people against loss of both eyes

in a car accident. Based on previous data, the rates were computed on

- the assumption that on the average, 10 persons in 100000 will have
car accidents each year that result in this type of injury. What Is the
probability that more than 3 of the insured will collect on their policy in
a given year?

Solution

Let p be the probability of loss of both eyes in a car accident.
10 .
P=To0000
n=4000
Since p is very small and n is large, Poisson distribution is use:d
A =np =4000(0.0001)=0.4

_Let X be the random variable which denotes the number of car accidents in group of
4000 people.
Probahﬂ:ty of x car accidents in a group of 4000 people
-j aF -'0.4 0.4%
P(X=x)= -T" =

=0.0001

x=0,12,..
Probability that more than 3 of the insured will collect on their policy, i.2., Pro By
of more than 3 car acclden!S in a group of 4000 people

5.3 Poisson Distribution ~ 5.43

P(X>3)=1-P(X<3) :
=1- [P(x 0+(X =14 P(x = =2)+P(x= 3)]

=1- EP(X )
=0
2 4047,

=1-% — = . ¢
=0 x!

=0.00077

Example 16 :

If two cards are drawn from a pack Of 52 cards which are diamonds,
using Poisson distribution, find the probability of getting two diamonds
dt least 3 times in 51 consecutive trials of two cards drawing each
time.

Solution :
Let p be the probability of getting two diamonds from a pack of 52 cards.
13
p= & -—3—. n=51
SZC 51

Since p is very small and n is large, Poisson distribution is used.

l=np=.’>l[33-l-)=3 ! .' 5

Let X be the random variable which denotes the drawing of o diksoonid. pink.
Pobability of x trials of drawing two diamond cards in 51 trials

0 £=0,L 2

€ S —
x! Tt t
Frobability of getting two diamond cards atIe
PXz3)=1-P(X<3)
=1-[PX=0)+PX
23

PX=x)= _
ast 3 times in 51 trials

1)+ PX=2)]

it

=1-§6 x!

; =(.5768 -

Example 17 hical errors. If
43 rypo&"ﬂ? ;
“Ppose 5 pages contains ¢ book, what is the
thege ~‘-’n~o‘:»3 b;';krgdifﬂ typiimb“‘ed thwughoﬂ” e free from errors?
blf”}' rhat 10 paggs se!ef!gd atn Mdo
e SR
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5.44 Chapter5 Some Speclal Probability Distributions

Solution

Let p be the probability of errors in a page.
43

p=—r=00735 n=10
585

Since p is very small and g is large, Poisson distribution is used.
A=np=10(0.0735)=0.735
Let X be the random variable which denotes the errors in the pages.
Probability of x errors in a page in a book of 585 pages
e-l A B—D.Tli- 0.735%

PX=x)=— —=——"""— x=0(,12,..
: x! x!
Probability that a random sample of 10 pages will contain no error.
0735 0
P =0y=5— 2T _ (4705
.ot
Example 18

A hospital switchboard receives an average of 4 emergency calls ina
10-minute interval. What is the probability that (i) there are ar most
2 emergency calls? (ii) there are exactly 3 emergency calls in an interval
of 10 minutes? .

Solution
Let p be the probability of receiving emergency calls per minute,
4
=—=04, n=10

=10 e

A=np=10{04)=4
Let X be the random variable which denotes the number of emergency calls P°r
minute.
Probability of x emergency calls per minute

etAr Al

P(X=x)= F i

v x=0,12,..

Probability that there are at most 2 emergency calls
PX£2)=P(X=0)+P(X=1)+P(X=2)

2
=) P(X=x)
amil
2 e-l 41

1
=0 xl

=(.238

5.3 Poiston Distribution  5.45

..o that there are exactly 3 e
probability 1 e mergency calls

4
P(x = 3)-——-——~e 3] =0.1954

—mple 19

gxample

A manufacturen, who.pmduces medicine bottles, finds that 0.1% of
the pottles are defective. The bottles are packed in boxes containing
500 bottles. A drug manufacturer buys 100 boxes from the producer of
pottles. Using Poisson distribution, find how many boxes will contain
(iyno defective bottles and (ii) at least 2 defective bottles.

 solution

Let p be the probability of deflective bottles.
p=0.1% = 0,001
n=500
; A =np=500(0.001)=05
Let X be the random variable which denotes the rumber of defective bottles in a box
of 500,

Probability of x defective bottles in a box of 500
—i AT e-oj 0.5°

=== , x=0,12
g x!’ x! :
(i) Probability of no defective bottles in abox

=05 0
P(X =0) =E_.U%§—=[L6065
Number of boxes containing m‘dﬁ““"c B
()= N Px = 0) = 100(0.6063) =6 .
(ii) Probability of at least 2 defective boUles
P(X22)=1-P(X<2)
=1-[P(X= 0+PX= n]

=1EI:P(X=)=)
x=ll

1 e-o,s 0‘5’
-

x!
o

=0.0902 e cive bottles
Number of boxes containing & lgil ; 5
()= N P(x 22)= 10000

=]-

e R R TR
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_ T
Example 20

In a certain factory turning out blades,

The blades are supplied in packets o_??g
to calculate the approximate number

one defective, and two defective blgge

there is a small chance of __1.__

for any blade to be defective.
Use the Poisson distribution

packets containing no defective,
in a consignment of 10000 packets.

Solution

Let p be the probability of defective blades in a packet.

N =10000

p=_1.-._ n=10,

500"

‘1
A=np=10|— |=002
» 10[ 5‘]]]

Lét X he the random variable which denotes the number of defective blades in a
packet.
Probability of x defective blades in a packet

et At P00t

PX=x)= =012,
- X! x!
(i) Probability of no defective blades in a packet
. &% 0.02° :
PX=0 e 0.9802

Number of packets with no defective blades
f(x) = N P(X = 0) = 10000(0.9802) = 9802
P (ii) Probability of one defective blade in a packet
: 22 02!
1!
Number of packets with oné defective blade
Fix)=NP(X=1)=10000 (0.0196) = 196
(iii) Probability of two defective blades in a packet
-0.02 § (a2
R

2!

P(X=1)= =0.0196

=1.96x10™

Number of packets with 2 defective blades
f0) =N P(X=2)=10000 (1.96 x 10 =196 =2

Example 21 _
The number of accidents in a year attributed to taxi drivers in @ city
follows Poisson distribution with a mean of 3. Out of 1000 taxi drivers

Y

© 53 Poisson Distribution  5.47

proximately the number of drivers with (i) no accidents in a year,

4 i
J;,, / ([f:_ ) more than 3 accidents in a year.

golution
fora Poisson

distribution,
A=73, N=1000
of x accidents in year
Pmbﬁbl)‘ T e
AF €73

= x=0Li..

P(X=x)=

x!

D) Probability of no accidents in a year
~3 20

e’ 3
px=0 iy =0.0498

MNumber of drivers with no accidents ;
fxy=NPX= 0) = 1000(0.0498) =49.8 =50
(i) Probability of more than 3 accidents in a year
P(X>3=1-P(X=3)

—1-[P(X =0+ PX =)+ PX=2)+ P(X =3)]

3
=1- 3 P(X=x)
x=0

3
=1- z
=0
=0.3528

Number of drivers with
f(x)= N P(X>3)=1000

&g

x!

(035'23) =3528 = 353

Example 22 o
Fit @ Poisson distribution fo the following €87 ——
B tiumber of deaths () 0 1 2 :
- o) 5T
Frequency (f) _123._. _.EE S G
Solution
‘ i1
Mea.n = .—-.;f-
m{m+sﬂ(l)+15(ﬁ)+?@+‘l‘)
= o+ 60+15+271 iy
S
200
=05
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548 Chapter5 Some Special Probability Distributions

For a Poisson distribution,
A=05
_J_ ¥ 0.5 0 e
PxX=n=2 - €0 k01234

x!
N= E f =100
Theoretical or expected frequency f(x) = N P(X =
20005
x!

i —0.5 1]
f(0)=3°["’T°-.5'_=121.31=121

flx)=

—035 1
_ fay= M = 60.65 = 61

=0.5 2
f(21=%-2|£= 15.16~15

~0.5 3
f(3)=30087[£=2.53=3
05 4
=200 o320

“Poisson Distribution

Example 23

Assuming that the typing mistakes per page committed by a typist foHawS
a Peisson distribution, find the expected frequenczes for the following
distribution of typing mistakes:

Number of  per page ] 1 2 3 4 3_ |
skt |
Number of pages 40 30 20 15 10 5
Solution
I
Mean =
27
_ 4000)+300) +202) +15(3)+1064) + 5(5)

40+430+20+15+1045

EXERCISE 5.2

5.3 Poisson Distribution  5.49

_ 180
1’20

=15

Poigscu distribution,

A=15
-k 3x ~1.5
e i. e 15"

P(X=x)= == F=012345

N= Zj‘—lZl]

Expected frequency fix)=NP(X=x)
1207915
x!

15
fO)= ———m"o 19 _ss78-2

Ford

flx)=

12067715
f(1)=_—T—=4ﬁ.]6~40

12067418
f(z)z__il—-—=30,12 =30

=151 &}
foy =B 150615

-lS
fd)= ,l_aqe_.——'f’—ziﬁﬂﬁ.

-IS 5
f(s}z_lgg.%l-}—'j——s 169'= 2

robability distribution s 2. Write down

18 ,The'mean; and variance of 2 P
. . : 3
the distribution. [ p= x},._-‘l-, x=0,112. ]

0)yis 20 per cent. Find the

| (PX=
2. In a Poisson distribution, the probability

mean of the distribution: [Ans.: 2.9957]

X = 3), find PX = =1).
L [Ans.: 0. 1339]

: =0)=
3. If X is a Potsson variate 214 =l

e et S T
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5.50 Chapter5 Some Special Probability Distributions

4. The standard deviation of a Poisson distribution is 3. Find the prnhahilit.,.
of getting 3 successes. .
[Ans.: 0.0149]

5. The probability that a Poisson variable X takes a positive valye i
1 —e ", Find the variance and the probability that X lies between _y 5
and 1.5.

[Ans.:1.5, 0.5578)

6. If 2 per cent bulbs are known to be defective bulbs, find the probability
that in a lot of 300 bulbs, there will be 2 or 3 defective bulbs Using
Poisson distribution.

[Ans.:0.133g)
7. In a certain manufacturing process, 5% of the tools produced turn out

to be defective. Find the probability that in a sample of 40 tools, at

most 2 will be defective.
[Ans.: 0.675]

8. If the probability that an individual suffers a bad reaction from a
particular injection is 0.001, determine the probability that out of 2000
individuals (i) exactly three, and (ii) more than two individuals suffer a
bad reaction.

[Ans.: (i) 0.1804 (if) 0.3233]

9. It is known from past experience that in a certain plant, there are on
the average 4 industrial accidents per year. Find the probability that
in a given year, there will be less than 4 accidents. Assume Poisson
distribution.

] [Ans.: 0.43]

10. Find the probability that at most 5 defective fuses will be found in

a box of 200 fuses, if experience shows that 2% of such fuses ar¢
defective.

[Ans.:0.7851]
11. Assume that the probability of an individual coal minor being killed

in a mine accident during a year is _2-4110_0 Use appropriate statistical
distribution to calculate the probability that in a mine employing 200

miners, there will be at least one fatal accident every year.
[Ans.: 0.07)

12. Between the hours of 2 and 4 p.m., the average number of phoné calls
per minute coming into the switchboard of a company is 2.5. Find the

p the demand for tubelights is

14. The distribution of the number of road accidents per day in a city is

15. A manufacturer of electric bulbs sends out 500 lots each consisting of

16. A firm produces articles, 0.1 per cent of which are defective. It packs

17. In a certain factory producing certain articles,

18, In a certain factory

3.3 Polsson Distripution  5.51

robability t_t_\at during a particular mi y ;
call at all, (if) 4 or less calls, ang (iii}]nn:t?é :::;ea\ﬂl“t:e Biophone
[Ans.. i) 0.0821i) 0.8909 (i) 0.0145]

se that a local appliances shop has found from experience that

n roughly distributed as Poisson with a
mean of 4 tubelights per week. If the shop keeps 6 tubelights during a
particular week, what is the probability that the demand will exceed
the supply during that week?

[Ans.:0.1106]

Poisson with a mean of 4. Find the number of days out of 100 days -
when there will be (i) no accident, (i) at least 2 accidents, and (jii) at
most 3 accidents.

[Ans.: (i) 2 (i) 91(iFH) 44]

100 bulbs. If 5% bulbs are defective, in how many lot can we expect
(i) 97 or more good bulbs? (i) less than 96 good bulbs?

[Ans.: () 62 (i) 132]

i ini i wholesaler purchases 100
them in cases containing 500 art cles. If & 2

such cases, how many cases can be teitp?er.te*:.d. (i) to be free from
defects? (ii) to have one defective article [Ars.: )16 0 ]

the probability that an
1 i lied in packets of 20.
icla i s« 1 The articles are Supp
article is defective is 500

. ts containing no defective,
Find approximately the number of packets E 20000 packets.

jves i ansignment )

one defective, two defectivesina consign! {ﬁns.:19zuu, i 5]

mnufact.uring razor blades, there is a small

i

1 be defective. The blades are placed in

chance, — for any blade to . i

- ining 10 plades. Using the Psntaining e

Da::ker.s. Eg\‘“ C::rt:xima wer of packets ¢ more
calculate the 2

than 2 defective blades in 2 <0 [Ans.: 9988]

¥
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: )
5.4 Normal Distribution  5.53

19. It is known that 0.5% of ballpen refills produced by a facto, :
defective. These refills are dispatched in packaging of equal ﬂurr?b:rr: 5.4 NORMAL DISTRIBUTION
Using a Poisson distribution, determine the number of refilis S

P
packing to be sure that at least 95% of them contain no defeCSv: atinuous random variable X is said 1o

Pl

refills. = ;1?:“’ pormal distribution with mean g and
[Ans_:m] qariance o, if its probability functi(_sn is
20. A manufacturer finds that the average demand per day for the given bY
mechanics to ir hi duct is 1.5 i ifxu)
repair his new product is 1.5 over a period of gne | __[._z]
year and the demand per day is distributed as a Poisson variate, He £x) s o BN . %
employs two mechanics. On how many days in one year (i) would both oN27 o . u '
mechanics would be free? (ii) some demand is refused? —mc X< —m <, g >0 Fig, 5.1
[Ans.: (i) 81.4 days (ii) 69.8 days] where jt and o are called parameters of the normal distribution. The curve represcnting
21. Fit a Poisson distribution to the. following data: e octal cliriburion b ol e sommalienews (e A1)
0 1 N
l L . o 5.4.1 Properties of the Normal Distribution
1 8095 20 )
AR A normal probability eurve, or normal curve, has the following properties: .
n = (i) Ttis a bell-shaped symmetrical curve about the ordinate X = . The ordinate is
[Ans.: 1 = 0.44, Frequencies : 209, 92, 20, 3,1] maximnm at X=1

{ii) Trisa unimodal curve and its tails extend infinitely in both the directions, ie.,

the curve is asymptotic to X-axis in both the dircj:timjs.
{iit) All the three measures of central tendency coincide, 1.¢..
l mean = median = mode

22. Fit a Poisson distribution to the following data:

No. of defects per piece 0o 1 7 3 4

el o oed SelilY (i¥) The total arca under the curve gives the total probability of the random variable
T X taking values between — o 0 % Mathematically,
[Ans.: Frequencies: 42, 44, 24, 8, 2] - ~ ) '“{ﬂ]]
i § 3 l e e dx =1
23. Fit a Poisson distribution to the following data: Pl—o< X €)= j =
N ; into t ual
. s : - - < : > ] (v) The ordinate at X =} divides the area under the normal curve into two eq
142 156 6 27 5 1 sy
J i R ,
= Jde=—
[Ans.: Frequencies: 147, 147, 74, 24, 6,2] | flods { flajde=y
it a Poi - : i., the whole curve
24. Fit a Poisson distribution to the following data: (Vi) The value of f(x) is always nonnegative forall values of X, i.e., the

lies above the X-axis.
(vii) The points of inflexion
atX = p+ oand the curve ¢

(viii szpa'- nn,q]cur\'\t‘—{ﬁgvj'z
[Ans.: Frequency : 70,137, 135, 89, 44, 17, 6, 2,0 kK (Tr;eqa-ﬁ e e the rdinaies &k~ 0
a arca

(b) The area between
(c) The area between the

b b ature changes) of the curve are
(the Pﬂlm a which curv convex at X=p+0oto

hanges from coneave {0

0 1. 2 3 4 5 3 7 al'
56156 132 92 37 22" 4 g q |
e . : |

is distributed as follows:
- + ois 68.27%
20is 95.45%
onllnaies B T30 0074%
i ordinates at}l—30&“d!-“- g 2.
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5.54 ChapterS Some Special Probability Distributions

e

' = as.*s% ___I

=30 0f p-ZUyE-& 4 pte p+2o p+do
Fig. 5.2

Py

X

5.4.2 Constants of the Normal Distribution

1. Mean of the Normal Distribution

EX)= [ xf(de

e

_i 3_:,}'. ]' Py

e
Putting x—;‘l_" =¢, de=odt

] —I 3
E(X)= j(p+oo7-=; e
g T

ol Ao R f e
=M | ——¢? di+ | 0—¢ 2 dr
&l
Putting #* = u in the second integral,

2tdt =du
When 3 e, W —¥ e
When f(——e2, s—3ee

. T kg o _lg
E(X)-ﬂE‘JQ—H'FJG‘Ee 2 -EE { je ¥ gr=Ir

=u+0 [+ the limitsof integration are same]
L= ﬂ

2. Variance of the Normal Distribution
Var(X) = E(X - )*

|

.

5.4 Mormal Distribution  5.55

= [ (= fyae

e 2
A
= (x_.u}z____ e
Jo-i e
> ] iy =
Pu“ing._.&-—_:.dx-crdr
- 1
23 1 -7
)= | o7t e? dt
var(X) _L Tox
g g
=-6Tj:2e Y a
T o
20 72 3 ’
=——It3e2 dr [ integral is an even function ]
n i
L8
Putting — =11,
t=J2u
1 1
d::ﬁ—-—d:::——du
24u 2u
When (=0 u=0
When t=-oe T "

i tion
3, Standard Deviation of the Normal pistribu

SD=o

e —— R RN
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556 Chapter5 Some Special Probability Distributions

4. Mode of the Normal Distribution

Mode is the value of x for which f(x) is maximum. Mode is given by
f(x)=0 and f"(x)<0

For normal distribution,
% A
AV
Differentiating w.rt. x,
! 1 x=pt AL ;
AN - Hx fﬂ
ovar P
n—‘;j‘ )

When  f'(x)=0, x-p=0
x=j

f”(x)z-a—‘z[(x-p)f'(mﬂx)]
=—%[(x—m{—u;—sz(x)}+f(x)]

o G
= —;,'f(x)[I 'T}

VAtx=,

_t=f—(x—}:— 1
e ol . o Zx{o

Hence, x = ¢t is the mode of the normal distribution.
5. Median of the Normal Distribution

If M is median of the normal distribution,

M
:[nf{x) dx:%

f U A,

o2z 2

—e

; K ._‘{5.:&]? L=
J;ez o d_x.'_e\rﬁ{ei[o]dx

1
2

54 Normal Distribution ~ 5.57

e %‘i:: in the first integral,
dx.-:o'dl'

LA5.4)

; M{'- ;fj[(x)dx=0thena=bwhﬂef{x):-ﬂ] .
p=Ml- :
da

Hence, mean = median for the nonmludislrihuuorl-
Note For normal distribution,
mean = median = mode =

L Gt
Hence, the normal distribution is symmermE
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5.4.3 Probability of a Normal Random Variable in an
Interval

Let X be a normal random variable with  PiX)

mean j and standard deviation o. The

probability of X lying in the interval

(xy, x;) (Fig. 5.3) is given by

5 _'[L‘J'-_'
P(J,SXSx2}=f e Bo /gy [g] Xy T X
' g Fig. 5.3

Hence, the probability is equal to the

area under the normal curve between the ordinates X = x; and X = x, respectively,
P(x < X <.x;) can be evaluated easily by converting a normal random variable jntg
another random variable.

X—
Let Z= —a_—'u be a new random variable.

Xx-u) 1
EZ)= E| == |=— —ul=
(Z) E{ = J U[E(x) ul=0
Va.r(Z)=Vﬂ[ﬂ]-——%\?ﬂ(?(-;():%\far()ﬂ:I
a o a

The distribution of Z is also normal. Thus, if X is a normal random variable with mean

1t and standard deviation o'then Z = L is & normal random variable with mean 0

and standard deviation 1. Since the parameters of the distribution of Z are fixed, itisa
known distribution and is termed standard normal distribution. Further, Z is termed as
a standard normal variate. Thus, the distribution of any normal variate X can always
be transformed into the distribution of the stindard normal variate Z.

. f(xfsxsé)=P[[i§*-]£(£;_“]s(ﬁ?;i]]

=P(;SZ<z)

X -

where gz, = X’;p

and z, =

This probability is equal to the area under the standard normal curve Setween the
ordinates at Z=z; and Z = z,. ' .

5.4 Normal Distribution 5.5

;| 1f both 2, and 2, are positive
(" i negative) (Fig. 5.4),
or

PR 2x= *2)
_P(u S Z21z)
_POSZ <z7)-P0£Z<y)
ol wunderlhe normal curve fmml)tozz) o| 5 I
—(Areaunderthe nmmalcuwa&omﬂmzi} Fig. 5.4

case ! Iz, <0and z, >0 (Fig. 5.5),

Py SXE5)
=P(-4 £Z25)
P5 S ZL0)+POSZ<g)
=pOSZ<)+POSZ<y)
[By symmetry]
={Area under the normal curve from 0 to z;)
+ (Area under the normal curve from 010 ;)

When X > x,, Z > z;. the probability P{Z> z;) can be found for two cases as follows:

PO

Fig. 5.5

P2

Casel Ifz, >0 (Fig.56),
P(X>x)=P(Z>1z)
=05-P0<ZSz)
=05 — (Area under the curve
from 0o 2;)

Case ll Ifz, <0 (Fig. 57,

P(X:xl)-:P(z >-g)
=05+P(-z <Z<0)

=05+P0<Z<y) )
[By symmetry r
=05 + (Area under the Curne i ol
from0tozy)

e iR
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5.60 Chapter5 Some Speclal Probabillty Distributions

When X < x;, Z < z;, the probability P(Z < z;) can be found for two cases a5 Tolloy

Case| Ifz, >0 (Fig. 5.8),
P(X<x)=P(Z<gzg)
=1-P(Z>7)
=1-[0.5-P(0<Z<z)]
=05+P(0<Z<z)
= 0.5+ (Area under the curve from 0 to z,) Fig. 5.8

Case ll Ifz, <0 (Fig. 5.9),

Pz)
PX<x)=P(Z<~z)
=1-P(Z2-z)
=1-[05+P(-; £Z<0)]
=1-[05+P(0<Z<z)] i

[By symmetry] Fig. 5.9
=05-P(0<Z<y)

= 0.5~ (Area under the curve from 0 to z,)
* Note
" = G
() P(X<x)=F(x)= j Flx)dy

—a

Hence, P(X < x;) represents the
area under the curve from X = —co
to X =ux,

(i) If P(X < x,} < 0.5, the point x,

i e
lies to the left of X = y and the B l

Z=-z X=u

corresponding value of standard . Z=0
normal variate will be negative Fig. 5.10
-(Fig. 5.10).

(i) If P(X < x;) > 0.5, the point x, lies
to the right of x = g and the
corresponding value of standard
normal variate will be positive
(Fig. 5.11).

Fig. 5.11

5.4 Norma Distribution 5.61

.standard Normal {Z) Tabl@, ,ﬁrea betwea“ 0 and
. nd z

0000 000 0 002 003 one gps
Q.0000 ROD400.0080 0.0120 00160 00159 00219 00279
00308 00438 0.0478 00517 00357 0059 D063 00675 00714, 0.0753
00793 00832 0.0871 00910 00948 00987 01026 0.1064 0.1103 01141
01179 01217 01255 01283 01331 01368 0.1406 01443 0.1480 0.151'7'\

006

(09
0.0319 0_);13 39

B 01554 00591 0.1628 01664 0.1700 0736 01772 01808 01844 0.187%
01915 0,950 0.1985 02019 02050 02088 02123 02157 02190 0.2224
z q 0.2257 02291 02324 02357 02389 0.2421 02454 0.2486 0.2517 0.2549|
PIM 02580 02611 02642 02673 02704 02734102764 02794 02823 02852 |
OONK1 02010 02939 02967 02995 03023 03051 03078 03106 03133}
M (3150 03186 03212 03238 03264 03289 03315 03340 03365 03389
B 017 0438 03461 03435 03508 03531 03554 03577 03599 D362
B 1611 03665 03636 03708 03729 03749 03770 03790 03810 03830
(ARG Das6Y 0J588 03907 03925 0Amdd 03962 02990 0.39497 n.mrf_.,
04032 04040 04066 04082 04099 0AILS 04115 04131 04147 04162
D192 04207 04222 0.4236 04251 04265 04279 0,42.'91 0.4306 0.4:“9!
B 115 045 04357 0430 DA 04194 04406 0448 04429 DAMIE
8 i 04463 04474 04184 D495 04505 04SLS 04525 0.4535 04545
Bl oo .os6e 045y D2 DAL 4S9 0AED8 04616 DG 04633 |
B i) .sio 04656 0g6s 4TI QT8 04GR0 DAGR QS 0"”“'1
B 0.4713 04719 04726 04732 04738 04744 04750 04736 0-4_?6I; 3‘:;5':
B 0.2 0477 04781 04788 04793 0478 04803 04808 04812 0.
4534 04838 0.4842 04846 04850 DA854 0.4857 | .
B 0021 0ass 04530 043 OATR TCE D s 04887 04590
8 ax01 048 04t O Mm'u@goﬁ 04500 04911 04913 0.4916
04593 04896 04898 04901 ot 0}:919 (4931 0.4932 04934 0.4936 |
04918 04920 04922 04925 04T oot 04548 04949 04951 04952
04938 04940 04941 04983 i 04960 04961 04962 04963 04563
04953 04955 04956 04957 049 ond 0dgTL 04STE 0TS 04974
04965 04966 04967 i u.-t?éi; :ums 04970 04979 0A9BD 04981
04974 04975 0549_?6-0“?::3 un:;?m 0 d0ed DA9ES ;04983 0586, D496
04981 04982 04982 0398 04989 04990 040

04989 04959
04987 04987 04987 (04988 04988 ST

e S
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i ,’ 562 Chapter5 Some Special Probabitity Distributions
il

5.4.4 Uses of Normal Distribution
(i) The normal distribution can be used to approximate binomial and Poissoq
distributions. !
(i) Ttis used extensively in sampling theory. It helps to estimate parameters o,

i statistics and to find confidence limits of the parameter.

@ii) Tt is widely used in testing statistical hypothesis and tests of significanee ;
which it is always assumed that the population from which the sampleg ha:-n
been drawn should have normal distribution. i

(iv} It serves as a guiding instrument in the analysis and interpretation of statistiy

i data,

. (v) Itcan be used for smoothing and graduating 2 distribution which is not normg)
simply by contracting a normal curve.

~ Example 1
What is the probability that a standard normal variate Z will be (i) greater
than 1.097 (ii) less than —1.657 (iii) lying between —1 and 1.967
(iv) lying between 1.25 and 2.75?

Solution Az
(i) Z>109(Fig.5.12)
: P(Z>1.09)=05-P0<Z<109)
=05-03621 | 5
: =0.1379 Ol o
(i) Z<-1.65 (Fig. 5.13) Sl
P(Z < =1.65)=1=P(Z >-1.65) AD)
=1-[0.5+ P(-1.65< Z<0)]
=1-[0.5+P(0<Z<1.65)]
[By symmetry]
=0.5-P0<Z<1.65) e z
=0.5-04505 ' Fig. 5.13
=0.0495 o
(iii) -1 < Z < 1.96 (Fig. 5.14)

P(-1<Z<1.96) P‘Z’
=P(-1<Z<0)+P(0<Z<196) / //,/,///
—P0<Z<D+PO<Z<196) ///

By syt =
=0.3413+04750 : 0 . 196
=0.8163° Fig. 5.14

5.4 Mormal Distribution  5.63
1 25<Z<2.75 (Fig. 5.15) '
(v p25<Z< 275) .
~ P(0<Z<275)-P(0<Z <1.25)
_ 0497003944

Az

=0.1026
0 126 275 €
Fig. 5.15
a—

Xisa normal variate with a mean of 30 and an SD of 5, find the

Pmbﬂbﬂiffe&' that (i) 26 £ X <40, and (if) X 2 45. g
solution :
p=30, o=3
Z= X-u
o
() When X=26,Z =222 =038
When x-_-4a‘z=___4u_30=2 ]
5 Fig. 5.16
P26< X <40)= P(-08<Z<2) (Fig.5.16)
— P(-08<ZSO)+POSZSY
=P0<Zs08)+POSZD) [By symmetry}
=0.2881+04772
=0.7653
- A
(i) When X =45.Z——-—-—-'—'45 530 = :
P(X 2 45)= P(Z 2 3) (Fig.5.17)
L05-P0<Z<?)
=0.5-0.4987 = % z |
=0.0013 Fig, 517
Example 3 T
i 12 and the SD is 4, Find
X is normally distributed and the m.f’““ <o _
out the probability of the folloW"&” .

\ DX>20¢i)x<20 f:‘iﬂﬁﬁxs 12.

Scanned with CamScanner



ial Probability Distributions Wes o
o I s j 54 Normal Distribution  5.65
; - ~2/2001)=P(1.99< y < :
Stlal'utmn ; plx-2 )_ i?_':g ix S201)(Fig. 5.20)
pu=12, o=4 . i e
g X 'P{;"“““Hn"‘{ﬂszsn.n)-
o b =P SZS 0.1)4-?[052 $B.l) [B:.r symmew]
; 20-12 P(z) : ! =2P(0<Z<00) ,
(i) When X=20,Z= =2 = 2(0‘0393)
P(X > 20)= P(Z 22) (Fig.5.18) - : =0.0796
' Z05-P0<Z<2) p(x-212001)=1-P(x-2]<001)
=0.5-04772 7l X 3 =1-0.079
=0.0228 Fig. 5.18 ; =0.9204
(i) P(X<20)=1-P(X>20) " e
=1-0.0228 Example 5 !
=0.9772 [fXisa normal variate with a mean of 120 and a standard deviation of
= d ¢ such that (i) P(X > ¢) = 002, and (i) P(X< ¢) = 0.05.
(ifi) When x:a,z:"—;—zbs 10, fin
2 Solution
12-12 0 .
When X=12,Z= =0 —— For normal variate X, |
5Bt =120, =10 :
P(O< X <12)=P(-3< Z <0) (Fig. 5.19) X-u
=P(0<Z<3) [Bysymmetry) &=
=0.4987 : ) (i) PX>c)=002
: : P(X<c)=1-PX20)
o =1-002 0.48
Example 4 —008
If X is normally distributed with a mean of 2 and an SD of 0.1, find Since P(X < ¢) > 0.5, the 60‘;“
i ill be positive.
2= 0.00)? sponding value of Zwill ; :
Pux 2;) ) P(X > o) = _p(z}‘-_]) (F1g.;.2}1]
Lo 0.02=05-POSZ=Y
Solution: P0<Z<z,)=048
p=2, o=01 . 2,=2.05 [Fromnormal tablc]
Z=X_P Zz___c_lfn-_—zl:z.ﬂj
o E
1.99-2 ; ' c=205(10)+120=14005
When X =1.99, 2 ==———=-0.1 Fig. 5.20 (i) SinceP(X< c;<o.s,me;::esl’°“d‘“g
" value of Z will be negallve:
= ) : 5.22)
When Jr=z.c|1.z=2’{::l 201 ) . P(X<o)=P@E<-a) FE
; 005=1-P(Z2 ~5) 0)]
“
005=1-[05+PCa L=
e T T
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5.66 Chapter Some Special Probability Distributions

005=1-[05+PO<Z<z)]  [Bysymmetry]
0.05=05-PO<Z<z)
P(D<Zsz.) 0.5-0.05=045
5 =-1.64 [me ‘normal table]

=120
= =z, =-1.64
2= TaTT

¢=10(-1.64)+120=103.6

Example 6 - -

A manufacturer knows from his experience that rhe resistances of
resistors he produces is normal with 1 = 100 ohms and SD = 6=2 ohms,
What percentage of res:srors will have resistances between 98 ohms and
102 o}:ms s

Solution

solution

xbe icﬁr::z‘lof" :‘“ﬂ’“ Wch dentes e senonl il 5 year
- Z_xg,u rs
- Z=20;16=1
When X =24, z-@-l ;zs'.z; : ;

L P(20< X <24)=P(l<Z <) -(Fig.5.24)

© 54 Mormal Distribution  5.67

=P(0<Z<-P0<Z<])
=04772-03413 ;
=0.1359

Example 8

Let X be the random variable which denotes the resistances of the resistors.  The lifetime of a certain kind of batteries has a mean life of 400 hours

p=Im,  @=2 P(2) and the standard. deviation as 45 hours. Assuming the distr 55‘;“"” of
pu o lifetime to be normal, find (i) the percentage of batteries “";:1 a ;ﬁ’;m‘;.
a of ar least 470 hours, (ii) the propor tion of batteries wil abi 5%
Vi B, GBI between 385 and 415 hours, and (i) the minimum life of the best
' 2 z of batteries. :
; 102-100 =L A
When x=102, Z=———=1 . Fig. 5.23 Solution

2 .
ertain of batteries.
Let X be the random variable which denotes the lifetime ofac kind

P98 < X <102)= P(-1= Z £1) (Fig.5.23)
=P(-1<Z<0)+PO<Z<)
=POsSZ<D)+P0D=Z<]) [By symmetry]
=2P(0<SZ<1)
=2(0.3413)
=0.6826

Hence, the percentage of resistors have resistances between 98 ohms and 102 ohms =
68.26%.

I

Example 7

The average seasonal rainfall in a place is 16 inches with an SP 9 -

4 inches. What is the probability that the rainfall in that pface will b
- between 20 and 24 inches in a year?

Z= X-u f
3 Lo : &
(i) When X =470, 7) ;
7T, ia P

z
=0.5- 04406 o 251'55 }
=0.0594 Fi!—_5- H
. Hence, the percentag® of batteries "

n=400, o=45

45

P(X 2 470) = P(Z>156) (Fig. 5.25)
—05- P(Odz<155}

with & Tifetime of at least 470 BOUE ' ¢
=594%.
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(ii) When X =385,
385-400

Cz=22"" o033
45
When X = 415,
415-400
z=22"T0 033
45

-0.33 0| 033

; Fig. 5.26
P(385 < X < 415) = P(-0.33 < Z < 0.33) (Fig. 5.26)
= P(-0.33< Z<0)+P(0< Z <0.33)

=P(0<Z<033)+P(0<Z<033)  [Bysymmeiry)
=2P(0<Z<033)
=2(0.1293)
=10.2586
Hence, the proportion of batteries with a lifetime between 385 and 415 hours
=25.86%. _
(iii) P(X>x,)=0.05 (Fig.527)
P(X),x”:f’(z}zl) P{X)
005=05-P0=<Z=<z) :
PO0=Z<z)=05-005=045
& z;=1.65 [From normal table]
'z=x'_40°=z,=1.65 Py
45 ® 400 | X1 ;
- %, = 1.65(45) + 400 = 474.25 hours Fig, 5.27

Example 9
If the weights of 300 students are normally distributed with a mean of
68 kg and a standard deviation of 3 kg, how many students have weights
(i) greater than T2 kg? (ii) less than or equal to 64 kg? ( iii) berween
65 kg and 71 kg inclusive?

Solution
Let X be the random \rarlable which denotes the welght of a student,

p=68, o=3, N=300 P

zudh

o
72-68
(i) When X=72, Z= 3 SL3 7
; o 133 °
Fig. 5.28

P(X>72)=P(Z>133) (Fig 5.28)

)

(iii)

Number of students with weights more than T2kg =N P(X>T2)

34 Mormal Distribution

5.69

=05-P(0<zZ<5]13y
=0.5-0.4082
=0.0918

=300(0.0018)
=27.54
=78
When X =64, z_—'s“‘s“’8 =133
P(X <64)=P(Z<-133) (Fig.5.29)
=P(Z21.33) [By symmetry)
—0.5-P0<Z<133)
=0.5-04082
~0.0918

Number of students with weights
less than or equal to 64 kg

=N P(X <64)

Fig. 5.29 )
=300(0.0918)
=27.54
~28 _ ‘
65-68 7,
When X =65, Z=—="1 5%%
; .
71-68 _ 7 :
When X=7), 2==3 = i i
ol 1
< Fig. 5.30
P65 X <7)=P(-1525D (Fig. 520 .
=P(- ]<Z¢|])+P(OSZ€1) : |
_ p<zsn+POSZSD  Bysymme
—2p(0£Z<D
= 2(&3413)
=0.6826 N PE5£X ST
1 §5and 71 kg
Number of students With weights bECEET ~300(0.6826)
~20478
=205
e R
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—_—

Example 10 ) :
The mean yield for a one-acre plot is 662 kg with an SD of 37 kg,
Assuming normal distribution, how many one-acre plots i_n a batep
1000 plots would you expect to have yields (i) over 100 kg? (ii) bejg,,
650 kg? (iii) What is the lowest yield of the best 100 plots?

Solution
Let X be the random variable which denotes the yield for the one-acre plot.
©L=662, =32, N=1000

g Xkt
. ° 700 - 662 o
(i) When X =700, Z=T=l-l9
P(X =7T00) = P(Z>1.19) (Fig.5.31)
=05-P0=£Z2<1.19)
=0.5-0.3830 o 19 £
=0.1170 Fig. 5.31
Expected number of plots with yields over 700 kg = N P(X > 700)
=1000(0.1170)
=117
(i) When X = 650,
650—662
Z=""_—-=-038
P(X <650)= P(Z <—0.38) (Fig.5.32)
=P(Z>038) f
[By symmetry] z
=05-P(0=Z<038) -0.38
=0.5-0.1480 Fig. 5.32
=0.352
Expected gumbex of plots with yields below 650 kg =N P(X <650)
' =1000(0.352) =
=352

(iii) The lowest yicld, say, x, of the best 100 plots is given by
-, 100
P(X > 5)=150=01

?

5.4 Normal Distribution  5.71

- _ X% —662
Vo B
P(X>x)=PZ>z)
0.1=05-P(0<Z<y)
PO<Z<7)=04
2, = 1.2 (approx.) [From normal table]
x, —662
32 ,
x, =702.96

Hence, the best 100 plots have yields over 702.96 kg.

=128

I

Example 11 ; _
Assume that the mean height of Indian soldiers is 68.22 inches with a
variance of 10.8 inches. How many soldiers in a regiment of 1000 would
you expect to be over 6 feet tall?

Solution

Let X be the continuous random variable which denotes the heights of Indian
soldiers.
p=6822, o°>=108, N=1000

=329
N o
a
When X = 6 feet = 72 inches,
71276822, 5
3.29
P(X>72)=P(Z>1.15) (Fig-339)
=(0.5-PO0sZ <1.15)
—0.5-03749
=0.1251 inches)
ing heights over 6 feet (72inc
Expected number of Indian soldiers having ; =N P(X>72)
: =1000(0.1251)
=125.1
=125

-
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T —
Example 12
The marks obtained by students in a college are normally distribys,g
with a mean of 65 and a variance of 25. If 3 studenis are selecteq o
random from this college, what is the probability thar at least one of
them would have scored more than 15 marks?

Solution
LetX be the continuous random variable which denotes the marks of a studen,
u=65 o'=25
g=5 :
= X-p _ A(Z)
| : I
When X =75, z=75;55 =2
P(X>75)=P(Z>2) (Fig.5.34) ol 2 Z
=05-PO<Z<2) Fig. 5.34
=0.5-0.4772

=0.0228
_ If p is the probability of scoring more than 75 marks,
 p=00228, g=1-p=1-0.0228=0.9772 )
P(at least one student would have scored more than 75 marks)

3
= E BC_‘_ px qn—x
xwl

3
=Y, *C, (0.0228)" (0.9772)**

x=1

= 0.0668

Example 13 -

* Find the mean and standard deviation in which 7% of items are under
35 and 89% are under 63.

-Solution

Let jt be the mean and o be standard deviation of the norm:
"P(X <35)=0.07 5 !
" P(X<63)=0.89

al curve,

5.4 Normal Distribution ~ 5.73
P(X>63)=1-P(X<63)=1-0390
X-u
a

Z=

gince PX < 35) < 0.5, the corresponding value of Z will be negative.
35-pu
WX=35, Z=T ==z, (say)

gince P(X<63)> 0.5, the corresponding value of Z will be positive.

63-u
mn)($ﬁ3. Z= = =1y (say)

From Fig- 5.35,
P(Z<-2,)=007
P(Z>7)=0.11
P0<Z<z) =Pl <Z<)
=05-P(Z<=-3)
=0.5=-007
=043
g =148
P0<Z<z)=05-P(Z22%)
=0.5-0.11
=0.39
7 =123

Fig. 5.35

¥ [From normal table]

[From normal table]

Hence, 3B-p —1.48
: o

-148 o+ p=35
and 83=M 12
c
1.220+u=63

Salving Eqs (1) and (2),
i=5029,

'"(.!)

A2)

o=1033
__——-'-ﬂ’_

i he secures 40 %
" an examination, it is laid 4oW™ mmﬁrﬁeﬁ!gfds Z'eifu".{ian according to
O more, He is mced'fﬂ the first, secont, een 50% and 60% marks
Whether he seﬁu‘es 609% or more M > bﬂ“y‘ He gets a distinction in

el c

ang 0% marks respecre It that 10% of

Casengeen 40?’?5‘:);‘10? more. 1t i noticed from e
ECUures .
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5.74  Chapter 5 SWneSpechIPmbabiﬁtymsMbutiom

the students failed in the examination, whereas 5% of ﬂfem obtaineq
distinction. Calculate the percentage of students placed in the secopq
division. (Assume normal distribution of marks.)

Solution

Let X be the random variable which denotes the marks of students in the examinatioy,
Let 1 be the mean and o be the standard deviation of the normal distribution of
marks.

P(X <40)=0.10

P(X 2175)=0.05

P(X <75)=1-P(X 275)=1-0.05=0.95

X-u :

o
Since P(X < 40) < 0.5, the corresponding value of Z will be negative.

When X =40, z=f‘°T“F‘=

2=

-3 (say)

Since P(X < 75) < 0.5, the corresponding value of Z will be positive.

When X=75, Z=D—E_ . (say)
From Fig. 5.86,
P(Z <-2,)=0.10
P(Z>2,)=005
PO<Z<zy)=Pl-z<Z<0)
=05-P(Z<—z)
=05-0.10
=0.40
7y =1.28 [From normal table]
PO<Z<z)=05-P(Z=zz,)
=0.5-0.05
=045
7, =1.64 [From normal table]
Hence, H0-H__j3
a
u-128 6=40 H)
md Bl
o
u+1.640=175 wl?)

54 Normal Distribution  5.75

Egs (1) and (2),
p= 55.34=355
c=1 1.98 =12
bility that a student is placed in the secong
at his SCOT lies between 50 and 60
; 50-55
12

80-55 o4

sd\'i-“g

division is equai to the probability

when X =50, Z= =-042

when X = 60, Z=
P(50 < X <60)=P(-042< Z <0.42) _

=P(-042<Z<0)+P(0< Z<042)
=P(0<Z<042)+P(0<Z<0.42)
=2P(0<Z<042)
=2(0.1628)
=0.3256
=032

[By symmetry]

Hence, the percentage of students placed in the second division = 32%.

5.4,5 Fitting a Normal Distribution

it I the equation
Fitting a normal distribution or a normal curve to the data means to find q

=2}
of the curve in the form f(x)= cw:ﬁ e"f{T) which will be as close as possible
0 the points given. There are two purposes of f:ming a normal curve: i
(i) To judge the whether the normal curve s the bmt'ﬁf to ﬂ;c samp i >
(ii) To use the normal curve to estimate the char aﬂel‘lwcﬁ ofa P‘;E’: . :
The area method for fitting a normal curve is given by the F" D:::if nzlhgivcn.
(i) Find the mean g and standard deviation o for the given R
(ii) Write the class intervals and lower Timits X of class interV;

(ifi) Fing z = X—H ¢oreach class interval.
o

the normal table.

o the saccessive values ofz_ 'mcs,c
as when the corresponding s
onding Z’s have the same

Z's opposite Sigh.
the relative frequencies by the

{i¥) Find the area corresponding t0 each Z from

(") Find the area under the normal curve betwes

are obtained by subuacling

have the same sign and addin

sign and adding them when Ilhﬁ

) Fing he expected frequencies
- Number of observations:

corresponding
py multiplying
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54 Normal Distribution 5.7

o ; .
g Example 1 . C |:1.'-\5 }—b\u(‘r '\‘Iﬂ‘h . - ~ ':"I.E i tl‘"'"] .'\l'l_‘:! .“] cla
Fit a normal curve from the following distribution. It is given thar g, nterval 2 010z it
mean of the distribution is 43.7 and its standard distribution is 14.8, 120-130 ; 0.0085
130 233 Rammer -
; 140 2 0.4901 0. T4=4 |
(o PRIl 11-20 21-30 3140 41-50 51-60 61-70 71-80 e i N 210 2l8e4LH
- : & . 140-150 : : 04525 04068 1064=11 |
Frequency 200 .28 40 60 3252205, 8 | . 150-160 150 ¢ -1.02 0.3461. 02055 2055=21 1.‘
- = 4T jeet70 160 -0.36 0.1406 02547  2547=25 |
Solution : [ 70-180 170 029 0111 02u4g . 21asm2t !
u=437, ©=148 N=If=200 [ jg0-190 180 0.95 03289 01174 11.74=12 |
{
The series is converted into an inclusive series. L 190-200 190 161 .- D4463 0.0418 4.18=4 !
: il 200 2.26 04881 00101 =1 |
X-p Area from 1 “Arcain class® 1B r 200-210 —— : |
ALY | 210220 210 ) o 292U 0498) i i
S e Wi
10.5-20.5 10.5 -2.24 0.4875 0.0457 9.14=9 l i
(o e e . g |
205-30.5 205 1.57 04418 0.1285 257=126 | EXERCISE 5.3
30.5-40.5 305 -0.89 03133 0.2262 452445 | _ ol
‘405-505 405 0722 0.0871 0.2643 52.86=53 | 1, If X is normally distributed with a mean and standard ;vij ‘P e 5},
w07 - : ; find (1) P(5 < X < 10), (i) P(X2 15), (ifj) P(10 s X< 13), and (V) (X <3}
50.5-60.5 50.5 0.46 0.1772 0.1957 39.14=39 | nd (i) =14, N 0.4013]
i . _ - [Ans.: (i) 0.3345 (i) 0.003 (jii} 0.0638 (iv) 0.
60.5-70.5 605 1.14 03729 0.092 184=18 | i -
70.5-80.5 70.5 1.81 0.4649 0.0287 5.74=65 o of § and a standard deviation of 3.
a mean 3
A LT 2.4 s | | LA normal distnbuthn hash the deviation from the mean of an item
- caal O e L * ol 5 What is the probability tha

E le 2 . taken at random will be negative? _ [Ané.: 0.0575]
Xample : ._

Fit a normal distribution to the following data:

the value i
| 3. If X is a normal variate with a rﬂneoasn of 30 and an SD of 6, find ‘I
125 135 145 155 165 175 185 195 205 | | of X = x, such that P(XZ X)) =05 [Ans.:39.84] |
g ] Gl Ae v _find the value of |
: ik A 25 3 Bﬁs_ 2 .' | 4.1 Xis a normal variate with a mean of 1|5 and SD of 3
1t is given that {1 = 165.5 and o = 15.26. ; X = x, such that P(X< x;) = 0.01. ; [Ans.:11 02)
Solution | lly distributed with
i 1 . be normatly
! nts are fm‘r_'d to ity that a student
H=1655  0=1526  N=Xf=100 e v oD 5 4. Fid e MO i between
The data is first converted into class intervals with inclusive series. | : ?e'f;iizd";fgﬁﬁ;m will have weight (i) less
: : ; : .4 if) 0.8185
i 45 and 60 ke. [Ans.: 1 01587 (D ]
|

; f 2 8000

-¢ributed with a mean 0 i

Ormally distri ity that on 2 certain

8. The daily sales off:%%re(% et is the probaditty
and a variance 0 :
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5.78 Chapter 5 Some Special Probability Distributions

day the sales will be less than ¥ 82107 (if) What Is the percentage o

days on which the sales will be between % 8100 and T 82007
: [Ans.: (i) 0.482 (i) 14%)

7. The mean height of Indian soldiers is 68.22” with a variance of 10,3,
Find the expected number of soldiers in a regiment of 1000 whose
height will be more than 6 feet.

[Ans.:125)

8. The life of army shoes is normally distributed with a mean of & months
and a standard deviation of 2 months. If 5000 pairs are issued, how
many pairs would be expected to need replacement after 12 months?

[Ans.: 2386]

9. Inanintelligence test administered to 1000 students, the average was
. 42 and the standard deviation was 24. Find the number of students
(i) exceeding 50, (ii) between 30 and 54, and (iii) the least score of top
'1000 students.

[Ans.: (i) 129 (ii) 383 (iii) 72.72]

10. In a test of 2000 electric bulbs, it was found that the life of a
particular make was normally distributed with an average of life
of 2040 hours and a standard deviation of 60 hours. Estimate the
number of bulbs likely to burn for (i) more than 2150 hours, and
(i) less than 1950 hours. '

[Ans.: (i) 67 (ii) 184]

11. The marks of 1000 students of a university are found to be normally
distributed with a mean of 70 and a standard of deviation 5. Estimate
the number of students whose marks will be (i) between 60 and 75,
{ii) more than 75, and (iii) less than 68.

[Ans.: (i) 910 (if) 23 (iii) 37]

12. In a normal distribution, 31% items are under 45 and 8% are over 64-
Find the mean and standard deviation. Find also, the percentage of
items lying between 30 and 75. : )

i : [Ans.: 50, 10, 0. 957]
13. Of a large group of men, 5% are under 60 inches in height and 40% are

between 60 and 65 inches. Assuming a normal distribution, find the
mean and standard deviation of distribution.

[Ans.: 65.42,3.27]

55 Exponentiol Distribution .79

The marks obtained by students

1% jistribution. If 30% of the styg
marks above 60, find the mea
marks between 40 and 50,

enitsH an examination follow a normal
i 20t marks below 35 and 10% got
and percentage of students who got

 [Ans.:42.23,13.88, 28% ]
(5. Fita normal distribution to the following data:

60-65 65-70 70-T5 7580 80-85 8-90 90-95 95-100
e

Class

150 35 e 4 %

Lh

301

Frequency

[Ans.: Expected frequency: 3, 31,148, 322, 319,144, 30, 3]

5.5 EXPONENTIAL DISTRIBUTION

:
A continuous random . variable X is said to follow exponential distribution if its
probability function is given by
F=2ae™, x>0
=0 ., x50

where 4 > 0 is called the rate of the distribution.

5.5.1 Memoryless Property of the Exponéntial Distribution

. This property
memoryless (forgetfulness) property. 1
ndent of its part, that means future happening

¢ this even has happened in the past. This

The exponential distribution hasthe

indicates that the distribution is indepe

of an event has no relation to whether or n0

property is as follows:

If X is exponentially distributed, and s, 7 are two
PI(X > s +DIX > 9= P(X>1)

Plx> s+NX>9)

P(X>3) [using onditional probability]

positive real numbers then

Proof: p{(X >s+n/(X>9=

P>t
_PX>ITL
TTPR(X>9)

4 j.. ),e’“dx
it
jpﬂ!—kd" i
5
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5.80 Chapter5 Some Special Probability Distributians -

=] .
e .
al__lL
R i

—hx

€ v
A —A

5

& Mt

=e «(5.5)

- ..(5.6)
From Egq. (5.5) and Eq. (5.6),

PICX > s+ /(X > 5)] = P(X > 1), fors, >0

5.5.2 Constants of the Exponential Distribution
1. Mean of the Exponential Distribution

EQ)=]" x fladx

2. Variance of the Exponential Distribution
Var (X) = E(X) - [EQOF ‘
Ex*)=[" @ fndx

5T

i =f:x2 le-hlix

. Ak "
fix) will be maximum when ¢ is maximum.

5.5 Exponentig| Distribution

o p % :
=;.]xzf:T_2x ii_-+2e*h
¥,
2
-1(3)
5
Y
gubstituting in Eq (5.7)

=

3, standard Deviation of the Exponential Distribution

1
sn:.,‘vmxp‘jlizﬁ

4. Mode of the Exponential Distribution
Mode is the value of x for which flx) is maximum.

f(x).-_le-h, =0
=0 , x50

Maximum value of ¢ = 1, which is atx=0- .
Hence, x = 0 is the mode of the exponential distribution
5. Median of the Exponential pistribution

1M i the median of the exponentiel distribution,

[ a3

B | —

[ reac)
M

.
i
0

i

——

/|

A

1
_(e.m -1 :—5
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582 Chapter5 Some Special Probability Distributions

1
—AMloge= Iog—2~=—log 2
AM=log2

M=%1032

Example 1°
Let X be a random variable with pdf

x

1 =
flx)= 3-65 x>0

0 otherwise

Find (i) P(X > 5) (ii) P (3 < X £ 6) (iii) mean (iv) variance.

Solution

T

w | —

O PX>35)= [ fxd

-L3e

7

3
@ POSXEO= |, feoax

(iii) Mean p =

1 1
(i) Variance = Var(X)=—5=7"2 " 5

s

5.5 Exponential Distribution  5.83

/

Example 2 2 for x > 0. Find () PX>2)

= e
A random variable has pdf f=¢

(i) P(x <l].
C

Solution
: Lion,
Since f(x) is a probability denstty fae®
[ feode=!
j-c i 1

o
_C‘f_-_z_‘.l =1
=2 b
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5.84 Chapter 5 Some Special Probability Distributions

—-;—Ie_hl: =1
_%(g_" - n) =

§=1

c=2

o flx)=267, x>0
() PX>2)=| fxyde

= 2e M

i

I /,'\
B;( is random variable which Jollows an ¢
meter Awith PXS1) = p(xs 1), ﬁndﬂpﬂnma! distribution with

since « is random variable which follows an €Xponential diinmuun

Example 4 .
FXisq exponentially disir:l;i;x

find the yalue of k such that 'ﬁf&'f

35 Eonentiot Distribution 5.5

Var(x).

=A™, x>¢
P(X<)=P(X>])

1-P(X>1)=P(X>1)
2P(X>1)=1

PX> D)=~
| ftax=

Jlﬁ Ae M dx=

b | = b= M=

~
o
Y

1™
=1 8

Il

P |-

~
L]

[}

[
P | b= R =R

. ¥ rameter A,
ariable ith pa
red random ¥ .

>k)

=d.
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5.86 Chapter’5 Some Special Probability Distributions

Solution

P(X>k}=a
P(X<k)
P(X>k) _
1-P(X>k)
P(X > k) =afl- P(X > k)]
P(X>k)l+a)=a
P(X > k)=—2—
1+a
a

L f(x)dx=m

PP lag[] + n)
- a

1 l+a
k=—
Rlog( - ]

Example 5

If the density function of a continuous random variable X

%) = ce P9, a < xwhere a, b, ¢ are constants. Show that b = ¢ =
and a = j1 - 0, where L =-E(X) and 6° = Var(X).

Q

sduf jon
yisa density function,

since fI* = \
|7 fode=1

j”ce‘““"dx-.: 1
a
e-b(x-n)

-b

" 1;_ | e—bcx—a)t‘ =1

=1

p=EX)= j:bxe'“""’d.x

Jy

=be”

__1_(‘:1!?1_,_;0“2)
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5.88 Chapter 5 Some Speclal Probabliity Distributions

Var(X) = (XY -[EXOP

2l ap PO T

o -F{a b +2ab+2)=| a” + b +};2
.7
P
|

U—'S 3) |

From Eq. (1) and (3),
b=c=L '

o

Subtracting Eqg. (3) from Eq. (21
p-o=a
L oasH-0

Example 6

The mileage which car owners get with a certain kind of radial tire

is a random variable having an exponential distribution with mean |
4000 km. Find the probabilities that ane of these tires will last (i) at least I
2000 km (if) at most 3000 km.

Solution |
Let X be the random variable which denotes the mileage obtained with the tire.

Mcmp=%=4wﬂ km

Slx)=Ae s, x>0 ]
: ; Sl |
= 4000( 4000 x>0

5.5 Exponentiol Distribution  5.89

-
e 4D

2000
Sy

1,
=

= 0.6065_

.
(i) P(X <3000)= In Flx)dx

Example 7 ; its batiery wears
If the number of kilometers that @ €& can :f;“eb:f;;z :.f;f 10000 km and
out is exponentially d stributed with an @€ “ia e he probability that
if the owner desires o take @ 5000_ ki ﬂ;ﬁ;ﬁ having to replace the car
he will be able to complete his 1P i d for same ime.

bastery, Assume that the car has been usedJ=

Solution

Let X be the random variable whic
nun before its battery wears 08t

1
Mean p=7 =

denotes the pumber of kilometers that a car can
h dend!

10000

=2
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P(X > 5000) = j;wf(x)dr

R T
=I e 10000 gy
5000 L0000
i
1 e 10000
10000| 1
10000 |s000

X

T
e 10000

X

5000
=—(e™-e")

0.

=0.6065

Example 8

The average time it lakes to serve a customer at a petrol pump is 6 min- -

utes. The service time follows exponential distribution. Calculare the
probabiliry that

(i) A customer will take less than 2 minutes to complete the service,
(ii) A customer will take between 4 and 5 minutes to get the service.
(iii) A customer will take more than 10 minutes for his service.

Solution

Let X be the random variable which denotes the service time.

@ Pa<2)=[ fodx

?.l—lx
= i 6d-t
06'

5.5 Exponential Distribution .91

1 2
]

1

=—{e 3 -&") K
1

=—e 3 +1

=0.2835
5
) P@4<X<9)=] fixix

=0.0788

i) Pox>10)= [ fOods
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5.92 Chapter 5 Some Special Probability Distributions

=0.1889

Example 9

The length of time X to complete a job is exponentially distributed with
1 ;

EX)=p= e 10 hours. (i) Compute the probability of job comple-

tion between two consecutive jobs exceeding 20 hours. (ii) The cost of
Jjob completion is given by C = 4 + 2X + 2X*. Find the expected value
of C. .

Solution
Let X be a random variable which denotes the Iength of time to complete a job.
1
EX)=pp=—=10
(X)=p 2
f) =™
1
1 =-——=
o R
10°

20
=™ =)

=0.1353"

5.5 Exponential Distribution  5.93
i For an exponential random variable, .

E(X]Z.“-T‘i-ﬂ(}

1
12

Var()()=__

Var (X)= E(X*) - 2

E(X)="Var (X)+ 2
=
T
-
-
=200
E(C)=E(4+2X +2X%)
= E(d)+ 2E(X) + 2E(X*)
=4+ 2(10) + 2(200)

=424

Example 10

The time (in hours) required 1o repair a machine is exponentially dis-
tributed with parameter A= >
ceeds 2 hours?

; : . he repair time ex
(i) What is the probability that ! ebiﬁ; that @ repair takes at least

(i) What is the conditional proba rs?
11 hours given that is direction exceedsi_i hou

Solution . _
ime (o repair the machine.
Let X be the random variable which dencies the ti

A=

x)ﬂ

R e
1

f@=

1
=nf >0
I

ey
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5.94 Chapter 5 Some Special Probability Distributions

@ PX>2)=[] flxdx

e ] -ix
=LE£ ?dx

=0.3679

(ii) P(kz X >9N=P(X>3)
=[, feoax

(By the memoryless property)

Example 11
The daily consumption of milk in excess of 20000 gallons is appros®

mately exponentially distributed with }, = . 1 . The city has @ daily
3000

stock of 35000 gallons. What is the probability that of 2 days selected®
random, the stock is insufficient for both the days.

3 mﬁﬂﬂmﬂﬂm . 595
solutfﬂn ; .

dom variable which denoteg i .
(¢t ¥ be 4 ran : the daily consumption of milk i
o day. The random variable X = ¥~ 20000 pag an upoma;[lliﬂlu::;:ibuﬁa:.mm "

o
3000
flx)= e 130
3 T
=3mem , x>0

Probability that the stock is insufficient for both days
P(Y >35000) = P(X >15000)

= [ g 0

EXERCISE 5.4

1. If X is expone ally distribute%5
its expected value is less than 0.5.
2, The amount of time that wat?
is a random variable having an 1
days. Find the probability tha: hsa i
' in less

(a) have to be set 180 days:

(b) ot have to be reset 1! g [Ans.: (3)0.1813, ) 02231)

prove that probabitity that X exceeds

i be reset
A1t run without having to
w:alﬂr;al distribution with mean 120

a watch will
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5.96 Chapter 5 Some Special Probability Distributions
i \ 56 GommaDistribution  5.97

3. The length of the shower on 2 tropical island during rainy season hg,
an exponential distribution with parameter 2, time being measure;
in minutes. What is the probability that a shower will last more thay
3 minutes? If a shower has already lasted for 2 minutes, what is the
probability that it will Last for at least one more minute?

[Ans.: (a) 0.0025, (b) 0.1353]

4, If X is exponentially distributed with parameter 4, find the value of § - = ]:x%rx"'e""d:
such that P(X > k)/P(X < k) = a. i ¥

5,6.1 Constants of the Gamma Distribution

1. Mean of the Gan"nmal Distribution

B0 =[x @)

- "LI’ = =lx
[AVIS.: ﬂ."_log(‘]-fl]:l 3 Ir jo eV dr
i __J.' E B a3 | [

5. The life length X of an electronic component follows an exponential Ty ™ 4 [n oo d“F

distribution. These are 2 processes by which the component may be o '

manufactured. The expected life length of the component is 100 hrs =_LL

if process | is used to manufacture, while it is 150 hrs if process Ilis ' - fr-a

used. The cost of manufacturing a single component by process | is E

210, while is 20 for process II. Moreover, if the component lasts less "E

than the guaranteed life of 200 hrs, a loss of ¥50 is to be borne by the
_manufacturer. Which process is advantageous to the manufacturer?

2. Variance of the Gamma Distribution
[Ans.: Process | is advantageous to the manufacturer}

(5.8)
: Var(X) = B - [EXT
6. The life of an electronic component follows exponential distribution L :
with a mean of 4 years. The manufacturer of this component gives a E( xﬁ)=r £ f(xdx
replacement warranty of 3 years. e i
(a) What proportion of components will be replaced in the period i - [0 A gt
of warranty? _ 0" Ir
(b) What is the probability that a randomly selected component 27 r,-“_{*'d.r
will have life within two standard deviations of the mean life? PR : o
[Ans.: (a) 0.5276, (b) 0.9502] ez L ]“’,-ﬁx"ldx =;;]
= T;—"j:;? ]
5.6 GAMMA DISTRIBUTION . e
- e ] = = lz
A continuous random variable X is said to follow exponential distribution if % . Far
probability function is given by : : = _-i;— i

s A =l =iz
flx)= " TN, x>0 Substituting in Eq. (5.8

=0 ». x20 P

;
va(X)="7 A

r

A

A
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5.98 Chapter5 Some Special Probability Distributions

3. Standard Deviation of the Gamma Distribution

SD = fVar(X) = ==T

4, Mode of the Gamma Distri bution
Mode is the value of x for which f{x) is maximum. .

f(x)—%x'”'c x>0

=0

Differentiating w.r.t. x,
Fod= —[(r o -2 r—Ie—ix(_l)]

= % 2 M [(r-1)- Ax]
B

For maximum value of fx),

=0
(r=1)=A4x=0

r=1
r=—
! : A
Differentiating f{x) w.rt. x,
= %[(r—?.)x’ _.’e""' (r=1=-1x)
PRV e | (T T, R (-1}1

L
=rx"_3e 2 (r = 2)(r—1- Ax) - Ax(r—1- Ax) - 2]

e s
Flf=p® e [(r=2)r~1=r+1) - Ax(r—1-r+ 1)~

= "'Tx"‘e"“(l -

r

-1

T

i g ' 56 GammoDistribution  5.99

: S1ehter
o {s maximum when x= -rT-" /<0,

;f”{x}‘ﬁoifl—rqo
l<y
o r>]

r=1.
Hence, ¥= is the mode of the gamma distribution for 7> 1.

Exampie 1

Given a Gamma random variable X with r=3 and A = 2. Compure
E(X), Var(X) and P(X £ 1.5 years).

Solution
A=2, r=3

A ke
f(-x_} r;x T

x>0

@ E(X)= %=%=1~5 years

bV X_-:-—-O?S
() Var(X)= rel

© Px<iSyeas)=, 1@
j-uz xle‘“dr
. = o7 1.5
f('z'] zx[ ]*2[5‘.?] _
2 b
) of )]
-4[{15)2[ ]fz(lﬁ)[‘i']ﬂ['*] 1%

=4

=0.5768
E;Za;‘n?ie 2 Jion of milkin@ city, in € I.rzntm)(:::::s;appm.
ai y '
m—
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5.100 Chapter 5 Some Special Probability Distributions

and r = 2. The city has a daily stock of 30000 litres. What is the DProb.
ability that the stock is insufficient on a particular day?
Solution

Let ¥ be the random variable which denotes the daily consumption of milk (in 13

in a city. The random variable X = ¥ — 20000 has a gamma distribution. ]

=—~l W r=2
10000

flx)= |i_- e x>0
r

(o)
ey 1
2 AL0000/ 2t 00"

2

s B
xe 1000

" (10000)*

Probability that the stock is insufficient on a particular day
P(Y >30000) = P(X > 10000)

S
1

——x

= xe 1000
~ 1000 (10000

dx

- -
=T!.'§ m"w-m e
1 ll.‘e_-ll]'dj l-e']"_'l"|“

> |0"[ 10~ (=107

L 7 sl
10*{10® 107
1

||u“

.—_{_] +e
=2¢7"!

=0.7358

5.6 Gomma Distribution 5.101

Example 3
[ a certaitt ciry, the daily consumption

of electric power in milli
: ! ho”rs o TIC power in miliions
of kilowatt be treated as a random varigble having gamma

P =
distribution v ith parameiers ), = > and r =3, If the power plant of this

ity has a datly capacity of 12 millions kilowatt-hours, what is the prob-
ability that this power supply will be inadequate on any given day.
solution

Let X be a random variable which denotes the daily consumption of electrie power in
millions killowatt-hours.

flx) = % e ks0
r

()
= 1
N2 e

3.
P(power supply is inadequate) = P(X>12)

[

1
oL U R
= 1262!18

i 1 ,4(088+96+16)
16

=256
=0.062
Example 4 its gross sales in thousands

variable having a gamma

¢ is Y8000 per

£rsons,
If a company-employs " mfe;i randoim
of rupees may be regarded @

les o8
’ ~g0dn. If the 3¢
distriby ti:_m with A= 3 and 1
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5.102 - Chapter 5 Some Special Probability Distributions

salesperson, how many salespersons should the company employ |
maximise the expected profit?

Solution

Let X be the random variable which denotes the gross sales in rupees by n salesper.
sons. :

A==, r=80000Jn

1| -

r
e x>0
=
80000
1

2
If y denotes the total expected profit of the company,
y = total expected sales — total sales cost
= 160000~/n —8000n
dy _'80000
n

For maximum profits,

flx)=

= —'||:5-’

E(X)=—= = 1600001

2

~8000

b
dn
80090 _g000 =0

i

- 30000
Jn
Jn=10

n=100

=8000

d’y 40000
i 2 B,
d’y
When =100, —5-=-40<0
. dn

. y is maximum when n =100. . - .
Hence, the company should employ 100 salespersons to maximise the eX
- profit. ;

pected

—— —
Example 5
Consumer demand for milk

' the demand?

fix) is maximum when ‘x =

5.6 Gamma Distribution 5,103

kin a certain localiy, i I:rwwn.
pe a general gamma random varigble, if fheaveri;: m}:;d";s ‘a':‘iﬂg
and the most likely demand is ‘b’ litves (b < 0), what is the variance of

solution

Let X be the random variable which denotes the monthly consumer demand of milk.

Average demand is the value of E(X). Most likely demand is the value of the modé of
¥ or the value of X for which its probability density function is maximum.

f(x):a’rr"‘e"t’, >0
r

= ir’-[(r ~Dx" 2k -ﬂ_:c"'e"’"]
r

:'&—A’_ze"“ [(r—])-i.t]
Ir
For maximum value of fix),
f= 0. .
(r—1)—Ax=0
=1

K=t

Differentiating f1x) w.rt.

. ; L
f"(xﬁ%[*h"“e‘“ Hon-aetg e ; _}]

. A xr-!e—l.lﬂ -1
r
it [

F7(x)< 0 when xdif'

r=1lip eme)<0
=i £ ()

A i
F(x)<0if1-r<0

1<r

or rz1
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r-1_
Most likely demand = T:b,r)l
=l
A .
Y 1 :
—=h+— 1)
A ¢ A
- ; +(2)
Average demand = E(X) s =a
Putting in Eq. (1),
| ~b+l
=T
l:a—b ‘(3) |
A
SRS Bk .
== R

=ala-b) [from Eq. (2) and 3]

‘EXERCISE 5.5

1. Find the probabilities that the value of a random variable will exceed
4, if it has gamma distribution with :
1

1
(a);l"='.§sr—2 (b]ﬂ.—z r=3

[Ans.: (a) 0.5551 (b) 4]

2. If X follows the gamma distribution with parameter A and r, prove that

1
r + -
the expected value of the positive square root of X is \/_1_

3. A random sample of size n is taken from a population which ¥
‘exponentially distributed with parameter A. If X is the sampte mean

n‘

" show that nAX follows a simple gamma distribution with paramet9|'
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CHAPTER

Applied Statistiés: |
Test of Hypothesis

6.1
6.2
63
64
6.5
66

6.7
6.8
6.9
6.10
6.11

6.13
6.14

6.16
6.17
6.18

-_c@apféf--"'O'ut'lih'éﬁ"_

Test of Significance for Single Mean Large Samples

6.12

6.15

Introduction :
Terms Related to Tests of Hypothesis

Procedure for Testing of Hypothesis

Test of Significance for Large Samples

Test of Significance for Single Prpportibn — Large Samples

Test of Significance for Difference between Two Proportions — Large
Samples

Test of Significance for Difference between Two Means — Large Samples
Test of Significance for Difference of Standard Deviations ~ Large Samples

Small Sample Tests

Student’s ¢-distribution .

t-test: Test of Significance for Single Mean

t-test: Test of Significance for Difference of Means
t-test: Test of Significance for Correlation Cocfﬁments

Snedecor’s F-test for Ratio of Variances
Chi-square (Zz ) Test

Chi-square Test: Goodness of Fit _
Chi-square Test for Independence of Attributes

6.1

-

2.1 INTRODUCTION

The main purposc behmd the sampling theory is the study of the Tests of Hypothesis
Or Tests of si gmﬁcance In many sxtuatlcms assumptions are made about the population
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6.2 Chapter& Applied Statistics: Test of Hypothesis

pmmeters involved in arder to arrive at decisions related to population on the y,, .

of sample information. Such an ssumption is called statistical hypothesjs ""h'u:: ;

i ; decide on the
may or may not be true. The procedure which enables us to b
sm;'p]e teS£ls whether a hypothesis is true or not, is called test of hypothesig
of significance.

asig of
Or tegy

6.2 TERMS RELATED TO TESTS OF HYPOTHESIS

-

(1) Parameters: The statistical constants of population such as mean (1), standarq -

deviation (0), correlation coefficient (p), population proportion (P) etc, 4,
called the parameters. Greek letters are used to denate the population pargp,
eters.

(2) Statistic: The statistical constants for the sample drawr! from the given popyt,,
tion such as mean (¥), standard deviation (5), correlation coefficient (r), sap.
ple proportion (p) etc., are called the statistic. Roman letters are used 1o dengte

. the sample statistic.

(3) Sampling Distribution: Consider all possible samples of size ‘n’ which can be
drawn from a population of size ‘N". These samples will give different valuey
of a statistic. The means of the samples will not be identical. If these different
means are arranged according to their frequencies, the frequency distribution
formed is called sampling distribution of mean. Similarly, the sampling dis-
tribution of other statistics can be defined,

{4) Standard Error: The standard deviation of the sampling distribution of a statis-
tic is known as its standard error SE. Standard error plays a very important role
in the large sample theory and forms the basis of the testing of hypothesis.

(5) Nuwll Hypothesis: Null hypothesis is the hypothesis which is tested for possible
rejection under the assumption that it is true. It is denoted by Hj,. It asserts that
there is no significant difference between the statistic and the population param-

eter and whatever observed difference exists, is merely due to the fluctnations in

sampling from the same population.

(6) Alternative Hypothesis: Any hypothesis which is complementary to the null
hypothesis is called an alternative hypothesis. It is denoted by H,. It is set
in such a way that the rejection of null hypothesis implies the acceptance of
alternarive hypothesis. For example, if the null hypothesis is that the average
height of the students of a college is 166 cm. i.e., j4) = 166 cm, say then the null
hypothesis is :

o Hy:p=166(=p,)
and the altemnative hypothesis could be

() Hy:pzp, (e, g> gy o < gry)

(i) H,:u> 4,

(i) H,:u<y,

Thus, there can be more than one alternative hypothesis.

(7) Test Se‘afirficf After setting up the null hypothesis and alternative hypolhB_Sis’
fest statistic is calculated. The test statistic is a statistic based on appropriat®

&)

(8

—

(10

(11)

6.2 I
i Terms Relateq toTests of Wypothesis 6.3
probability distribution. 1 is hether
be accepted or rejected, Diffmm:; e e

i | FHIT the mull hypothesis should
spproprise cases while teing mm‘*::ﬂpg distribution values are used in
For £-dis 100 under normg) esis. .
is defined by - curve for large samples (> 30), the Z statistic

z=1"E@® '
SE(t)
Errors in Hypothesis Testing: The main ob

&N objective in sampling theory is to draw
ation parameters on the basis of the sample
ance that a decision regarding a null hypothesis may
! correct. There are two types of errors. ¥
Type I ervor: 1t is the error of rejecting the null hypothesis H,, when it is
true. It occurs when 2 null hypothesis i i 1 :
P! : 515 18 true, but the difference of means is
s]gml?-:am and the hypothesis is rejected. f the probability of maling a type 1
error is denoted by o, the level of significance, then the probability of mak-
ing a correct decision is (1 - ), :
(ii) Type Il error: It is the error of accepting the null hypothesis H,, when it is
false. It occurs when a null hypothesis is false, but the difference of means
is insignificant and the hypothesis is accepted. The probability of making
a type Il error is denoted by . .
Level of Significance: The level of significance is the maximum probability of
making a type I error and is denoted by o, ie., P(Rejecting Hy when H, is true)
= gr. The commonly used level of significance in practice are 5% (0.05) and 1%
(0.01). For 5% level of significance (¢= 0.05), the probability of making type
[ error is 0.05 or 5% i.e., P(Rejecting Hy when H, is true) =0.05. This means
that there is a probability of making § out of 100 type I error. Similarly, 1%
level of significance (c= 0.01) means that there is a probability of making 1
error out of 100, If no level of significance is given, ¢1s taken as 0.(_)5,
Critical Region: The critical region or rejection f°$i°n is the region of the
standard normal curve corresponding to a predetermined level of s1gmi?ca1j|oe
@. The region under the normal curve which is not covered by the rejection
ion i ion. Thus, the statistic which leads to
region is known as acceptance region. Thus, e ical region. The
rejection of null hypothesis Ho gives rejection region or critical region.

value of the test statistic caloulated to test the null hypothesis Hy is known as

“sifioa] value. Thus, the critical value separates the rejection region from the

acceplance region. p e
TwOpTaﬂed Tfsr and One Tailed Test: When the test of hypothesis 15 m

i i f the standard
on the basis of rejection region represented by bfotlﬂu:] z;ld;s o eSis)Whm
normal curve, it is called a tW0 tailed test. A test of statis! ypothe:

the alternative hypothesis Hy is tWo sided f)r two tailed such as
Null Hypothesis Hy :4=H

Alternative Hypothesis H, :4# N
"test or two sided test. .

valid inferences about the popul
results. There is every ch,
be correct or may not be

(@

1>ty and < o) i called two tailed
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6.4 Chapter6 Applied Statistics: Test of Hypothesls

AZ)

Rejection region

o] a

Fig. 6.1

" A test of statistical hypothesis, where the alternative hypothesis is one sideq i
called one tailed test or one sided test, There are two types of one tailed tests,
(i) Right Tailed Test: In the right tailed test, the rejection region or eriticg)
region lies entirely on the right tail of the normal curve (Fig. 6.2).
(ii) Left Tailed Test: In the left tailed test, the rejection region or critical
region lies entirely on the left tail of the normal curve.

Two tailed test

Fig. 6.2 Right tailed test
AZ)

Rejection raglon

Acceptance
region

Fig. 6.3 Left tailed test

- For example, in a test for testing the mean () of the p0pu!ati0n.
Null Hypothesis H, : gt =t
s > 1, (Right tailed)

Alternative Hypothesis H,
' 1< g (Left tailed)”

A two tailed test is applied in such cases when the’ difference between the -

sample mean and population mean is tending to reject the null hypothesis
Hy, the difference may be positive or negative,

A one tailed test is applied in such cases when the population mean is 8¢

least as large as some spegiﬁed value of the mean (right tailed test) O at
least as small as some specified value of the mean (left tailed test).

B

]

(12)

&, £
3 Procedure for Testing of Hypothests 6.5

Critical value (Z.f
S

Level of & .
Leve| ..-F-u.-_:;.-||__.‘|.: ance o

1%

Two tailedtest iy Ti - 10%
L et A s i icoN
Right tailed test —— 'zze’.“l‘-’ﬁ. 2= 1645
e == 1.645 Z=

| Left tailed test - ¥ -~ —
i ~—--——--'-_.—...___.____" zﬂz.-z'éz____-__z.n=—1-ﬁ45
nfidence Limits: P
E:e gﬁcd :r;‘l;:;:lsi. The limits within which a hypothesis should lie with
) 1y are called confidence limits or fiducial limits, Gener-
ally, the confidence limits are set up with 5% or 19 level of significance.
1f the San]plle value lies between the confidence limits, the hypothesis is |
s,cce_pte'd, if it does not, then the hypothesis is rejected at the specified level
of significance. Suppose that the sampling distribution of 2 statistic S is
niormal with mean 4 and standard deviation 0. The sample statistic S can
be expected to lie in the interval (i - 1.960, ¢ + 1.960) for 95% times
(Fig. 6.29). Because of this, (S~ 1.960, 5 + 1.960) is called the 95% confi-
dence interval for estimation of y. The ends of this interval, i.e., §  1.960
are called 95% confidence limits for 5. Similarly, § + 2.580 are 99% confi-
dence limits, The numbers 1.96, 2.58 ete. are called confidence coefficients.

—1.860 s 1.960
Fig. 6.4 Confidence Limits

6.3 PROCEDURE FOR TESTING OF HYPOTHESIS

The various steps in testing of a statistical hypothesis are as follows:

(i)
(i) .
(iii)

(iv)

OF

is: athesis Hy
Null Hypothesis: Setup the Null Hypothesit _
Alternative Hypothesis: Setup the A_llemx'iwe H”e;dml; :’f(;,taikd "
This will decide the use of single-tailed [rlg}}l m-}L ]10:,1* v g _(a)
Level of Significance; Select the :{Ippropnale evel e f':k e (9
depending on the reliability of the estimates 5and permissi .
of significance is given, & is selected 232 0.05. .
Test Statistic: Calculate the test statist
Z= ‘.__E;(ﬂ under H,
-~ . d l.)Z of Z at the
ue

Critical Value: Find the significant value (tabulated ¥alue) Zg

given level of significance &
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6.6  Chapter 6 Applied Statistics: Test of Hypothesis

(vi) Decision: Compare the calculated value of Z with the tabulated value 7
If|7) < Z, i.e, if the calculated value of Z is lpss: than tabulated value Z at
the level of significance @, the null hypothesis is accepted. If |Z] > Z i,
if the calculated value of Z is more than tabulated value Z,, at the leve] of
significance c, the null hypothesis is rej ected.

6.4 TEST OF SIGNIFICANCE FOR LARGE SAMPLES

—

Ifa sample consists of more than 30 items, i.e., n > 30, it is considered as large sample,
The following assumptions are applied for significance tests of farge samples:

(i) The random sampling distribution of statistic has the propertics of the normal
curve.

(ii) Values (i.e., statistic) given by the samples are sufficiently close to the popu-
late values (i.e., parameters) and can be used in its place for calculating the
standard error (SE) of the estimate.

For example, if SD of the population is not known, SE can be calculated by SD of the
sample. :
Suppose the hypothesis to be tested is that the probability of success in such trail is
p. Assuming it to be true, the mean g and the standard deviation o of the sampling
distribution of the number of successes are np and Jn?r," respectively as the sampling
distribution of number of successes follows a binomial probability distribution,
If x is the observed number of successes in the sample and Z is the standard normal
variate then :

z=1£

o

The tests of significance are as follows:
(i) If|Z] < 1.96, the difference between the observed and expected number of
successes is not significant,
(i) If|Z] > 1.96, the difference is significant at 5% level of significance.
(iii) If|Z] > 2.58, the difference is significant at 1% level of significance.

Example 1
A coin was tossed 960 times and returned heads 183 times. Test the
hypothesis that the coin is unbiased. Use a 0.05 level of significance.
Solution '

n=960

p = probability of gefting head =
2

1
o s PO
gul-pelsg

b ] =

0]
(i)
(iii)

(iv)

v)
(vi)

6 .
¥ TS f Stsficnie for Lone samptes .7

ﬂ="P=960(IE}=430

F= anq = gmx%xi =1549
2

* = mumber of sucesses = 183
Null Hypothesis Hy: The coin is unbiased,

Alternative Hypothesis 4,: The coin is biased
Level of significance: ¢=0.05 :

Test statistic: Zz=3-2_183-480

g 15.49
[Z]=19.17

Critical value: |Z;,4 = 1.96

Decision: Sinee {2 > |Zy ., the null hypothesis is rejected at 5%-level of
significance, i.e., the coin is biased. .

Example 2
A dice is tossed 960 times and it falls with 5 upwards 184 times. Is the
dice unbiased at a level of significance of 0.017

Solution

(i)

(ii)
(i)
(iv)

%)
(i)

n=960 : :
p = Probability of throwing 5 withonedie:z
1 5

gel-p=lg=y
1

— np=960( = | =160

p=np=% [6]

1.5_
o= M:m_“'ss

x = number of successes = 184

The dice is unbiased.

Null Hypothesis Hy “The dice is biased.

Alternative Hypothesis H.:()
Level of significance: &=V
%n' x-p184-160 5 qq
Test statistic: Z =-T .-——-—-—-'1].5 5
|z|=2.08

gﬁﬁ.c?l Vaghe':cl’-zi};llzis {he mull hypotbesis 15 266¢
ecision: : :

i i biased.
significance, i-e., he dice is unbi

8 pted at 1% level of
il
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6.8 Chapter 6 Applied Statistics: Test of Hypothesis

6.5 TEST OF SIGNIFICANCE FOR SINGLE PROPORTION —
LARGE SAMPLES
___-_"‘-l-

Let p be the sample proportion in a large random sample of size # drawn from 3
population having proportion P. Also, the population proportion P has a specifieq
value P,. ;

Working Rule

(i)  Null Hypothesis Hy: P= Py, i.e., the population propertion P has a specifieq
value Py,
(ii) Alternative Hypothesis fH: P# Py (i.e., P> Pyor P < Fy)
orHy:P>Pp, ’
orHp:P<P,
(iif) Level of significance: Select the level of significance o

() Testsutistic: = 2=L where g=1-P
?& .
n

(v} Critical Value: Find the critical value (tabulated valug) Z,, of Z at the given
- level of significance,
(vi) Decision: If |Z| < Z, at the level of significance @, the null hypothesis is
ac‘cepted. If |Z| > Z,, at the level of significance @, the null hypothesis is
rejected.

Note

1. Null Hypothesis Hy is rejected when |2]>3 without mentioning any level of
significance.
2. Confidence limits:

(i) 95% confidence limits = p+ 196,72
.

(i) 99% confidence limits = p £ 2.58 Fo
n

If the population proportions P and @ are not known, p and ¢ aré used in cquations.

Example 1

A mafwfacrurer claimed that atleast 95% of the equipment which he
supplied to a factory conformed to specification, An examination of @

sample of 200 pieces of equipment revealed th i
claim at 5% level of significance. e oon e h'”

Solution
n=200

6:5 Test of Signifianc,
; for si .
rele Proportion ~ Large Samptes 6,9

Number of picces conforming to spt;ciﬁcalju“ 20018215
=200-18= 182

ample proportion of pieces ; !
= Samp : m“fmiﬂsmpemﬁcaﬁonz]z—z%:nmr

Papulatinn proportion of Pieces conform:
Ezl_p=1_0.95={ms ' i
(i) Null Hypothesis Hy: p = 0.95 i . f '
P i 95%.0 Le., the proportion of Ppieces conforming to
(iiy Alrernating Hypothesiy H: P<0.95 (Left tajled I
(i) Level of significance: = 0,05 fen iz

ng to specification = .95

(iv) Test statistic: Z = PP _ 091-055 3
P ke
PO 655005
h 200
|Z]=2.59

(v) Critical value; |Z,y| =1.645
(vi) El)eci‘sion: Sin_cc 12] > |Z; s, the null hypothesis is rejected at 5% level of
significance, i.e., the manufacturer's claim is rejected.

Example 2

In a hospital 480 female and 520 male babies were born in a week. Do
these figures confirm the hypothesis that males and females were born
in equal numbers?

‘Solution

n = Total number of births = 480 + 520 = 1000

480
p = Sample proportion of females bom = 000~ 0.48

P =Population proportion of females born =0.5
Q=1-P=1-05=05 :
Null Hypothesis Hy: P= 0.5 i.¢., the males and females were bomn in equal

(@)
numbers. b X

(i) Alternative Hypothesis Hy: P#0.5 (Two tailed test) !
(i) Level of significance: o= 0.05 (assumption) .

: b —p_ 048-05 _ 965 o

- (i)  Test statistic: Z="2 5 = 0909
“n V1000
|Z|=1.265

() Critcal value: Paod =5 is is accepted at 5Y% level of
(vi; D:cliz?o: agiucizfé]]’{ 1Z, s}, the null h}"POﬂ'IeSI:’; l:s acceim P:Iﬁm-
Sigﬁiﬁcailm i.e., miales and females were bord equal

Scanned with CamScanner




6.10 Chapter 6 Applied Statistics: Test of Hypothesis

Example 3 :

In a study designed to investigate whether certain detonators used with
explosives in a coal mining meet the requirement that at least 90% wijj
ignite the explosive when charged. It is found that 174 of 200 detonators
Junction properly. Test the null hypothesis P = 0.9 against the alternative
hypothesis P < 0.9 at the 0.05 level of significance.

Solution

n=2000
' . 174
p = Sample proportion of detonators functioning properly = o =0.87
P =Population proportion of detonators functioning properly = 0.9
@=1-P=1-09=0.1
(i) Null Hypothesis Hy: =09
(ii) Alternative Hypothesis H,: P < 0.9 (Left tailed test)

(iii) Level of significance: a=0.05

(i) Teststatistic: z—P_F_ 087-09 _

= =—141
[ro @90
n 200

|z|=1.41,
(v) Critical value: [Zy 5| = 1645

(vi) Decision: Since |Z|<|Zyqs|. the null hypothesis is accepted at 5% level of
significance.

Example 4 :

A salesman in a departmental store claims that at most 60 percent of the
shoppers entering the store leave without making @ purchase. A random
sample of 50 shoppers showed that 35 of them left without making a
purchase. Are these sample results consisient with the claim of the
salesman? Use a fevel of significance of 0.05.

Solution
n=50

p = Sample proportion of shoppers not making a purchase = % =07

I " 65 Testors;
: | ki for Singte

o0~ Lorge Samples 6,11

![ : Pﬂpulalioﬂ proportion of shoppers i
L pE miak
i’ Q=1-P=i-0gog, o Priaesog
' (l) Nu]] H),-po{hcsis Hgl ? ol 0.6, Le. the P :
= TOportion of shoppers

|l @ A;[grnalive Hypothesis H:ps 06 (Right i i

o st
| (i) Level of significance: o= g5

purchaso is 60%. ——

Test statistic: 7 - P~ P 07-pg

|

[ = %

I; ’fg 0604y 1443

| T
|Z]=1.443 :

W Critical value: Z, .. =1.645
|

I (vi) Decision: Since. 121 < Zyps, the null hypotesis is accepted, ie., the sample
results are consistent with claim of the salesman,

| L
' Example 5

The fatality rate of typhoid patients is believed to be 17.26%. In a certain
| year 640 patients suffering from typhoid were treated in a metropolitan
| hospital and only 63 patients died. Can you consider the hospital efficient
| at 1% level of significance? :

. Solution

n=>0640

i X 3 . 63 0.0084
p=Sample proportion of typhoid patients died = 2 =0/

P=Population proportion of typhoid patients died = 0.1726
. Q=1-P= 1-0.1726 =0.8274 ‘ :
(i) Null Hypothesis Hy: P =0.1726. 12 the hcspit.al is efficient.
(i) Alternative Hypothesis Hy: P <0.1726 (Left tailed tes)
(ii)) Level of significance: a=0.01
; _p o 00984-0176 _ sy
(iv) Test statistic: Z= -—-J,P—E—= M
/2 ey
n

||
|

|z|=497

) Critical value: |Zyo| =233
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6:12 . Chapter 6 Applied Statistics: Test of Hypothesis

(vi) Decision: Since |Z]>|Zyq|. the null hypothesis is rejected at 1% leve] o
significance, i.e., the hospital is efficient. - j

—

Example 6

In a big city, 325 men out of 600 were found to be smokers. Does thig
information support the conclusion that the majority of men in this city
are smokers? : -

Solution
- n=600
: &5y s 325
p = Sample propottion of smokers in city = 500 =0.542
P = Population proportion of smokers in city = 0.5

O0=1=-P=1-05=05

(@) Null Hypothesis Hy: P = 0.5, i.c.. the proportion of smokers in the city is
50%.

(ii) Alternative Hypothesis H,: P > 0.5 (Right tailed test)
(iii) Level of significance: o= (.05 (assumption)
! _p-P_0542-05

{iv) Test statistic: z=P2_ 2 - 20%=— 05
g [©3)05)
n 600

|2|=2.06

2.06

(v) Critical value: 7, . =1.645

(vi) Decision: Since |Z|> Zy s, the null hypothesis is rejected at 5% level of sig-
nificance, i.e., proportion of smokers in city is more than 50% and majority of
men in the city are smokers. : '

Example 7

In a random sample of 160 worker exposed to a certain amount of

radiation, 24 experienced some ill effects. Construct a 95% confidence
interval for the corresponding true percentage.

Solution
n=160
. 1 !
# = Sample proportion of workers exposed to radiation

24 [
=—=(.15
g=1l-p=1-0.15=085 160

6.6 Test of Significance
€ JOr Difference of Proportions — [arge Samples 6,13

o onfidence interval at 95% Jeye) of Significance ;
&

0,15
i [0' 15-1.96 (‘-—,%@.o,ml.% __(0"5“0‘35)]
: 160

ies (0.0947, 0.2053)

6.6 TEST OF SIGNIFICANCE FOR DIFFERENCE

PROPORTIONS — LARGE SAMPLES o
Let py and p; be the sample proportions in two large samples of sizes ny and ny drawn
from two populations having proportions Pyand P,

working Rule

(i) Null Hypothesis Hy: P, = P,, i.e., there is no sipnificant difference in two

population proportions P and P;.

(i) Alternative Hypothesis H: P, 2P,
orHi: P> P,
ar H: P\ <Py

(i) Level of significance: Select level of significance o

(iv) Test statistic: There are two cases:
(2) When the population proportions Py and P, are kiiown

h-h

=
ko, 7L,
m my

(b) When the population proportions Py and P, are not known but sample
proportions and p,,are known

two methods to estimate P, and Py. _ . .

Eﬁnﬁrﬁf Substitution: In this method, sample proportions p; and p,

are substituted for Py and Pa.
PP

Z= '
P, Py
n y

' ling: In thi {he estimated value of two popula-
Wi o ;{oolu;?mmmﬁ the two sample proportions py
tion proportions

and p, into 2 single proportion 7«
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6.14  Chapter 6 Applied Statistics: Test of Hypothess

mpFmp,

LR

=BT E
1 1

—F —

N["l "x]

(v) Critical value: Find the critical value (tabulated value) of Z at given leve] of
significance.

(vi) Decision: If |Z] < Z, at the level of significance, the null hypothesig j5
accepted. If |Z] > Z, at the level of significance, the null hypothesis js
rejected, :

p=

Note
L. Null Hypothesis H, is rejected when [Z]>3 without mentioning any level of

significance,
2. Confidence limits:

PO, PO
(i) 95% confidence limits = (p; — p;) £1.96 Ll 10,3

L )
(if) 99% confidence limits = (p, — p,)+ 2,58 |12 4 2@
n L)

If the population proportions P, and P, are not known, P1s P2 qy and g, are used in
equations,

Example 1

Random samples of 400 men and 600 women were asked whether they
would like to have a flyover near their residence 200 men and 325
wormen were in favour of the proposal. Test the hypothesis that propor-

tions of men and women in favour of the proposal are same at 5% level
of significance.

Solution
1y =400, n, = 600
. 200 "
= rtion of men=—— =),
P, = Proportion of men 300 5

£, = Proportion of women = -;3% =0.541

p= mptmp, (400)(0.5) + (600)(0.541) 0.525
= = _____—-———___—— =
m+ iy 400+600 "’

g=1-p=1-0525=0475 g

6.6 Test of Significance fo, Difference o Proportians
' .~ lorge Samples 615
" 11 Hypothesis A -'p = i
i) Nu s o5 =P p .
( portion of men and womey ifn ;_:‘: ‘h":: 15 10 significy
(i) Alternative Hypothesis i H:Pp (TM Praposal,
(i) Level of significance: = 0gs 2\ Votailedtest)

nt difference in pro-

) Test statistic: z=__ A —p, ’ o .
1 ) ] T*—--—=_—=§=== =128
pq[—+__ (0.525)0.475) L, 1
? 9049 Ls L
1Z1=128 ;
(v) Critical value: |7, (= 1 96
fvi} Jecision: Sinee |71 < [Zo:04), the null hypothesis is accepted at 5% level of

significance, i.c., there is no significant difference of opinion between
men and women in favour of the proposal,

Example 2

" macity A, 20% of a random sample of 900 sehool boys has a certain

slight physical defect. In another city B, 18.5% of a random sample
of 1600 schoal boys has the same defect. Is the difference between the
proportions significant at 0.03 devel of significance?

Solution
ny =900, n,=1600
p; = Proportion of school boys incity A =0.2
P2 = Proportion of school boys in city B = 0.185 ;
rapy Py _ (00X02)+(600XO185) _ g0,
T 900+1600
Q=1—P=1—D,l9‘04=0.3ﬂ95 ' ' ‘ 9
(i) Null Hypothesis Hy: P, = Py, L., there isno significant difference in prop
tion of two city school boys. _
E fest
{ii) Alternative Hypothesis H: PP, (Two tailed test)

. (i) Level of significance: &= 0.05

it 02-0.185 =0916
. socn, ] = 1
(iv) Teststatistic: Z= 1 __1
¢ e Lf-l] (019040309 505 1600 )
moMn o
|z|=0916

V) Critical value: |Zo.n5l'_‘1‘96
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(vi) Decision: Since 2] <|Zygs. the null hypothesis is accepted at 5% love] of

significance, i.e., there is no significant difference between the proportions of

two city school boys. !

- T —
Example 3
Before an increase in excise duty on tea, 800 peaple out of a sample of
1000 were consumers of tea. After an increase in excise duty, 800 people
were consumers of tea in a sample of 1200 persons. Find whether there
is significant decrease in the consumption of tea after the increase in

duty.
Solution
© oy =1000, my=1200

: 800
p, = Proportion of consumers of tea before increase in excise duty = —— = 0.8

1000
P2 = Proportion of consumers of tea after increase in excise duty = 1200 ~ 0.67
o mpy +rypy _ (1000)(0.8)+(1200)(0.67) —073

1000-+1200
g=1-p=1-073=027

(i) Null Hypothesis Hy: P, = Py, ie., there is no significant decrease in the con-
sumption of tea after the increase in duty.

(i) Alternative Hypothesis H,: P, > P, (Right tailed test)
(iii) Level of significance: &= 0.05 (assumption)

y +ny

(iv) Test statistic: i i o I 0.8-0.67

1.1 11
2o 0.7300.27) ——+——
\/m(ng +an J( na J(loon+lzno]

|z]=6.84
(v) Critical value: Z, . =1.645

=6.84

(vi) Decision: Since ]z]':gz‘_m. the null hypothesis is rejected at 5% level of sig-
nificance, i.e., there is significant decrease in the consumption of tea after the
increase in duty.

Example 4

15.5% of a random sarple of 1600 undergraduates smokers, whereas
20% of a random sample of 900 postgraduates were smokers in a state.

6.6 Testof Significance For, Dlﬂerencg a : 1
o5 = Lorge Somples 6,17 i
o We conclude that lesg Number i i
[ phe Pﬂsrgmd““’e-‘ & 2 undergraduates are smokers than il

= 1600, Ry =900
_ proportion of undergraduate smokers = 0.155
2= proportion of postgraduate smokers = (5
p= m: (16{)0‘1(0,155}+[9(I]](U.2}
———— 2 TONON0.2)
™t 1600+ 900
. g=1-p=1-01712=08288
(i) Null Hypothesis Hy: Py = Py, ie., there is no significant difference in propor-
tion of undergraduate and postgraduate smokersg s
(i) Altemative Hypothesis Hy: P, < P, (Left tailed test)
(iii) Level of significance: o= 0.05 (assumption)

g T

=0172 "

(i) Teststatistic: Z= Lt SR n,iss-ﬂ-ll 1 s
e o
et 17 288) ——+——
JW[n‘i+"’2] J(ﬂl 12)(0.8: }(1 + ]
|2z|=287

(v) Critical value: |Zq 45| =1.645

i isi i is is rejected at 5% level of sig-
(vi) Decision: Since |Z| >|Zqgs|. the null hypothesis is reje
nificance, i.e., less number of undergraduates smokers than the postgraduates.

Example 5 ;
) ive articles i h of 400. After
A machine produced 20 defective articles in abi;c:;; g;-go(}_ Hasf:he

overhauling it produced 10 defective articles ina
machine improved?

Solution

s =300
n, =400, s

Py = Proportion of defective articles before overhauling = 400

S
P2 = Proportion of defective articles after overha =
| 1005+ G003 _ o043

 _ (4000
#m{—?&-f—‘( 4004300
ny iy

g=1-p=1-
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"6.18  Chapter 6 Applied Stati

5: Test of Hypothesi:

(i) Null Hypothesis Hy: Py = Py, i.e., the proportions of defective articles before
and after overhauling are equal.
(i) Alternative Hypothesis H,: P, > P, (Right tailed test)
(iii) Lewel of significance: o= 0.05 (assumption)

s 05 -0.033
(i) Teststatistic; Z = bl _ = 5D T
B 0.043)(0.957 [— —-]
Jp:[n]ﬂ!z] \/‘ X0957)| 206 * 300
|z|=1.007 )

(v) Critical value: 7, .- =1.645

(v} Decision: Since |Z|< Zy.g5, the null hypothesis is accepted at 5% level of sig.
nificance, i.e., proportion of defective articles before and after are egual and
machine has not improved.

Example 6

In two large populations, there are 30% and 25% fair haired peoplje
respectively. Is this difference likely to be hidden in samples of 1200 and
900 respectively from the two populations?

Solution

7y = 1200, ny =900
£, =Proportion of faired people in the first population = 0.3
0 =1-B =1-03=0.7
F; = Proportion of faired people in the second population = 0.25
0,=1-P, £1-025=075 ‘
(i) Null Hypothesis Hy: Py= Py, i«., the difference in population proportions is
B likely to be hidden in sampling. .
(if) - Alternative Hypothesis H,: Py # P, (Two tailed test)
(iii) Level of significance: &= 0.05 (assumption)

(iv) Teststatistic: z=—_H=FB __ 0.3-025 o
' RO, PO [0307) 025073
moooom 12000 900
[2]=256 :

(v) Critical value: |Z 55| = 1.96

(vi) Decision: Since |Z] > |Z od, the null hypothesis i rei Y
. . ? f
e i O ypothesis is rejected at 5% level o

nce in populati § : :
hilden in sempling pulation proportions is not !:kely to be

6.6 Test of Signj
’. e for i of Propory !
i uns—-targeﬁmples 6.1%

L7 andom sample of 300 shoppers 4

t A
_ i, ularly 1SeS CENS Off Coupons_ g, b <Market includes 204 who
] 5 rmarket includes 15 why eqularly me&‘ampfe of 500 shoppers at
! frmi S€S Centy g
L 95% confidence limits for the g ifference in the Populg;‘;%n;ﬂg!ﬁ;n
w{utioﬂ
i ny =300, n, = 500
‘ e proportion of shoppers who uses cents of coupons in the first sample
204

T _ 22 _oges
| 300
| q,=1’p1 =| —0.6820.32
| py=Proportion Of shoppers who uses cents of coupons i the second sample

75

= =015
500

p=1-p2=1-015=085

sE= (Pl Pty _ J(0-63}((132)+(0‘15}(0.85] >
"y ny 300 500

0.031

95% confidence limits for the difference in population propertion is

& (py—p2)—196 [P P2 (53196 ‘ﬂ+—lpl"
| Lot T n N

ie., (0.68 — 0.15) = 1.96 (0.031), (0.68 - 0.15) + 1.96 (0.031)
ie, = (0.469,0591)

EXERCISE 6.1

1. Amanufacturer claims at least 95% of the items he pr?«::gzi:rg Jati;u‘r;
free. Exarninations of a random sample of 600 item

3 igni level of 0.05.
defective. Test the claim at a significance TAns. Claim s refected]

factory, the number of
manufactured by a S
- g‘efaeg:iTep:far:; \12‘; f%aurr:sd to be 30. The company, however, claim that

; he claim tenable?
inv 5% of their pfoduct 15 de‘ecﬁ\f& Is tl ~ {Ms‘: Claim 'iSII'EjeCtEdl

; ity shows
ndom from a large city
e ple is 53%. It is believed that

is :'1. . Test-whether this

| 3 Asample of 600 persons S?Il in the sam
i that the percentage of mai€

3 it
f male to the total population rat e Sy
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$.20 Chapter 6 Applied Statistics: Test of Hypothesfs

belief is confirmed by the observation.
[Ans.: Belief is confirmed by the observation]

4. In a sample of 1000 people in Karnataka, 540 are rice eaters and the
rest are wheat eaters. Can we assume that both rice and wheat are
equally popular in this state at 1% level of significance?

[Ans.: Both rice and wheat are equally popular in state]

5. In a big city 325 men out of 600 men were found to be smokers. Does
this information support the conclusion that the majority of men in this
city are smokers?

'[Ans.: Majority of men in the city are smokers]

6. A dice was thrown 400 times and ‘six’ resulted 80 times. Do the data
justify the hypothesis of an unbiased dice.

[Ans.: The dice is unbiased]

7. Inarandom sample of 125 cold drinkers, 68 said they prefer ‘Thumsup’
to Pepsi’. Test the null hypothesis P = 0.5 against the alternative
hypothesis P > 0.5. : A

[Ans.: Null hypothesis is accepted)]

8. A social worker believes that fewer than 25% of the couples in a certain

L conducted for this purpo::x g 3 New plan of

3. Ina random sample of 1000

26U ),
M8Nificance gor Single Megr Lorge Samples

6.21
A company wanted to intr

. Work and a survey w
roup, 62% favoured the ney :lar':'asample of 500 workers T ong
400 workers, 41% were against the nen: a;'IOthe'r group of sample of
difference between the twg groyp, ;. t.h!:ian. Is there any significant
- plan at 5% level of significance? Eir attitude towards the new
Mtr':sv; ;_m?n"t?;gmﬁcam difference between the
r attitude towards the new plan]
Persons from town A
consumers of wheat. In a sample of 80 from tgw}!“:,u 4?;02 af::rf‘gu E& 23
be consumers of wheat. Do these data reveal 2 significant difference
between town Aand town B, sofar as the proportion of wheat consumers
is concerned? . _
[Ans.: There is significant difference between town A and town B
as the proportion of wheat consumers is concerned]
14, 100 articles from a factory are examined-and 10 are found to be
defective. Out of 500 similar articles from a second factory 15 are
found to be defective. Test the significance between the difference of
two proportions at 5% level.

. i igni i ortions
area have ever used any form of birth control. A random sample of 120 [Ans.: There is a significant difference between the two prop ]

couples was contacted. Twenty of them said they have used. Test the
belief of the social worker at 0.05 level.

T Tt

— B

[Ans.: Belief of the social worker is true)

9. 20 people were attacked by a disease and only 18 survived. Will you
reject the hypothesis that the survival rate is attacked by this disease
is 85% in favour of the hypothesis that is more at 5% level?

[Ans.: The hypothesis is accepted]

10. A manufacturer of electronic equipment subjects samples of two

completing brands of transistors to an accelerated performance test. If

45 of 180 transistors of the first kind and 34 of 120 transistors of second

kind fail the test, what can be conclude at the level of significance

a = 0.05 about the difference between the corresponding sample
proportion?

[Ans.: The difference between the proportions is not significant]

11. On the basis of their total scores, 200 candidates of a civil service
examination are divided into two groups, the upper 30% and the
remaining 70%. Consider the first question of the examination, Among
the first group, 40 had the correct answer, whereas among the second
group, 80 had the correct answer. On the basis of these results, can one
conclude that the first question is not good at discriminating ability of
the type being examined here? . :

. [Ans.: The first question is good enough at discriminating
ability of the type being examined]

»

6.7 TEST OF SIGNIFICANCE FOR SINGLE MEAN — LARGE
SAMPLES :

ze n (n > 30) has the sample mean ¥ and population has the

Let a random sample si occified value fy

mean 1. Also, the population mean pthas @
Working Rule

(i) Null Hypothesis H, 1 #=Hy
value [t .
ii i i e
(ii) Alternative Hypothesis H,: # ¢ e
(i) Level of significance: Select {he level of1 mﬁ:iﬁng S e
(iv) Test statistic: There are BV c?scs:’offz ;:‘]mion y e
the standard dmauonl
(a) When the G

7=

(%

of populatio

ie., the populla!iun mean g has d specified

(el n is not known
deviatio
ik

(b) When the standard

where s is the sample S
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6.21 Chapter 6 Applied Statistics: Test of Hypothesis

(v) Critical value: Find the critical value (tabulated value) Z,, of Z at the given leye| wtion
- of significance . | S0 y
(vi) Decision: If | Z | < Z, at the level of significance @, the null hypothesis 5 i n=50, ¥=62, .5, ~J““
accepted. If | Z|> Z, at the level of significance ¢, the null hypothesis jg | T F=N1024
rejected. ~ | Nl Hypothesis Hy H=54,ie, 1
| tion with mean 5.4, & $ample is drawn from a normal Pl
Note | (i) Ahernative Hypothesis Hz 5.4 (Tyo tailed st
est
. Null Hypothesis H,, is rejected when |Z|>3 wnhoul mentioning any level of L i Level of significance: ¢ = 00s

significance,
2. Confidence limits:

Test statistic: Z=2"H _ 6254
(i} 95% confidence limits = ¥ + 1‘96[%] (iv)
7 n

T

(i) 99% confidence limits = fiZ.SS[%J lZ=177
7 .

i 5 . & (v) Critical value: |ZU-NI =196

If standard deviation o of population is not known, 5 is used in equations,

’ {vi) Decision: Since |Z! < |zu.u.1! + the null hypothesis is accepted at 5% level of sig-

Exam P le 1 nificance i.e., the sample is drawn from a normal population with mean 5.4,
A random sample of 100 Indians has an average life span of 71.8 years g
with standard deviation of 8.9 vears. Can it be concluded that the Ex ampl e3
average life span of an Indian i 7 : ;

il & hae 4l A random sample of 400 members is found to have a mean of 445 cm.
Solution Can it be reasonably regarded as a sample from a large population

n =100, ¥ = 71.8 years, 1 = 70 years, s = 8.9 years whose mean is 5 cm and variance is 4 cm?
v ?Uuﬂcgrip othesis Hy: it = 70 years i.¢., the average life span of an Indian is solution
n=400, E-445cm, p=Sem o=y 4=2em

(ii) Alternative Hypothesis H|: ft# 70 years (1' wo tailed test)

i ie mesampleisd:awnfmmalargepopulasion

(i) Null Hypmhesis Hy: p=5cm,ie.,
“h TS with mean 5 cm.

(iv) Teststatisticr Z = ———=—"—_ =202 iled test)
[:;_J [ 39 J (ii) Alternative Hypothesis Hy: pt# 5cm (Twotai
n V100
|z|=2.02 (iii) Level of significance: &= (.05 (assumption)

I-p 4455 =555

(v) Critical value: |Z o = 1.96 \
(iv) Test statistic: Z—-[-;'“ ="

(vi) Decision: Since |Z] > |Z; 4|, the null hypothesis is rejected at 5% level of
mgmﬁcance L.e., the average life span of an Indian is not 70 years.

2

%) ()

Example 2 © |g=533
. ; - it . =196 :
é’mwg m sample of 50 items gives the mean 6.2 and variance 10.24. 1) Gttt veluz =1 hesisisejectedatS%level of signif-
an it be regarded as drawn from a normal population with mean 5.4 at s the null hypothesist
Voan o ith mean 5 cm.
5% level of significance? . () PCCIS“’“- S“I"” 2 PILZ?SD;L[ drawn from the 1arge population Wi
icance, i.e., the samp
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6.24 Chapter 6 Applied Statistics: Test of Hypothesis

—

Example 4 _ ;
A sample of 900 members has a mean of 3.4 cm and SD 2.61 cm. Is the.
sample from a large population of mean 3.25 cn and SD 2.61 cm? If
the papulan‘érz is normal and its mean is unknown, find the 95% fiducial
limits of its true mean. g

-Solution

n=900,%=3.4cm,s=261cm,g=325cm, o=2.61cm "
(i) Null Hypothesis Hy: pt = 3.25 cm, i.e., the sample has been drawn from the
population with mean g =3.25 cm and SD = 2.61 em.
(i) Alternative Hypothesis H,: gt # 325 cm (Two tailed test)
(iii) Lewvel of significance: x=0.05"
F-f  34-325

(iv) Teststatistic: Z=+—-="—""-=172
(%) (5%)
Jn 900
z|l=172

(v) Critical value: |Zg 45| = 1.96

(vi) Decision: Since |Z] < |Z; s/, the null hypothesis is accepted at 5% level of
significance i.e., the sample has been drawn from the population with mean
p=3.25cm,
95% fiducial limits:

fil.%(%}z 3.4t].96[%]= 3.4£0.1705,
n

i.e., 3.5705 and 3.2295

Example 5 .

A type company elaims that the lives of tyres have mean 42000 km
with s.d. of 4000 km. A change in the production process is believed to
result in better product. A test sample of 81 new tyres has a mean life of
42500 km. Test at 5% level of significance that the new product is
significantly better than the old one. J

Solution
n=81, X=42500km, p=42000km, o =4000km
(i) Null Hypothesis Hy: 1 = 42000 km, i.e., the new product is not significantly
better than the old one.

(i) Alternative Hypothesis H,: 1> 42000 km (Right tailed test)
(il Level of significance: or=0.05

Exan‘lple 6

6.7 Testopgy :
ificonce for Singte pagy _ f “iph
> Samples 625

seilos o X gt &
) Test statistic: Z= Z7H _ 42500 4200
¢ g "'[‘“‘--ﬂ.:zs

v 'i“-’g]
|z|=1.125

) Critical value; Zyos =1.645

(vi) Decision: Since |Z| <

Zy 05+ the null i i ] 0
nificance, i.e., the ne Ypothesis is accepted at 5% level of sig-

W product is pot significantly betier than the ofd one.

ﬂfg meandbre‘;d;mg s!reﬂgrh of cables supplied by a manufacturer is 1800
with standar. Eviaton 100. By g new technique in the manufacturing
rocess it is claimed that the breaking strength of the cable has increased.
Inorder 1o test the claim a sample of S0 cables s tested. It is found that
the mean breaking strength is 1850. Can we support the claim at 1%
level of significance? -
Solution
n=50, T=1850, p=1800, o=100
(i) Null Hypothesis Hg: ft = 1800, i.., the mean breaking strength of cables sup-
plied by manufacturer is 1800.
(i) Alternative Hypothesis Hy: j1>1800 (Right tailed test)
(iii) Level of significance: ¢=001

F-p 18501800
(iv) Test statistic: z=ir “] 5[100] 354

|z|=354
(v) Critical value: Z,,, =2.33

g e el of sig-
(vi) Decision: Since 121> Zoonr the null bypothesis s r]e]t’»c:;‘ld a:j :d%ilc::o:: ‘:i
nificance, i.e., the mean breaking ST 3 )

1800.
Example 7 e
An ambulance service claims g ca
10 reach its destination in eme7sen”y

strength of ¢

the average 10 minutes

takes on mple of 36 calls has a

JIs. A sa

IR 8
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6.26 Chapter 6 Applied Statistics: Test of Hypothesis

mean of 11 minutes and the variance of 16 minutes. Test the claim q;
0.05 level of significance.

Solution
n=36, ¥=11minutes, p=10minutes,
(i) Null Hypothesis H: gt = 10 minutcs, i.¢., ambulance service takes 10 minutes
to reach the destination.
(ii) Alternative Hypothesis H,: jt > 10 minutes (Right tailed test)
(iii) Level of significance: &= 0.05 L E
- 1]—10=] 5

) (&)

" (v) Critical value: 7, = =1.645

5= JIE: 4 minutes

(iv) Test statistic: 7=

(vi) Decision: Since |Z| < Zy s, the null hypothesis is accepted at 5% level of con-
fidence, i.c., the ambulance service takes on the average 10 minutes to reach its

destination.

6.8 TEST OF SIGNIFICANCE FOR DIFFERENCE OF
MEANS — LARGE SAMPLES -

S

Let %, and ¥, be the sample means of two independent large random samples with sizes
ny and n, (1, > 30, n, > 30) drawn from two populations with means g and j, and
standard deviations o) and d5.

Working Rule

(i) Null Hypothesis Hy: pt, = s, i.e., the two samples have been drawn from
two different populations having the same means and equal standard devia-
tions. .
(ii) ~ Alternative Hypothesis H,: i, # I, (two tailed test)
or Hy: gy < 1, (one tailed test)
) or Hy: (g > 11, (one tailed test)
(iii) Level of significance: Select the level of significance ct.
(iv) Test statistic: There are two cases for caleulating test statistic.
(a) When the population standard deviations ¢, and @, are known
X -%
%.%
non

Z=

|,'I -
I

6.8 Test of 5
- 19nificance . Difference e ' »
eang — [,ar!? Sa
: mples 6,27

B 9 and &, are not known
L= 5
3
i-z-_,,f?_
- hom
where 5; and 5 1¢ sample standarg deviati .
ons,

(v) Critical Value: Find the erig
level of significance, - feal value (tabulated value) Z, of Z at the given

(vi) Decision: If |7] < Z_ g the o
accepted. I |2 > Z. at the m:: :is
rejected, ;

lxmfls:ance @, the null hypothesis is
significance e, the null hypothesis is

Note:

1. Null Hypothesis H is rejected wh ] i |
significance, e when |Z[>3 without mentioning any level of
2. Confidence limits: P
(i) 95% confidence limits = (%, ~%,)£19 02_1+9_i
Ny
9,9

(i) 99% confidence limits = (¥, - x,) +2.58 |- +
n

 If population standard deviation 6, and 6, are not known, 5, and s, are used in
| equations.

Example 1
Test the significance of the difference between the means of two normal

population with the same standard deviation from the following data;

o0 & 6}

'l Sample d
L Samplell 200 61 8

Solution 3
m =100, m= 200, ¥ =04, I,=61 §= B o o8
(i) Null Hypothesis Hy : th = { e, thereis no significant difference between
o, (Two tailed test)

(ii) Alternative Hypothesis Hyppy#h0 g
{iii) Level of significance: &= 0.05 (assumption) ¥
6467 ___331

%
(iv) Test statistic: Z =-’;—"s'{ " ler L8
f'—+;f— 200 | 100

2

n

Scanned with CamScanner



6.28 Chapter& Applied Statistics: Test of Hypothesls

|Z1=3.31 .
{v) Critical value: |Z, o = 1.96 ccisniEin
(vi) Decision: Since |Z] > |Zgq4, the null hypothesis is rejected at 5% level of
significaffce, i.e., the samples do not support the hypothesis that lI_1e two
population have the same mean although they may have the same standarg
deviation. i

—

Example 2 ;
The means of simple samples of sizes 1000 and 2000 are 67.5 and 68 cm
respectively. Can the samples be regarded as drawn from the same
population of §.D. 2,5 ct.
Solution
ny = 1000, n, = 2000, X, = 67.5 cm, X, =68 cm, 0= 25¢em
(i) Null Hypothesis Hy: g, = i, i.e., the samples have been drawn from the
same population of $.D. 2.5 cm =

(ii) Alternative Hypothesis H : ty # 4 (Two tailed test)
{iii) Level of significance: o= 0.05 (assumption}

%%, 67.5-68
(iv) Teststatistic: Z = —lmnl_ = —=-5.16
' o, d \,(z‘sf 25
n  m V1000 2000
|Z=5.16

(v) Critical value: |Z; 55| = 1.96

(iv) Decision: Since [Z] > |Z; ¢4, the null hypothesis is rejected at 5% level of
significance, i.¢., the samples cannot be regarded as drawn from the same
population of SD 2.5 cm.

Example 3

The mean life of a sample of 10 electric bulbs was found to be 1456
hours with SD of 423 hours. A second sample of 17 bulbs chosen from
a different batch showed a mean life of 1280 with SD of 398 hours. Is
‘there a significant difference between the means of two barches?

Solution
ny; =10, n, =17, X, =1456 hours, X, = 1280 hours, 5; = 423 hours, s, = 398 hours

(i) Null Hypothesis H: u, = L, i.e., there is no significant difference between
the means of two batches.
(ii) Alternative Hypothesis H;: u, # H; (Two tailed test)
(iii) Level of significance: or= 0.05 (assumption) ;

,....—__.
. Example 4
| The average of marks scored by 32 boys is 72 with standard deviation 8

6.8 Test of Signi
ficance fo Difference of Means — Lorgs -
les 6.29

i ) Test statistic: 7 = _% %,

B 14561280 >
e O
0 U e
|zl =107
(v) Critical value. 12, . = | o¢
(vi) D'ecllsmn; Slnlcc Z< |Zg 45l the null b =
significance, i.e., there s no Siyliﬁmﬁo;:;:m is accepted at 5% level of
two batches. rence between the means of

while that of 36 girls is 70 with standard deviation 6. Test at 1% level of
significance whether the boys perform better than the girls.
Solution

m =32 my =36, 5 =72, %,=70, 5, =%, 5, =

(i) Null Hypothesis Hy;: pt, = iy, Le., there is no signifi
performance of boys and girls.
(ii) Alternative Hypothesis Hy: p, > i, (Right tailed test)

difference b the

(iii) Level of significance: a=0.01

s =% BT e
iv) Test statistic: Z= et T
( $.4 [68,60
noom 3236
|z|=1.1547

(v) Critical value: 7, =233 -
(vi) Decision: Since |Z] < Zgor: the null hypothesis is acceplla‘cl at | % level of sig-
nificance, i.e., the boys do not perform beiter than the girls.

Example 5
y 170 cm
A simple sample of heights of 6400 English men I;l:::s T;ggg:‘:mic:ns
and as.d. of 6.4 cm, while a simple sample of heig ; ;se Odara O it
has a mf.’ﬂ“"‘ of 172 cm and a 54 ki I:jft fish men?
American are, on the average, aller s e SR

Solution
. 1y =1600, n, =6400, T

= =6.4cm
~172¢m, F=170¢m: 57 63cm, 5
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6.30 Chapter 6 Applied Statistics: Test of Hypothesis

(i) Null Hypothesis Hy: pty =4, i.c.. there is no significant difference in heights of
Americans and English men.
(i) Alternative Hypothesis Hy: Hy > Hz (Right tailed test)
(iii) Level of significance: cz=0.01 {assumption)

172-170

(iv) Test statistic: Z= n-% _ = =11.32
$,.9 )Fs.af L (64
W om Y1600 6400
|Z|=11.32

(¥) Critical value: z, = =233

(vi) Decision: Since |Z|> Zygq,, the null hypothesis is rejected at 1% level of sig-
" nificance, i.e., Americans are, on the average, taller than English men.

Example 6

In a certain factory there are two different processes of manufacturing
the same item. The average weight in a sample of 250 items produced
from one process is found to be 120 gm with a s.d. of 12 gm; the
corresponding figures in a sample of 400 items from the other process
are 124 gm and 14 gm. Is this difference berween the two sample means
significant?

Solution
=250, n, =400, X, =120 gm, X, =124 gm, 5, =12gm, 5, =14 gm

(i) Null Hypothesis Hy: t; = by, i.e., there is no significant difference between the
two sample means.

(ii) Alternative Hypothesis H;: p, # i, (Two tailed test)

(iif) Level of significance: &= 0.05 (assumption)

(iv) Test statistic: Z = ok | 10-14 =-3487
.9 \[@L@
n n, V250 400
|z|=387

(v) Critical value: |Zﬂmf= 1.96

(vi) Decision: Since |Z|>|Zys], the null hypothesis is rejected at 5% level of
significance, i.e., there is significant difference between two sample means.

g9 Test of Significance for Difference o7
Gndard Deviations Lirg
; ~Large Samples 6,34

height of 50 mal,
b e meait € Students iy .,
sithas.d. of 2,514 participate j, i
| jnches “: I aaﬂ‘:'cipgjdssmms‘ i emean el Of%fnﬁ;ﬁ:‘? : 63!;;
i ot P ‘ " 3POrt is 67.2 inches with 5 biches
Tt the hypothesis that the height of egeksiaie
I ;pﬂﬁs is more than the students who

solution
= =-‘50, X = i - .
n= 50, ny % =68.2inch, ¥, =672inch, 5 =25inch, 5, =28inch

@) Null Hypothesis Hy; “1=»“z'i£:‘ihmisnn . T o
students who have participated in sports or :lof_m ficant difference in heights of

(i) Alternative Hypothesis Hy: 1, > 1y (Right tailed test)
(iii) Level of significance: er=0.05 (assumption)

(iv) Teststatistic: Z = n-% __682-612 —_—
L1 \'Q;ﬁ 087
mom V30 50
|7]=1.88 '

{v) Critical value: Zj, =1.645"

{vi) Decision: Since |Z|> 2355 » the mull hypothesis is rejected at 5% level of sig-
nificance, i.e., the height of students who have participated in sports is more
than the students who have not participated in sports.

TEST OF SIGNIFICANCE FOR DlFFERENﬁE OF STANDARD
DEVIATIONS — LARGE SAMPLES

i , les with -
jati f two independent large random samples ¥
iy lations with standard deviations

6.9

Lets, and s, be the standard dev
sizes r, and n; (> 30, np > 30) drawn from tv/o popu

g, and @,
Working Rule

o, 1.2, the LWO samples have been drawn from w0

(i) Null Hypothesis Hy: 01= ; i
different populations having same S‘”(‘iidm'li:; s
i ive s Hi 0% 0
TV Sl !—prolhes H:! cri<62(0uc tailed test)
or B > 0,(One tailed test)

or . { signi jcance O
(iii) Level of significance: Slela:\ {he level © gnifi

i
e
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§.32 Chapter6 Applied Statistics: Test of Hypothesls

two cases for calculating test statistic.

{iv) Test statistic: There are
jons o, and o, are known

(2) When the population standard deviat

Z= %
g, | O
st
(2) When the population standard deviations &, and @, are not know_n
55
.!‘2 jz
where s, and 5, are sample standard deviation.
(v) Critical value: Find the critical vale (tabulated value) Z,, of Z at the given level

of significance,
(vi) Decision: If |z| < Z,, at the level of significance &, the mull hypothesis is ac-

the level of significance a, the null hypothesis is re-

Z=

cepted. If |Z|>Z, at
jected.

Example 1

The SD of a random sample of 1000 is found to be 2.6 and the SD
of another random sample of 500 is 2.7. Assuming the samples to
be independent, find whether the two samples could have come from

populations with the same SD.

Solution
ny, =1000, ny =500, 5, =2.6, 5, =2.7
(i) Null Hypothesis Hy: @, = &, i.e., there is no significant difference between
two standard deviations.
(i) Alternative Hypothesis Hy: oy # o3 (Two tailed test)

(iii) Level of significance: & = 0.05 (assumption)

(iv) Teststatistic: Z=—._ % __ e 54 =-0.97
$ & J @67 , @7’
2n 2m 2(1000)  2(500)
|z|=0.97

(v) Critical value: |Z, 5| = 1.96

(vi) Decision: Since |Z|<|Zqqs|, the null hypothesis H, is accepted at 5% level
of significance, i.., there is no significance différence between two standard

89 Test of Significance for Difference i, ;
’ : atlons — Large 5
mples 4,33

Jeviations and the two Samples cgy)

d have ;
same SD. come from populations with the

example 4 I
om samples drawn from gyo ;
,g.iaﬁ”g' t0 the heights of aduly majei?unmes gave the following data

';. Standard deviation (in inches)
| Number in samples

s the difference between the standard deviations significant?
solution '
my =1000, ny =1200, 5 =258 inch, s, =2.50inch

(i) Null Hypothesis Hy: 6; = @, ie., there is no significant difference between
two standard deviations, .
- (i) Alternative Hypothesis Hy: @, # 6, (Two tailed test)

(iii) Level of significance: = 0.05 (assumption)

-5 58-250 '

(iv) Teststatistie: Z= i 25% =0077
. s, % e , @507
2 2my  Y20000) 2(1200)

|z|=0.077
(v) Critical value: |Zy gs| =1.96 .
ypothesis is accepted at 5% level of

vi) Decision: Since |2]<|Zogs|s the null b
g 1 ] 1 I difference between the standard de-

significance, i.c., there is no significance
viations.
ample 3 s for which the data are given in the
s with the same

Examine whether the two samp! tio
following table could have been draw"! from population
§ .
ﬂj :
Sample [ 168 /_,_J
200

Samplell _ ——-
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Solution
m =100, ny, =200, 5 =5, 5 =7
(i) Null Hypothesis Hy: 0; = 03, i.e., the two samples could have been drawn from
populations with the same SD.
(ii) Alternative Hypothesis H;: o; # 0 (Twe tailed test)
{iii) Level of significance: cc= 0.05 (assumption)

(iv) Test siatistic: Z = ’1-:“’ = =7 — =—4.02
P
2m 2n, 20100) 2200}
|z|=4.02

(v) Critical value: |Zyq5| =1.96

(vi) Decision: Since |Z|>|Zygs|. the null hypothesis is rejected at 5% level of sig-
nificance, ie., the two samples could not have been drawn from populations
with the same SD.

EXERCISE 6.2

1. A random sample of 100 students gave a mean weight of 58 kg with a
SD of 4 kg. Test the hypothesis that the mean weight in the population
is 60 kg.

[Ans.: The mean weight in the population is not 60 kg]

2. Asample of 400 items is taken from a normal population whose mean
_is 4 and whose variance is also 4. If the sample mean is 4.45, can the
sample be regarded as truly random sample?

[Ans.: Sample cannot be regarded as truly random sample]

3. The mean IQ of a sample of 1600 children was 99. Is it likely that this
was a random sample from a population with mean 1Q 100 and SD 157

[Ans.: Sample was not drawn from a

population with mean 100 and SD 15]

4. In a random sample of 60 workers, the average time taken by them to
get to work is 33.8 minutes with a standard deviation of 6.1 minutes. Can
we reject the null hypothesis 4 = 32.6 minutes in favour of alternative
hypothesis g > 32,6 at = 0.025 level of significance

[Ans.: The null hypothesis is accepted]

5. It is claimed that a random sample of 49 types has a mean life of 15200

km. This sample was drawn from a population whose mean is 15150 km
and a standard deviation of 1200 km. Test the significance at 0.05 level.
[Ans.: The null hypothesis is acceptec]

9 Test of Significance for Difference o5

; tandarg Deviations . larse Somptes 6,35
an ambulance service claims ¢
minutes to reach its desyip,
calls has a mean of 11 miny
claim at 0.05 level of signj

hat
ation i: t::.: on the average less than 10
tes and the v, 8ency calls. A sample of 36

il arnance of 16 minutes. Test the

University A 55 10
University B 57 15

Size of the somple
400 l
100 |

[Ans.: There is no significant difference between the means]
8. A researchers wants to know the intelligence of students in a school.
He selected two groups of students. In the first group, there are 150
students having mean 1Q of 75 with a SD of 15. In the second group
there are 250 students having mean 1Q of 70 with SD of 20. Test the
significance that the groups have come from same population.
[Ans.: The groups have not come from same population]

9. Randem samples drawn from two places gave the following data relating
to the heights of children:

No. of children in sample

TFietoht in em 5D in cm
| Place A 68.50 25 1200 l|
| Place B 68.58 A 1500 |

Test at 5% level of significance that the mean height is the same for

children at two places. height is same for chl dren at two places]

[Ans.: The mean
10, The mean life of a sample of 10 electric bulbs was fxm:. t:; :?rl;ﬁg
hours with SD of 423 hours. A second sample of 17 vm ;e ;0? o T
different batch showed a mean lifé of 1280 hours gk :
Is there a significant difference between the means 0 ol
. [Ans.: There isno difference betwe
the mean life of two batches]

: that of another
1. The SD of a random sample of 900 members 1 4‘{‘);;“# the two samples
independent sample of 1600 membersis Ak E;;a;nl)l )
' lation W1 |
could have been drawn from @ POPE L e could have been drawh
[Ans.: from a population with 5D 4
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5.36 Chapter 6 Applied Statistics: Test of Hypathesis

12. The variability of two sets of plots is as given below:

Set of 40 plots Set of &0 Plots

] SD per plot ___3_‘”‘_3__-_.__@"3__]
Examine whether the difference in the variability in yields is significant,
[Ans.: The difference in the variability in yields is significant]

6.10 SMALL SAMPLE TESTS

If the samples are large (n > 30) then the sampling distribution of a statistic is normal,
But if the samples are small (n < 30) then the above result does not hold good. For
estimation of the parameter as well as for testing a hypothesis, following distributions
are used: .

(i) Student’s s-distribution
(i) Snedecer’s F-distribution
(ili) Chi-square () distribution

6.11 STUDENT’S ¢t-DISTRIBUTION

The theory of small or exact sample was developed by Irish statistician William 8.
Gosset who used to write under pen-name of student, The quantity 1 is defined as
izt Difference of population parameter and the corresponding statistic
Standard error of statistic

with (n - 1) degrees of freedom if the sample size is n.

* Letx), Xz, e Xy be a random sample of size n (n < 30) drawn from a normal population
with mean pt and SD &. The student’s ¢ statistic is defined by .

I___E—,u =

ey x-x) . ; . 5
where T issample mean and $ = —ﬂ—isa.nunbmsed estimate of . The test sta-

tistic t:_._'?:g_
(=)
n—1

freedom and with probability density function f(r)= c[ f

=iv+l}
14+— ,where v=n-1
5 ;

and ¢ is a constant required to make the area under the curve unity, i.c., I f(ndt=1

is a random variable having t-distribution with v=n — 1 degrees of

612 tepag.
£5C2 Test of Significance o Single Mea 37
no6
_gistribution is used when () : .

Pt vhen. (1) the sample g3 ;
f T%Gpovﬂ‘““"“ standard deviation is nmkmwnple_ $122 15 less than or equal to 30, and

; 1.1 Assumptions for ¢-test -
D) samples nre.den from normal ;
) The pa;rulall{‘m standard deviaﬁﬁml;?l;::::dk:? random.
(i) For testing the equality of two population &'ewn. ] _
| regarded as equal. mean, the population variances are

. In case of two sai ; e
(iv) e mples, some adjustments in degrees of freedom for ¢ are

6.11.2 Properties of t-distribution
(i) The t-distribution is asymptotic to the x-axis, i.c., it extends to infinity on
either side. , : ;
(i) The t-distribution is symmetrical about the mean.
(ili) The shape of the curve varies with the degrees of freedom.
(iv) The largerthe number of degrees of freedom, the mare closely t-distribution
resembles standard normal distribution.
(v) Sampling distribution of f does not depend on population parameter but it
depends only on degree of freedom v, i.¢., on the sample size.

'6.11.3 Applications of t-distribution

The ¢-distribution has following applications in testing
of hypotheses for small samples: 5

(i) Totestthe significance of the sample 'mean'

when the population variance O is not

known

(ii) To test the significance of the mean of the

sample i.e., to test if the sample n:lean dif-

fers significantly from the population mean

(i) To test the significance of the difference

[=]

Fig. 6.5 t-distribution
curve

variances being equal and i ed sample correlation coefficient
" (iv) To test the significance of an observed 2P

' EAN
6.12 ¢-TEST: TEST OF GIGNIFICANCE FOR SINGLE W
| ormal population
Kx, x is a random samplé of size n (#330) ?Z\;&l cE::ﬂ; ;nl;ﬁcmdy g
wit]!-,' nﬁe:‘a'.-;’ ;“and sD o and if th‘e sam? ;j T veaty
Population mean  then the swOen o staf
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6.38 Chapter 6 Applied Statistics: Test of Hypothesis

7 -3¢
t= CEw , where s= (et withv=n-1
5 } n
[ n-1

Note: Confidence Limit

g 5
(i) 95% confidence limits = ¥ fpqs {J-H—T]—]

where 1.5 is the 5% critical value of 1 for v=n -1 degree of freedom for 3
Two tailed test.

i 5
(iiy 99% confidence limits = xt!ﬂ”‘[ﬁ)

where t,, is the 1% critical value of 7 for v=n— 1 degree of freedom for a
Two tailed test.

Example 1 :

. A machinist is making engine parts with axle diameter of 0.7 cm. A
randem sample of 10 parts shows a mean diameter of 0.742 cm with a
standard deviation of 0.04 em. Compute the statistic you would use 1o
test whether work is meeting the specification at 0.05 level of signifi-
cance.

Solution .
n=10, X=0742cm, s=0.04cm wx=07cm
(i) Null Hypothesis Hy: it = 0.7 cm, i.c., the product is meeting the specifica-
tion. ’

(ii) Alternative Hypothesis H,: gt # 0.7 cm (Two tailed test)
(iii) Level of significance: a=0.05

5 o I-nu 0.742-0.7
= =3
(iv} Test statistic [ il 004 3.15
n—1 V10-1

[f|=3.15
(v) Critical value: v=n—1=10-1=9
foos(V=9)=2.262

{vi) D.ECI‘:S.ioﬂZ Since 1| > 54, the null hypothesis is rejected at 5% level of
significance i.e., the product is not meeting the specification.

1

| pisc
| SO]' ytion

, objects are chosen at tandom from
ghts are found to be in graps. Eg 63 (;41&
uss the SUZREStion that the mean veo o1

rge popu!ari&n and their

1 64, 65, 66, 69, 69, 70,70, 71.
€an weight is 65 g

n=10,u=65g
x=67g
§=2966¢ From caleulator

(i) Null Hypothesis Hy: =65 g, ie., there is no significant difference in the
mean weight of sample and population.
(i) Alternate Hypothesis Hy: 11 # 65 g (Two tailed test)
@iii) Level of significance: o= 0.05 (assumption)
-y 61-65

(iv) Test statistic: 1= [_f_] » [L%ﬁ ]: 2023
J-1) o
=202

(v) Critical value: v=n-1=10-1=9
fogs(V=9)=2.262

(vi) Decision: Since [i| < fggs, the null hypothesis is acoepted at 5% level of
significance, i.¢., the mean weight is 65 g,

Example 3

The mean lifetime of @ sample of 25 i}“{:gfuring
SD of 120 hours. The company man _
“”erige life of their bulbs is 1600 hours. Is the claim aceepta

level of significance?

is found as 1550 hours with a
the bulbs claims that the
nce at 5%

Solution fa

=120 hours, 4=
1550 hours, s=1 ‘
ife of bulbs is 1600

n= '25, x= i
{e. the average

(i) Null Hypothesis Hy: fi = 1600 hour®
hours. : ;

(i) Alternative Hypothesis Hy:

(i) Level of significance: =0/

u< 1600 hours (One tailed test)
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6.42  Chapter& Applied Statistics: Test of Hypothesis . 58 Testof Significance for Difference of Means 3
6.4

o o al popul_ation with means 1y and
(v) Critical value: v=n ‘91) = ;02;21 =3 s statistic is given by !4 H and same standard deviations, The student's
fops (v=0) =2 X-5
s =
(vi) Decision: Since [i| <#qs, the null hypothesis is accepted at 5% leve] of sig- T3 with v=p, =2
nificance, i.e., population has mean IQ of 100. K " * ;;
4. - 5 -
95% confidence limits = X % f5,05 [_\ﬁl_—l_] i e l:ni
1
i 13.54 &
=07242262) == 5o 2F
9 ( o1 J Fatl
1
=972£1021 =
=87 and 107.41 O i 5= (B 4 Fy-5)
non, =2
[n terms of standard deviations 5, and s,.
Example 7 P
The heights of 10 males of a given locality are found to be 175, 168, 155, L
170, 152, 170, 175, 160, 160 and 165 cm. Based on this sample, find the n i ny
\95% confidence limits for the heights of males in that locality. —
IS, +ny5;
. 5=
Solution 5 ot mn -2
n=
T S(x-¥)
x=165 A% 5=
o) } From calculator x ' n,
v=n-1=10-1=9 I [
L=
From s-table g
fos( V= 9) = 2.262 (Two tailed test) Note )
The 95% confidence limits for g are 1. If i, =, =nand the samples are independent, i.c., the observations in the two
‘: y . sampl es are not all related then test statistic is given by
f-fn.g_;("“'—]. X+, { ] ol
Jn=1 . n—1 1= XY withv=2n-2
Yk
f 5+
i {165 _226276) . 226216) =3 .
V10-1 J10=1 iF the pairs of values of x and y are associated or correlated
i [159.27, 170.73] 2 1fmy=m=nandifl Es;mdem) he above formula for testing of hypothesis
., the heights of males in the locality are likely to be n limits 159,27 cm and 170,73 ¢m. i scmme gy (OF RDC TR
. * cannot be used. 7 ign) in the values of x and y
' Let d. = x. — v. denote the difference (Wilh proper sign,
. | i SRR AL .
6.13 :;g:;]' TEST OF SIGNIFICANCE FOR DIFFERENCE OF for the ith pair (1= 1, 2, 1)
S . The test statistics is given bY
Let x, x5, ..., x, and Vi Y vees be two independent samples of sizes m and & ___d__._ withv=n=1
Ay (my = 30, ny < 30) with means X and 7 and standard deviations s and 5, from 2

(e

s w2 S IR R
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i Te
. est of Slsniﬁm,m for Difer
6.44 Chapter & Applied Statistics: Test of Hypothesis . N ‘Em i i
| .o Level of significance: g = g
(i} : &=005 (as,mmm)
where d and s denote the mean and standard deviation of the difference 4, | @) Teststatistic: r=-X23 19645 _ B
respectively, i.., | 4 _1_1_"1_ I =163
i }:d,- moon, 5.,_;

) : e If]=2.6368

n

= ' 2 ’ | i N
. [T 54 (Za | caeae v g
Al n n n 1 | fogs (V= 4)=2145

(vi) Decision: Since |!l“—“ fogs+ the null hypothesis is re 345% level of signif

(3) Confidence Limits

_ cance, i.¢., the samples are poy drawn from the same p—
o I : ; ;
(i) 95% confidence limits = (¥ = ¥) & fops TG g
; \‘ T j ; :
samples of two types of electric bulbs were tested for length of life and
where .05 is the 5% critical value of  for V=ry + n, - 2 degree of free- the following data were obtained. ;
dom for a Two tailed test. I
) . o _ 1 | Sample | 8 134br 36 |
(ii) 99% confidence limits = (X - ¥) £y _—J_l_l | $a_n1p!e 2 7 1036 he 40 hr |
5 |—+— ; ]
o Is the difference in the means sufficient to warrant that type 1 bulbs are
where #y,q; is the 1% critical value of f for v=n, + ny — 2 degree of free- superior to type 2 bulbs?
dom for a Two tailed test. .
Solution
Example 1 n =8 n=1 X, =1234hr, X; = 1036 hr
The means of two random samples of size 9 and 7 are 196.42 and 198.82 s =36hr, 5, =40kt
respectively. The sum of squares of the deviation from the mean are 3 73 :
, nysi +rysy _ [BHG6 + DGO _ 45731y

26.94 and 18.73 respectively. Can the sample be considered to have
been drawn from the same population? '

8+7-2
¢ type 1 bulbs are not superior to type 2
t :

mtn -2

(i) Null Hypothesis Hy 1 = fip, i.c., th

Solution
, — ] bulbs. led tes)
=9, =T, -y x = i H H i : i "
n=5 =7, F-19642 5= 100 (i) Alternative Hypothesis Hy: ;> f (Onc ale
Y (x-%)=2694, ¥ (y-7)7?=1873 (i) Level of significance: o= 0.05 (assurmpfion)
X1 : . T-%, _ 1234-1036 4o
- |G- +X0-5"  [woasians o () Teststatistics 1=—p—=" 1
. oty =2 Y o9+7-2 I e
1
() Null Hypothesis Hy: ;= 4y, i.e., the samples are drawn from the same popula- f|=939
on. - ‘
i 0 2= +1"?'= 13
(i) Alternative Hypothesis Hy: 1ty # t1, (Two tailed test) 1 Cridloal yglme ey 4 o
tos (y=19)=1711
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6.46  Chapter 6 Applied Statistics: Test of Hypothesis

(vi) Decision: Since |¢| > f s, the null hypothesis is rejected at 5% level of signifj. '

cance, i.e., the type 1 bulbs are superior to type 2 bulbs.

Example 3

The mean height and SD height of 8 randomly chosen soldiers are
166.9 cm and 8.29 cm respectively. The corresponding values of 6
randomly chosen sailors are 170.3 em and 8.50 cm respectively. Based
on this data, can we conclude that soldiers are, in general, shorter than
sailors?

Solution
m =8 n, =6, X, =1669cm, ¥, =170.3cm
5 =8.29cm, 5, =850cm

2 2z 2 vl
oo fmsitmsi Il(sxs.zw HOBS0 _y oo
n+ny =2 \

- 8+6-2
(i) Null Hypothesis Hy: jt; = I, i.e., there is no significant difference between the
heights of soldiers and sailors.
(ii) Alternative Hypothesis Hy: g, < pt; (One tailed test)
(iii) Level of significance: & = 0.05 {assumption)
®-¥  _1669-1703

(iv) Test statistic: 1= T — ~0.696
; L 9,051||-- =
g n +n: 8+6

|e|=0.696.
(v) Critical value: v=m +n,—2=8+6-2=12
fyos (v=12)=1.782

(vi) Decision: Since |1| < 55, the null hypothesis is accepted at 5% level of sig-
nificance, i.e., there is no significant difference between the heights of soldiers
and sailors and we cannot conclude that sailors are, in general, shorter than
sailors. ~

Example 4
Tivo types of batteries are tested for their length of life and the following
data are obrained:

: si nificant diffe R
(here d SI&NY rence in the gy, =
‘ Errlffs for the difference in meqns, 0.means? Find 93% confidence

I sd”fi"" I

‘ m =9, m =8, % =600 hours, ¥, =640 hoars
| 5= 121 =11 howrs, 5, =18 <12 hours

1 1
= |Mii s (O)I20+8)(144)
= [PRSTRIIA)
n4ny -2 9482 =12.22 hours

(iy Null Hypothesis Hy: =, ie, there is no significant difference in two
means.
(i) Alernative Hypothesis Hy: iy # p (Two tailed test)
(jii) Level of significance: or= 0.05 (assumption)
K-% _ 600-640

(iv) Test statistic: ¢ =— i o
1. 1 11

g—+— BB+

o iy 9 B

=674

=—674

(v) Critical value: v=r;+my—-2=9+8- =15
fhes (v=15)=2.132
(vi) Decision: Since |t| > s, e null hypothesis s rejected at 5% level of confi-
dence, i.c., there is significant difference in the two means.

o ; 1 1
95% confidence limits for (i - B = =%)E 'm[a LI 4 “J
1.1
=(600-640):tl132[12.21‘ ;hﬂ

=-40+12.66
~ 7734 and -52.66

B e

| o pol weigh 42 39,48 60 and

| pati d 'hmedicineA eigh 42, 39, 45, 07 41

iElglc u Ry i daue?; :;?;w a;i‘::;ts from the same hospital treated with
£. Second gro P
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648 Chapters Applied Statistics: Test of Hypathesis

medicine B weigh 38, 42, 56, 64, 68, 69 m_’d '52_&8-‘ Do you agree wiy,
the claim that medicine B increases the weight significantly?

Solution
m=5m=7
¥=46kg
y=57kg
5 =762kg
s, =115kg

From calculator

_ [asienst _ [0+ _ 1 oa
S_erl-ll-nl—z i 5+7-2 Rk

(i) Null Hypothesis Hy : g, = it;, i.e., there is no significant difference between
the medicines A and B as regards their effect on the increase in weight.
{ii) Alternative Hypothesis /, : 1, > g, (One tailed test)
(iii) Level of significance: o= 0.05 (assumption)

-5 46-57

Jl g+
8 |=+—
oo

=17
(v) Critical value: v=un +n,-2=5+7-2=10
Togs (V=10)= 1812,
(vi) Decision: Since |1] < #; g5, the null hypothesis is accepted at 5% level of sig-
nificance, i.e., the medicines 4 and B do not differ significantly as regards
their effect on increase in weight.

==17

(iv) Test statistic ¢ =

Example 6

The following data represent the biological values of protein from cow's
milk and buffalo’s milk at a certain level;

188 L6l
186 2.03

1.82
2.00

202
1.83

181 154 |
219 188 |

Examine ifthe average values of protein in the two samples significantly
differ. )

Solution

Here, n; = n, = 6 and two samples are indepéndem_

.

6.13 ‘btesy:
: T.Oﬂ of St ficance for Diference of weans 6,49 i
n=6 ]
=178
% =1.965
5=0.15 [ From caleulator
£=0124
@ i?ﬂe?mmifi: t‘a: nfi:{‘ki;:-n';ﬁ: i 10 significant difference in average
(i) Altemative Hypothesis B, 1, « s, o o -
(ii) Level of significance; o= 0,05 (assumption)

oy M NE N URENERE :

(iv) Test statistic: 1= -5 __ L78-1965
e 2 = =-1043
b i 8 J(U-lﬁi +(0.1247
a-1.. 6-1
|t} =2.043

(v) Critical value: v=2n-2=2(6)-2=10
fops (V=10)=2.228
(vi) Decision: Since |f| <y, the null hypothesis is accepted at 5% level of sig-

nificance, i.e., there is no significant difference in average values of proteins in
two milk samples.

Example 7

A certain injection administered to 12-patients resulted in the following
changes of blood pressure:

52,8,-1,3,0,6,-2,1,5,0,4

Can it be concluded that the injection will be in general accompanied by
an increase in blood pressure?

Solution

Here, ‘the changes’ d =x—yinblood pr?ssure‘ are given, i.e,,xi: ud: iil:;: zqoms::;
after administering the injection and y is the initial blood pressure,

whether the mean blood pressure has increased, i.e., j, is greater than U,
weny Y4 =3 Th=18
Gud A

Ton 12
2 2
S (24 ijii_[ﬂ] -2
5 o oW I R
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6.50 Chapter 6 Applied Statistics: Test of Hypothesis

(i) Null Hypothesis Hy: #; = i, i.e., mean blood pressure has not increased.
(i) Alternative Hypothesis H,: g, > 11, (One tailed test)
(iii) Level of significance: = 0.05 (assumption)
2.58 '

{iv) Test statistic: t=L=—'.=
5 296
. [ n—I] [312—1]

l|=289
(v) Critical value: v=n-1=12-1=11
Ihps (V=11)=1.796

2.89

(vi} Decision: Since fr| > tggs» the null hypothesis is rejected, i.e., injection will in
general accompanied by an inerease in blood pressure.

Example 8

Scores obtained in a shooting competition by 10 soldiers before and
after intensive training are given below:

67 24 57 55 6 54 56 68 33 43|
7 38 B 58 56 67 68 5 42 38 |

Test whether the intensive training is useful at 0.05 level of significance.
Solution '

Since both the scores belongs to same set of soldiers, scores can be regarded as

correlated and no longer independent. Paired r-test is applied to check hypothesis.
n=n=n=10

Calculation of paired-r

67 24 5T 55 63 54 56 68 33 43

70 38 58 58 56 67 68 75 42 38

3 -4 -1 3 7T -3 -12 -1 -9 5
9 196 1 9 49 169 144 49 R _ZSJ

Yd=-50, Yd=732

- Xd =50
d=2= "=~ _-_
n 10 ’

v _[_E;i]z =J??:}%QJ2=6.94

n

6.14 tpoqy.
F Test of g
Snificance for
Correiation Coeffi
. icients

@) Null Hypothesis g , _ 1
pramning. )

6.51

s e, H igni

: there i no significant effect of intensive
i) Alternative Hypothesis Hyp < i

i) Level of significance: g = o5 s b

d

—_—

e
[3}.%7] [%] 2.I6I
[f|=2.16

(v) Critical value: v=n -1 =10 -9

(iv) Test statistic: ¢ =

fops (V=9)=195

(vi) Decision: Since |1|> ¢, cc. the null hypothesis is rejected at 5% level of signifi-
cance, i.e., intensive training is useful.

6.14 t-TEST: TEST OF SIGNIFICANCE FOR CORRELATION
COEFFICIENTS

Let (x;, ¥¢), (x5, ¥2) ooy (X, 3,) be n pairs of observations of 2 random sample from
a bivariate normal population and let r be the observed correlation coefficient in the
sample. It is required to test if this sample correlation coefficient is significant of any
correlation in the population, i, whether the value of the population correlation
coefficient p is zero and the observed value of r has arisen due to flucuation of
sampling. The student’s ¢ statistic is given by

x:rqfn_—_i
Ji-r

with v=n-2

Example 1 ‘
i rvations from a bivariate normal
Loy Ll e of ({3. Is it likely that vari-

Population gives a correlation coe,ﬁ?f!elt?f
ables are uncorrelated in the population:

Solution

n=18, r= 0'3 1ables are wcom!.ai&d.
(i) Null Hypothesis Hy: P= 0, 4% g'fﬁfﬁfauea test)
(ii) Alternative Hypothesis H n%; (assumption)
(iii) Level of significance: & =1
: % =2 _ 0341(3?5 =126

(iv) Test statistic: =—-J1'—_’T_'{ T fi-o3?
M =126
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' I 6.4 Etest. y,
i %tu“'!nim ‘ ;
6.52 Chapter & Applied Statistics: Test of Hypothesis : for Correlation Coefrcrents
. ! . o aring both the sides and Pulting 5 < 18
(v) Critical value: v=n-2=18-2=16 rz(ls..g) :
* fyos(v=16)=2.12 i __1_:2_- 45
(vi) Decision: Since |t] < f,q5, the null hypothesis is accepted at 5% level of sig. :
nificance, i.e., the variables are uncorrelated in the population. 16r* > 45-45.2
i . 20'51’2 >4 .5 i
Example 2 ; P rom
A random sample of 10 nations gives a correlation coefficient of 0.5 |2 0.47
benveen literacy rate and political stability. Is the relationship signifi- :
cant? Hence, the least value of ris 0.47 (numerically),
Solution
EXERCISE 6.3
n=10, r=05 P
(i) Null Hypothesis Hy: p =0, i.e., there is no relationship between literacy rate
and political stability.

1. A sample of 26 bulbs gives a mean life of 990 hours with a SD of 20
(ii) Alternative Hypothesis Hy: p # 0 (Two tailed test) e ;rht‘; rnanuf‘lacturer claims that the mean life of builbs is 1000
! 1 818 Hy: =l hours. Is the sample not up to standard?
(iiiy Level of significance o= (.5 (assumption)

[Ans,: The sample is not up to the standard]
N o ryn—2  05410=2 S : .
(iv) Test statistic: f = ——= = ——===1.63 2. The average breaking strength of the steel rods is specified to be 18.5
V1=t J1-(0.57 thousand pounds. To test this, sample of 14 rods were tested. The mean
lf|=1.63 - ;

- and SD obtained were 17.85 and 1.955 respectively. Is the result of
experiment significant?

[Ans.: The result of experiment is not significant]

(v) Critical value: v=n—-2=10-2=8
to0s (v="8}=2.306
(vi} Decision: Since H < fyoss the null hypothesis is accepted at 5% level of

3. A random sample of six steel beams has a mean corfn:a;esssiv? ﬁ;"?ﬁ:: j
significance i.e., there is no relationship between literacy rate and political ?ff 5839%. psi {I:E]m{l:vdesl E:;i;?:]:'g‘;eaniﬂ -\PTJLE;thteost wh ef:;;, the true _;
bility. : information an =0 ;i
) stanility ; average compressive strength of the steel from which this sample came
is 58000 psi. Assume normality. ]
Example 3 3 [Ans.: The average compressive strength of the {
3 2 ; ; steel beam is not equal to 58000 psi] il
Find the least value of r in samples of 18 pairs of observations from a ri e
bivariate normal population, which is significant at 5% level. 4. Asample of 155 members has mfag i :f-’ ;2::?03 ' e
: ; h taken from a large population i lation
Faition * h?:ﬂs  The sample has not been taken fror:l th;l g:\'e;\’:;“b.? 61] il
- i i 1] ¥ il '
The value of r for n = 18 will be significant at 5% level if 5. The heights of 10 males of a given loc'aht);:[::a;: to believe that the i
2|, 68, 61, 68, 70, 64, 64, 66 inches. I 1L POt significance level
= _z 2 lo0s (v =16) avéraée height is greater than 6:;{?:‘:?5 1.833 at ¢=0.05. i
e : assuming that for 9 degrees of freeco height is greater than 64 inches] d
' 2 . Ans.: The average elg! he it
rfn-2 'y (A 5 yery extensive files shows that t I
V-2 i : 6. Arandom sample froma cmnpaﬂ_xm were filled respectively 1061136 8
orders for a certain KiJ Ogmad;]se the level of sgnficance &= e '8
19, 14, 15, 18, 11 and 1u31eaay:érage such orders are filled i 15 :
test the claim that on -
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6,54 Chapter 6 Applied Statistics: Test of Hypothesis

Choose the alternative hypothesis so that rejection of null hypothesis
=10.5 days implies that it takes longer than indicated. :
[Ans.: The orders on average are filled in mare than 10.5 days]

7. Producer of gutkha claims that the nicotine content in his gutkha on the
average is 1.83 mg. Can this claim be accepted if a random sample of &
gutkha of this type have the nicotine contents of 2, 1.7, 2.1, 1.9, 2.2,
2.1, 2, 1.6 mg? Use a 0.05 level of significance.

i [Ans.: The null hypothesis is accepted]

8. Two horses A and B were tested according to the time (in seconds) to
run a particular track with the following results:

PREyR 2 30 32 33 33 29 ii
Horse B kR 30 30 24 27 29

Test whether the two horses have the same running capacity.
[Ans.: The two horses do not have the same running capacity]

9. To examine the hypothesis that the husbands are more intelligent than
the wives, an investigator took a sample of 10 couples and administered
them a test which measures the 1Q. The results are as follows:

R |7 105 97 105 123 19 86 78 103 107
VLG 106 98 &7 104 16 95 %0 69 108 8
Test the hypothesis with a reasonable test at the level of significance of
0.05. - .
- [Ans.: These is no significant difference in1Qs]
10. Twoindependent samples of 8and 7 items respectively had the following

values:
SR 1 11 13 11 15 9 12 14
B
Is the difference between the means of samples significant?
[Ans.: The difference between the mean of samples is not significant]

11. Random samples of specimens of coal from two mines A and B are
drawn and their heat-producing capacity (in millions of calories/ton)
were measured yielding the following results:

RV a350 s070 8340 8130 8260 - |
LT 7900 8140 7920 7840 78%0 7950 |
Is there significant difference between the means of these two samples
- at 0.01 level of significance?
[Ans.: There is significant difference between
: the means of two samples]

| Frest in terms of unbiased estimates of standard deviations §; and §; of population is

'_12 A

6.15 ,
Snedecor's F.pest for Ratlo of Voriances 6,55

random sample of 27 pa
* population gives a corre?::;nﬂi observati

ons from a bivariate normal
yariables are uncorrelated i,

coefficient of 0,42, 1s
41, 13
the population? Tt likely that the

[Ans.: correlated] \

13. Find the least value of r in a sample of 27 pairs from a bivariate normal

population which is significant at 5% level,

[Ans.: |r] =0.487]

6.15 SNEDECOR’S F-TEST FOR RATIO OF VARIANCES
-l"'"--._—_

Let Xy Xas ooor K and ¥y, ¥3, .-+ ¥, be the values of two independent random samples
of sizes my and my (m < 30, ny < 30) with means ¥ and § drawn from the normal
lation with mean j and standard deviation o. The test statistic of Snedecor’s

given by
@
F=-'5 . where ST > §;
5
(x-%
8= )y ,
B 1T -1 ;.
, So-3
ST r.
il : i
i !
with numerator degree of freedom ¥y =1 = 1 and denominator degree of freedom t;
g i

If 5, and s, are standard deviations of samples then

2 2(;;—?)2
5 S

n

|
3

i
o5
s

52

T (x-0F =ms %
Sy =

2
Substituting in S} and 53,

O
Fig. 6.6 Fdistribution e

Sz_,'_'fj—

s -l

2
DL 5
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6.56 Chapteré Appiied Statistics: Test of Hypothesis

‘The Snedecor’s F-distribution is defined by
Wty
P(F}=cF( E }[I+-:J-F]
2

where the constant ¢ depends on v, and v,. Itis sochosen that the area under the curve
is umity.

6.15.1 Properties of F-distribution

(i) F-distribution curve lies entirely in'the first quadrant and is unimodal.
(i) F-distribution is independent of the population variance o and depends on
vy and vy only.
(iii) The mode of F-distribution is less than unity.
" i i
(v} F_ (v.v)= T
where F_{v,, v, ) is the value of F with v, and v, degrees of freedom such
that the area under the F-distribution curve right of Fi,is o,
(v) F-testis one tailed test (right tailed test).

_[ﬂ!

6.15.2 Test of ISigniﬁcance for Ratio-of Variances

Significant test is performed by means of Snedecer’s F-table which provides 5% and
1% of points of significance for F. 5% points of F means that the area under the
F-curve, to the right of the ordinate at a value of F, is 0.05. Further, /™-table gives
only single tail test. F-distribution is very uscful for testing the equality of population
means by comparing sample variances.
Working Rule
(i) Null Hypothesis Hy: 0F = 03
(i) Aliemnative Hypothesis Hy: o} > 03
(iii) Level of significance: Select the level of significance
(iv) Test statistic: F = ilz where .S‘I‘" > S%
: MR
(v) Critical value: Find the critical value (tabulated value) F, at the given level of
significance at degree of freedoms,
vi=n; -1
Va=png—1
(vi) Decision: If F < Fat the level of significance &, the null hypothesis is accepted.
If F> Fy atthe level of significance , the null hypothesis is rejected.

Example 1

In two independent samples of sizes 8 and 10, the sum of squares of
deviations of the sample values from the respective means were 84.4

e R

6.15 g
Nedecor’s F.paq for Ratig of Variances

6.57
_1102.6. Test whether the dife,, .
o : £ "ce of variances of i, L
Ggnificant Of oS Use a 0.05 leve] of significance, f the population is
safutfoﬂ
- m=8 on=10
L(x=3)" =844, X(y-J7 =100
) i 1 S
-1 81 057
(-5 _1026 t
L e ) I B 1
2 "2_] 10-1 114 ; : ii
(i) Null Hypothesis Hy:0} =0}, ie. the variances of two populations are \
equal. . : |

(i) Alternative Hypothesis H,: of >0
(i) Level of significance: o=0.03

5 12057
(iv) Teststatistic: F= -S'— = 1.057

(v) Critical value: v, =m-1=8-1=7
V,:nz—l=10—l=9
Fﬂl.ﬁi(\‘ll =7, 'r'1=9)=3‘.2'9 o

null hypud'lesis is accepted at 0.05 level of

(vi) Decision: Since F < Fyos the i fesencein variances of he popU-

significance, i.e., there is no signi
lation.

Example 2 : - les of sizes
The sra?:dard deviations calculared from e mﬂdﬂ?g;abn;pregarﬁed as
9.and 13 are 2.1 and 1.8 respecrivdy. Can the Ssgr;ip :

drawn from normal populations g K

Solution

S, _.anl 9-12
130L8) _ 351
nyy B0 =3,
5§='"_J-1 13-1
A
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6.58 Chapteré Applied Statistics: Test of Hypothesis

(i} Null Hypothesis H,: o? = 03, i.e., variances of (W0 populations are equal,

(i) Alternative Hypothesis H,: ol > o3
(iii) Level of significance: = 0.05 (assumption)

: S
(iv) Test statistic: F=S_2=_=' 41
2

(v) Critical value: v;=m-1=9-1=8
w=m-1=13-1=12
Fyps (=8, w,=12)=285
(vi)} Decision: Since F < Fygs, the null hypothesis is accepted at 5% level of signifi-
cance, i.c., the samples can be regarded as drawn from normal population with
same SD.

Example 3 ,
Two random samples are drawn from twe populations and the following
resulls were obtained:

19 20 21 22 24 26 27
2% ‘30 3 32

16 17 18
8 19 22 25 25 26 2% : 36
Find the variances of the two samples and test whether the two popula-
tions have the same variances.

35 }ﬁj

Solution
m=10, m=12
x =21
% =28
From calculator
;=3
5, =498
2 2
Slg ~mh 10{3.55) i
m-1 10-1

5 12(4.98)
52 it o 290
B e T 27.05

(i) Null Hypoﬂ_'lesis Hy of = 6%, i.e., two populatibns have the same variances.
(ii) Alternative Hypothesis Hy: o > 03
(iif) Level of significance: &= 0.05 (assu mption)

(iv) Test statistic: Since S-f ST,

gxample 4

615 g
Nedecor's F-test for Ratlo of Variances

6.59 |

3 !
F= .S_g_.. 2708 - {
o 2l ¢
SR 193 i

) Critical \:ah.te:1,'i=,-,||__|=ml_l_g
V2=”z—1=‘12~15“
Foos(wa=11, Vi=0)=110
i ision: Since F < F, L -
(vi) Decision ‘0,05, the null ied oo
cance, i.€., to populations haye m}'p‘;r"h"‘:‘fa‘zxspmd 2t 5% level of signifi-

Ina Ie.'i‘f given to two groups of students drawn from two normal
populations, the marks obtained were as follows:

variances.
Solution
ny=9
ng=7
x=3
y=34 From calculator >
5 =11.225
5, =7426
o mst _ W2 gy 95
1Tt 9=l
. s _ 74260 _ a3
2 - 1 T7-1

@ Null Hypothesis Hy: 0 =027 1> the two populations have same Vari-
i1 ! 0
Ances.

y 2 E
(i) Alternative Hypothesis i Lol # 0

@iii) Level of significance: &= 0.05
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- 6.60 Chapter6 Applied Statistics: Test of Hypothesls

; : 14175

iv) Test statistic: F=S’—=———=2,2{]3
o e S 6433 v

(v} Critical value: v, =n, —1=9-1=3

vy=n—1=T7-1=6

' F;Us(vlzs,v2=ﬁ]=4,]5 ;

(vi) Decision: Since F' < Fyps, the null hypothesis is accepted at 5% level of
significance, i.c., the two populations have the same variances.

Example 5

A group of 10 rats fed on diet A and another group of 8 rats fed on diet
B recorded following increase in weight:

5 6 8 1 12 -4 3 9..6 10 g.n;
2 3 6 8 1 m 2 8 ____gm

Find, if the variances are significantly different?

D

" Solution
m =10, n,=8
=32
3 From calculator
5 =323
s2o s _108D° 4
k m=1. 10-1 =

2 2
Szz s 8(3.23) —11.92
n | 8-1
(i) Null Hypothesis Hy: o']z = 0‘% , i.e., the there is no significant difference in
. variances. i
(i) Alternative Hypothesis Hy: 07 > 03
(iii) Level of significance: o= 0.05 (assumption)
(iv) Test statistic: Since 83 >8; ,
§E 1192
=Z=—x=105
£ 'nam
(v) Critical value: v;=n;-1=10-1=9 .
1«‘2=,ﬂ2—] =8=-1=7
Foos(va=T, v, =9)=3.29

6.15
| Snedecgr's F-test for papio of Varlances .61
(vi) Decision: Since F < f. the '
cance, i.e., the twg 05+ T8 Ml hy pogeg;
Variances PUesisis accepted at T
e ot significantly d{ffm:lIS% level of signifi-

Example 6
gwe random saimples gary ’hefoﬂowing data;

Mean

.| Sample I

|. S:_implin Et ..--.I“.ﬁ"'_"-- i)

Can we conclude that the nyo samp
normal population?

v
les have been drawn from the same

. Solution

A normal distribution has two parameters, mean y and variance o2 To conclude that the
two samples have been drawn from the same normal population, we have to test for

(i) Equality of two means Hj (= ;) by £-test

(i) Equality of two variances H, (6} =o%) by F-test.

‘F-test:

=i KD iy
-1 -1
; !

§ = "8, =!.1(2.5)=,2‘,],5
= my =1 11-1

(i) Null Hypothesis Hy' 6} = 03, ie., variances of twe populations are equal.

(ii) Alternative Hypothesis Hy: 0 > o
(iii) Level of significance: ar=0.05 (assumption)

: R
(iv) Test statistic: Since 83 > 5’

(v) Critical value: ¥; = =1 w8-1=T
v2=ﬂa*1"‘“"=m
-10."1'-‘7)=3'64

Foes(2 =
; ey ull hypothe
(vi) Decision: Since F < Foes thch:\;c he same variances:

; - jons
cance, i.e., tWo populatic
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] b1 Snede i
6.62 Chapter 6 Applied Statistics: Test of Hypothesis : | ; “test for Ratio of Voriances .63
i & MNull Hypothesis £ o2

=l -
=0y, L., variap

t-test: . ' : (i) Alternative Hypothesis Hio?y 2 25 0F tWo populations are i
5= msi tmysi _ [B12D+1ICD _y 48 ko (i) Level of significance; ¢ - l).{]ls il _
mm -2 ¥ 8+11-2 \ g (assumption)
(i) Null Hypothesis Hy: g1, = p, i.., means of two populations are equal. (iv) Test statistic: Since §3 > 82,
(iiy Alternative Hypothesis H,: iy # i (Two tailed test) Fa 5_;*— i 35_1 A

(iii) Level of significance: &= 0.05 (assumption) | AR

T =X 6-16.5 ' it

{iv) Teststatistic:. t = Xll sz s 116 5 =-10.03 | () Criticalvalue: vi=p 125y,
(el rasfoe— _

g n -'-M2 = Jrs-'—“ ‘ V2 m-l=6-1=5%

Foos(Va=5, v =a)= 6.6

|f|=10.03 e S B
(v) Critical value: v =n, +my—2=8+11-2=17 . i .I;)::;:tail:le..?:::ﬁ:;mﬂ;::x?;ﬁxﬁ:ﬁ;’;: at 5% level of signifi-
fos(v=17)=2.11 st -
i ision: §i i . the null hypothesis is rejected at 5% level of signifi-
. o diamomas, e - [ _ ey,
Hence, the two samples could not have been drawn from the same normal | mtm=2 Y 546-2 i
population. 4 | (i) Null Hypothesis Hy: gy = jty, ie., means of two populations are equal.
(i) Alternative Hypothesis Hy: gy # iy (Two tailed test)
Example 7 (iii) Level of significance: =005 (assumption)
Twwo nicotine contents in two random samples of tobacco are given ¥-% U6- . oo

(iv) Test statistic: ¢ =
s

1
below. ———
— ] Lol bl
_ 7 25 26 27 I noon 56

. e B F—_. | =051
Can we say that two samples came from the sanie population? ' (v) Critical value: v=n; +m-2=3 +6-2=9
Solution fgs(v=9)=2.262 : R
F-test: (vi) Decision: Since |f] <togs the null hypothesis s sccepted at 5% level of signifi-
n =5 n=6 cance, i.e., two populations have same neans.
et | - ’ lation.
| % . ey e 11}
%, =246 Hence, two samples came from the same pop ;
%, =29 5
From calculatol | '}
Camne m calculator EXERCISE 6.4 _/—‘f_ i
— i rom o
5, =424 | - craeposi 13 a_nd m= T are_ taken G
o : | 1. If two independent samples gt?-::e;rd‘:ability that the variance of th; il
ms? 52067 : a normal population. What s large s that of the secon
e . =530 y ill be at least four times
e e T first sample will : . 0.05]
3 4247 ' sample? |.'.Ans.. :
§2 =22 B BT
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6.64 Chapter 6 Applied Statistics: Test of Hypothesis

]. The standard deviations calculated from two random samples of size
9 and 13 are 2 and 1.9 respectively. Can the samples be regarded as
drawn from the normal populations with the same standard deviation?
[Ans.: The samples can be rega rded as drawn from
the normal populations with the same standard deviation]
3. Two samples are drawn from two normal populations. From the
following data test whether the two samples have the same variance at
5% level?
% 65 71 74 76 82 85 87 ] ]
61 66 67 85 78 63 85 86 B85 91
[Ans.: Two samples have the same variances]

Ef:mpte 1

Sample Il

4. The time taken by workers in performing a job by method | and method 1|
is given below.

Method I 0 16 226 27 22 |
7 33 42 33 31 34 38

Method Il

Do the data show that the variances of time distribution in a population
from which these samples are drawn do not differ significantly?
g [Ans.: The variances of time distribution in a population
from which the samples are drawn do not differ significantly]
5. Following results were obtained from two samples, each drawn from
two different population A and B:

E.-Jp:._rf ation A B

Sample

- Sample size 25 17
Sample SD 3 2

Test the hypothesis that the variance of brand A is more than that of B.
[Ans.: Variance of brand A is not more than the variance of bra ndB]

6. In a laboratory experiment two samples gave the following results:

Sample
mean

Sum of squaresof
“deviation from the mean

90 |
108

" Sample  Size

Test the equality of sample variances at 5% level of significance.
[Ans.: The two population have the same variances]

i
|

. Wed frequencies are compared The ¢

L f.,.'fo;-----fon be a set of observed freguencie

6. i
16 Chlsquare ) sy

6.65

'.'6'15. CH"SQL’ARE (xl} TEST '
B '
» chi-square ¢ SLIS 8 ugefy
. eaw
s with those expected theorericy, % of Comparing exnes; _
4 i : Perimental i
gc in €sting.2 hypothesi tyt W};;::c; ::tseo?;n hypothesis. It is i&i‘iﬁ
Coretical ol 3
coretical frequencies is given by eguencies with which

A i e of discrepancy between ahsérved
?i 0, the obSET"'ed and expected frequencies cnnylf > iy *
ereases, the discrepancy between fhe obmw&dgd‘:l;g:e‘iglwfj ————
equency decreases.
sand f f ... f, be the corme-
gponding set of expected (or theoretical froquencies thm}is déﬁnfc;b %
Y

iz
stalt

(fo=L0 f -f 0 :
s AN A A A S T,
i a fa 1.

withn — 1 degrees of freedom.

Note

If the data is given in a series of n numbers then degrees of freedom v=n -1
Incase of binomial distribution, v=n-1 )

In case of Poisson distribution, v=n-2

Tncase of normal distribution, v=n-3

6.16.1 Chi-Square Distribution

[fx}, X, ..., ¥, are i independent normal variates with mean zero and standard deviation
wnity then x; + X2 +...+x, is a random variate having I distribation. with probability
density function given by

vl ¥
P()=xx) e’
where v = degrees of freedom ="~ 1 and yp
freedom

= constant depending on the degrees of
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6.66 Chapter& Applied Statistics: Test of Hypothesis

6.16.2 Properties of ¥-Distribution

(i) * Chi-Square test is always positively skewed.
(i) The mean of chi-square distribution is the number of degrees of freedom,
(iii) The standard deviation of chi-square distribution = +/2v .
(iv) Chi-square values inercases with the increase in degrees of freedom.
(v) Thevalue of ¥ lies between zero and infinity. _

(vi) For different values of degrees of freedom, the shape of the curve will be
: different.

6.17 CHI-SQUARE TEST: GOODNESS OF FIT

The values of 2’2 is used to test whether the deviations of the observed frequencies
from the expected frequencies are significant or not. It is also used to fit a set of obser-
vations to a given distribution. Hence, chi-square test provides a test of goodness of

fit and may be used to examine the validity of some hypothesis about an observed
frequency distribution.

Test of Significance

Let fys foom S, beasetof observed frequencies and f, f, ... f, be the corre-
sponding set of expected or theoretical frequencies. The i statistic is given by

R et
Fa)
B L
Working Rule

(i) Setup a null hypothesis.

(i) Setup an alternative hypothesis.

(iii) Set a level of significance o

(iv) Calculate lg

(v) Find the degree of freedom and find the corresponding value of K at given
level of significance ¢ .

(vi) If the caleulated value of £ is less than tabulated value of 2 at the leve]
of significance @, the null hypothesis is accepted. If calculated value of

is more than tabulated value of X at the level of significance e, the null
hypothesis is rejected. i

Example 1

A dice was thrown 132 times and the following frequencies were observed:

1 2 3 4 5 6 ?Dtal_—|
15 20 ol 15 29 28 132 |

| st the hypothesis that the dice iy,

HTRUARe Test: Goodness of Fit - 6.67

gplution
n=6
: Hypothesis H: _—
{I) Null }r. o' The dice is unbiased
T} e H')"]}OIhcsis H,: The dice is hiz;sed
ifi) Level of significance: &= 0,05 (assumption)
(iv) Test statistic:

Expected frequency of each number f= 132 7
. € 6 =~

No. obtatned :

113

2 20 i 018

3 25 n 041

4 15 n 223

5 9 2 223

6 28 7 164
xz =Z{fu }lf;f =592

(¥) Critical value: v=n-1=6-1 =5
2 o re=5=11.07
Zoosv==1L ) <y
(vi) Decision: Since 2’2 < ?.’g.os : tlrw null hypothesis is accepted at 5% level of sig
nificance, i.., the dice is unbi

e —

Exampl
e2 s found to be 20,
The number of car accidents ina mermp;ifgsgﬁtgj}{f}]se test 10
17,12. 6 8. 5, 16 and 14 per mowv 1 the belief that the
check ;vh;?;;;?}w;g frgqueﬂcfes arein agre;emir{u; gg:!hfpermﬁ_ Test at
Ocurrence of accidents WS the same during ;

3% level of significance.

Solution

- I d].ll'l.
H ] Cuﬂenbﬂ of amﬁdcnl was same
(iJ yl!(lthﬂsis g Oc -.

period.
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6.68 Chapter 6 Applied Statistics: Test of Hypothesis

(i) Altemative Hypothesis Hy: Occurrence of accidents was not same during
10 months period.

(iii) Level of significance: o= 0.05 :

(iv) Test statistic: If occurrence of accidents is same, the expected frequency of

accidents per month
e 20+l‘}+12+6+?+]5+8+5+16+14 —12
i 10

7 ‘ 12 208

15 ; 12 0.75 |
. 12 1.33
R 12 408
16 12 1.33
=y 12 0n

f=2$}—f‘}—2:20_3|'

(v) Critical value: v=n—-1=10-1=9
Kios (v=9)=1692

(vi) Decision: Since 72> Zags . the null hypothesis is rejected at 5% level of signif-
icance, i.e., occurrence of accidents was not same during 10 months period.

Example 3

200 digirs were chosen at random from a set of tables, The frequency of
the digits are shown below: '

] % % % & 37 -8
Frequency @ 19 2\, 021 16 25 22 2200 2 15

Use the )-test to access the correciness of the hypothesis that the digits
were distributed in equal number in the tables from which these were
chosen.

samtion

647
Ch-sauare Test: Gooness of it~ 6,69

n=10
) Null Hypothesis Hy The
bles.

(i) Alternative Hypothesis g “The die:
the tables. 1+The digies were not distributed in equal number in

(iiiy Level of significance: = 0,05 (assumpion)
1001

(iv) Test statistic: Expected frequency of each it f, =220 = 39
RO T

digits were distribuceq in equal number in lht’— ta

A2l oo
! 16 08
i 25 125
I e 02
; ot 0
| 21 Oﬂs
15 125

Y]
I xﬁ = Z,gL};.fi =43

- — e——
{v) Critical value: v= n-1=10-1=9
13.06 (v=9= 1692

(vi) Decision: Since f < Taos, the noll hypothesis is SCCepkct! at 5% level of sig-
nificance, i.e., the digits were distributed in equal number in the table.

Example 4 '
Theory predicts that the proportion of bea . lhgg)’gu;eiﬁl}:;: nfmcbeﬁ
should be 9 :3:3: 1. Inan experiment Gmong 1 »

imental
in the four groups were 982, 313, 287 and 118. Does the experimenia
results support the theory?

Solution
n=4
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6,70 Chapter 6 Applied Statistics: Test of Hypothesis

is9:3:3: 1
(i) Alternative Hypothesis H,: The proportion of the beans in the four groups A,
"B, C Disnot9:3:3:1.
(iif) Level of significance: o= 0.05 {assumption)
(iv) Test statistic:

1
—_—1 =
mx G00 =100 3.24

p=y Lzt }'f’" =47 |

(v) Critical value: v=n—-1=4-1=3
; Fous (V=3)=7381

(vi) Decision: Since ¥* < ¥24s the null hypothesis is accepted at 5% level of sig-

nificance, i.e., experimental results support the theory and the proportion of the
beansis9:3:3: 1.

Example 5

The following mistakes per page were observed in a book:
T -
- s SR 9 e e S 2
Fit a Poisson distribution and test the goodness o, ﬁ:r:_ P

Solution

(i) Null Hypothesis H,: The mistakes follow Poisson distribution and Poiss;orl
distribution can be fitted to the data.

(if)  Alternative Hypothesis H,: The mistakes do not follow Poisson distribii-
tion, '

(i) Null Hypothesis H,: The proportion of the beans in the four groups 4, B, C.p

6.17
) Chi-square Tb:t:'sqm,,mq, Fit

¥ 6.71
(i) Level of Significance: ¢, 0,
(iv) Test statistic: The expec; 0 (asmmmion)
by L . ed frequem:ies by Poisson disu‘i-btltiun i
| are given

Expected frequency L= Ny (€40
= ."‘x‘r]xhﬂ‘l,z,s.a

A= E}{{L 21 1(0}+90(])+19(2]+5[3}+n(q)
211490+19 5519
= €044
Jo=Np=325 :

—_—

3 ] x=01234

ks =

=0.44

| gxpected or Theoretical frequency

3 4
202 297 03

cted frequencies are less than 10, classes are grouped together.

B e

1
‘ 2 19 2026 v }
B3 5 297 044
[ 4 0 033

. {v) Critical va}ue;_'l'he number of degrees of freedom is 1 for each class. There ﬁ

are 5 classes originally. Hénce, the degrees of fn:cdgm ongmal'x 12s i ui:::
the classes are reduced by 2, the degrees of freedom is reduceged [—fem m,;
while calculating the parameter 4, ;\dv; s-.lt)ms ¥fr and If are used.
rees of freedom is again reduced by 2. 5
gffnce, the number of degrees of freedom .r= 5-2+2)=1
)
Koo =3-84

(vi) Decision: Since X' <

nificance, i.e., the mistakes

£ < 224 ,the nuil ypothesis is accepted at % level of sig-
o ,follow Poissqu’s distribution.

Example 6 5
A set of five similar cm'm is t
Sollows:

ossed 320 times and result is obtained as
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6.72  Chapter 6 Applied Statistics: Test of Hypothesis

w ' G s i )
0 1 2 3 4 5 Example 7 :
e e . _

- T o Fit the equation of the best ity
Test the hypothesis that the data follow a binomial distribution.
Solution - _" Hiia _ o o i
5 s T TR ompare €0reticql gng S i
(i) Null Hypothesis H: The data follow a binomial distribution. | C : . observed frequenci ; ¢
(ii) Alternative Hypothesis H,: The data do not follow binomial distribution, 3aqdn£s$ of fit. Given that pi= g 65.6 and oi?;ﬂg  sing i e ‘
(iii} Level of significance: &= 0.05 1 Sa!uﬁon e i
(iv) Test statistic: Probability of getting a head p=— H=1656. g £
2 i : _’U—lS.DZ,N:Zf:]m 5
Probability of getting a tail g =+ he e I8 R oVt i '
2

By binomial distribution,

x -z
B(x)="C,p'q""="C, [lJ GJ « x=0,12,3,4,5

1ass intervalg with inclusive serips

2 | !
N =320 K 5T 0 ams  3s7a4 ;
. ‘ — 140-150 140 170 04ssh 61_6137" I_M_G_; o j
Expectedf_roquency,c=Npu):3zo[-c.[3] [EJ ],x=0.1.2,3,4.5 S0 1D 10 o s e '
0230 L 03T o143 0254 dspa=26
Expected or theoretical frequency ] 170180 170 0.29 01141 02174 T .'1
1 2 3 4 5 180-190 180 096 03315 011 nssan2 i
[ | 190-200 190 T 162 0.4474 O.MI';S 416=4 ll.
~ 200-210 200 - 229 0480 00095 095=1 {
21020 210 296 04985 ; lf
K Calculation of X F E
0 6 10 —4 1.6 | When expected frequencies are less than 10, classes are grouped together.” ¥
1 27 50 23 1058 i R0 =Y i
2 72 100 -28 7.84 | ; 4
j R Y 0 1 144 ' : i
4 m 50 21 8.82 | [ 13 2 A i 1
S T ) i oa 484 B 145 14
, (=L | 155 22
x =ZL};-*_:?3_.58 ‘ T 3

175 19
(v) Critical value: v=n—-1=6-1=5

185 3
.l’é.as =11.07 ; : 195 -3”.
(vi) - Decision: Since 2% > Xaes at 5% level of significance, the null hypothesis is 205 by
rejected, i.e., the data do not follow the binomial distribution.
I
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6.74  Chapter 6 Applied Statistics: Test of Hypothesis

Critical value: There are 5 fraqu&ncies. While calculating mean and standard deviation,
three sums Ef, Efx, and i are used. Hence, the number of degrees of freedom
v=5-3=2

| Haee =599
Since X < Zeus at 5% level of significance, the fit is good and the distribution is nearly
normal.

6.18 CHI-SQUARE TEST FOR INDEPENDENCE OF ATTRIBUTES

In statistics, sometimes we have to deal with attributes or qualitative characters,
which cannot be measured accurately, although items can be divided into two or more
categories w.r.t. the attributes. Let A and B be two attributes of the population. A can be
divided into m categories A, 4, ..., A, and B can be divided into n categories By, B,, ...,
B,. The data can be shown in the form of a two-way table with m rows and » columns,
as in a bivariate fréquency distribution. This two-way frequency table for attributes is
known as m x n contingency table. The frequency of observations belonging to both
the categories A; and B; simultaneously is shown in the cell at the i-th row and j-th
column and denoted by (A,8,). Similarly (4;) and (B;) denote the frequency of items
belonging ta categories A; and B, respectively and N, the total frequency.

(3 = 4) contingency table

Attribute B T Ay

Total

B, B; Wl
Jﬁ A, (A B)) (A B) (4, By) (4, By (Ay)
IE Ay (A, B) (A, By) (4, By) (Ay By} (As)

e

rm: Ay (A;B) . (A;By) (4; By) (A3 By) (4;)
| Total (By) (33) (Bj) = ._.[‘.Bn) N

Independence of Attributes

Two attributes A and B are said to be independent if they are not related to each other.
If two attributes A and B are not independent, they are associated on the basis of cell
freqiencies. It is required to test whether two attributes A and B are associated or not.
Under null hypothesis H, (attributes ate independent), the expected frequency f, of any

cell is given by

= (Row:mai)x(ColummotaJﬁ _ A8y

L Total frequency N

o 6.75
fhen test statistic is given by
~fy
ey Ay
5
h degree of freedom v = (umpe, of oW - 1) (ammmber of ; i
- the .;_u,lculmefd v;lue of xl i Jess than W :nl'llmns- 1) i
ggnificance bz : :‘:e Cgred;of freedom v, the puyy bypotben: lf;:'e‘m given level of k
poic 19 hendent. If calculated value of 7 is more mnm;:; m ;

g

E
=
2
2

g
7

ot

¥

rcjectr:d,
| yate's Correction

fna2 x 2 table, there is only one degree of fresdom. If any of the expected frequenc; :
is less than 10, Yate's correction is applied in chi-square formula, requency
gl ltosf

e

Example 1
Atotal of 3759 individual were interviewed in a public opinion survey on

a pelitical proposal. Of them 1812 were men and the rest were women.

A total of 2257 individuals were in favour of the proposal and 917 were
- n were undecided and 442 women were

ontradict the hypothesis that there is no
de at 5% level of significance?

opposed to it. A rotal of 243 me
opposed to it. Do you justify or ¢
association between sex and aritu

Solution

jtude i.e., s€X
5 N0 association between sex and attitude

There i
ndent.

(i) Null Hypothesis Ho'
and attitude are indep®

(i) Alternative Hypothesss Hy: '[;15
(ifi) Level of significance: a=005 .

ere is association between 5¢X and atitude.
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€.76 Chapter & Applied Statistics: Test of Hypothesis : i 'n?e”“'d‘f‘“"f Attributes 6,77 1
; ution : ‘
(iv) Test statistic: 50 l I
N=3800 ¥
Calculation of x* i
Expected Frequency Opinion about autonomous colleges 1
Ohserved Freguency = 1f.) 1
o | Undergraduate r’
Postgraduate 11
1154 ﬂi:;igﬂlzd 0.8 | e g 0
RS L= s I
i7s 1872x917 457 B . (i Nu‘!l_Hﬂplhesix Hy -.‘There is no relation between the classes of students and ’
3759 : i opinion, i.e., two attributes are independent. :
1872 % 585 (i) Mlcrnali_w: Hypothesis H;: There is relation between the classes of students
243 ot il T 1| 792 ' | and opinion.
) 3759 . _ (i) Level of significance: at=0.03
1887 %2257 ' | (iv) Test statistic:
1 : —_—=1l ]
% 3759 3 Ik - ! s
N Observed Frequency
1887 x 917 | BN
44 SR =460 |
2 3759 B0 |
| 18ETXS8S : ' ' | 400 X600
ABETXIRS oog s | 20X =300 033
e T 7.84 , | 290 0
At | 400 200 i : . 100
2= ng# =187 | | 110 0 mol e
E :
= : ;. s it
(v) Critical value: v={r—c-1=2-1)(3-1)=2 ‘ | 310
Kigs (v=2)=599 i .
(vi) Decision: Since f > xﬁm , the null hypothesis is rejected at 5% level of sig- ] | 90
nificance, i.c., there is association between sex and attitude. | et
Example 2 | g
A sample of 400 students of undergraduate and 400 students of post- L_— (-
graduate classes was taken to know their opinion about autonomous . () Critical "al“z' K41 st
colleges. 290 of the undergraduate and 310 of the postgraduate students Poos V=1 S ol hypothesis 15 accepted at stl::o:inioi
. o m 3
favoured the autonomous status. Present these facts in the form of a (vi) Decision: Since ¥ < i?sdl:;m netween the classed f Auie
is

1able and test at 5% level of significance, that the opinion regarding
autonomous status of colleges is independent of the level of classes of

nificance, i.2., the

he follow
students. Example 3 arion of catle fro™ uberculosis the
In an experiment on M :
ing results were obtained:
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6.78 Chapter 6 Applied Statistics: Test of Hypothesis

Affected Not af 0 Total
}Imculated : 267 294 |
Not inoculaied Aer b I IAt 912
L 2 s o I e I

Use x-test to determine the efficiency of vaccine in preventing the
tuberculosis.

Solution

N = 1206
(i) Null Hypothesis H,: There is no relation between inoculation and effect on
disease, i.e., two attributes arc independent. '
(i) Alternative Hypothesis H: There is relation beiween inoculation and effect on
disease.
(iii) Level of significance: o= 0.05 (assumption}
(iv) Test statistic:

Expecied frequiency.
Observed Frequency

f gz (A4)(B))
: / N
2041024
——— =250 26
. %7 = 1156
]
27 %*M 6.568
[
757 i%miﬂm 037
9121
155 %-I:s 200
5 =Z——'—”” 1 0.1
L

(v) C-.‘;t.ical value: f.—:-i’r—.l)l‘c— N=2-D2-1)=1
225 (v=1)=3.84

(vi) Decision: Since 1> xEos . the null hypothesis is rejected at 5% level of sig-
nificance, i.e., vaccine is effective in preventing tuberculosis.

Example 4

Given the following contingency table for hair colour and eye colour.
Find the value of . Is there good association between the two?

Eve colour

.| Bloe  »
Grey

| Brown

:_ Total ool

solution 3

N=150

(i) Null Hypothesis H,: There is no associati . :
eye colours, ation between two aitribules, hair and
(i) Alternative Hypothesis Hy: There is association between two atiributes, hair
and eye colours,

(iii) Level of significance: o= 0.05 (assumption)
(iv) Test statistic:

4060 _
150
150

16

8 1125

40%60
0 —ib L

S0%60 _ 0
2 150 o : ) l||
50%30 0
RULET)
& 150 R s—
i 50%60 5 d
20 T : !
. 80x60 oy 0042 \
oxw
60x30 5 075 |
Eu _
15 150 LR .|
' - T g0x60 oy 0666
I 0 150 = oS
I — - -
I o ; . ol o 36465
I 3 L e ks 1
| : s

: -n=(
(v) Critical vn]ue:v=|’r~l)(€ [}]
1005 “”4)’9‘4

3__”(3__1] =4
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6.80  Chapter 6 Applied Statistics: Test of Hypothesis 5t for Independence of Atibytes

1
“ oxizg

(vi) Decision: Since 3* < 2., the null hypothesis is accepted at 5% level of
significance, i.e., there is no association between two attributes, hair and eye
colours. . |

Example 5

Two researchers adopted different sampling techniques while investi- .
gating some group of students to find the number of students falling into |
different intelligence level, The results are as follows:

(v) Critical value: v=(r-1)(c-1)=(2-1)(4-1)=3
! Zops(v=3)=781

% .
Would you say that the sampling techniques adopted by the two research-
;‘; ers areysfgm;f{camly dwgmi; ?g : ) ? {vi) Decision: Since < ;fw . the null hypothesis is accepted at 5% level of
. ’ significance, i.e., there is no significant difference in the sampling lechniques
& Solution ' adopted by the two researchers.
i N =300
ﬁ (i) Null Hypothesis Hy There is no significant difference in the sampling Example 6 . . \
= techniques adopted by the two researchers. The following table gives the level of education and the marriage \
(ii) Alternative Hypothesis H,: There is significant difference in the sampling adjusrmem score fora sample ofmmed women! I
:

techniques adopted by the two researchers.
(iii) Level of significance: or= 0.05 (assumpilon)
(iv) Test statistic:

A

ﬁ? I College i
High school 2 8 = i
Middle sehool * 32 “’s i ‘
PR | 1
200 126 | | o A [ : ,
TR | T
86 ) 00" 0.0476 . — daia the higher the level of education,
200%93 | . Can you conclude from the "‘?Ww ot in marriage?
2 300 ki 0.0645 i | the 31"8&3{3?‘ is the degree of adjus
| Solution
“ 20069 _ o 0.0869 - l b
W N=435 Tner < is o elation between the lcvn:l
; 2oxi2_ 3; ) | 05 ] (i) Null H}'Pomesis H° iage. i , WO attributes mbc[ween Jevel of education and
G e g adjustment in marm is relatio
' ' (i) Alternative Hypomesis H r

adjustment in marriage:
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- &5 6,83 t
LR N i B 5e toel d e e
(iii) Level of significance: o= 0.05 (assumption) i.e., level of educatioy, and ag hwm's’miwcdms%m
i istic: - i - st : | of signi
(iv) Test statistic: . of education, the grey 1, e tin marriags are releted ang 'ﬁﬂsg:‘hm

degree of adjustmen; marriage,

Example 7 '

Two batches each of 12 anim

: :
Is are taken for test of inoculation, One

241%78 was inoculat
24 XL B §.3053 patch d ed and the other poycl, was not i
= 435 i qumber of dead and SUrviving animats 74s hot inaculated, The
: i ZRV e : : r both the cases. Can the ; > are given in the following able |
gyt AL . 64533 | i disaiive: Maks Vs thoculation be regarde g5 effective against i
; 3 1 5 . ! . > 2
s | | the di aie's correction for continuity of *
| e
241% 103 |
stk b A i
% 435 e ‘ | Inoculated
Not inoculated
; 241119 ; ; .
58 —-‘?3‘3-— = Hiy 0.969?- Total K]
- 12178 _ g Solution
435
N=24
o 121x135 37 2189 (i) Null hypothesis Hy: There is no relation between inoculation and death ie.,
' 435 : | inoculation and effect on disease are independent.
’ | (ii) Alternative Hypothesis H,: There is relation between inoculation and death.
5 121103 0.0345 (iii) Level of significance: o= 0.05 (assumption)
A3 | {iv) Test statistic: Yate's correction is used only when v = 1 and when some ex-
: 4 : ccted frequencies are small, i.e, less than 10. Here, expected frequencies arc
121 %119 a3 | P 2 :
h ns i L2324 Jess than 10 each.
7378 !
=13
32 735 27.7692 !
73x135 g
—— =23 7.3478 \
0 435 s | i
: 73%103 ‘
=17 i
11 135 21176
7 < | |
T3x119 | |
. =2} 0 | |
gC 235 |

1wl =LY
=y =t - 57713 |
2=y 7

(v) Critical value: v=(r-1) (c-1)=(3-1) (4-1)=6 ' -,
Toos (v =6)=12.59 !_
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6.84 Chapter 6 Applied Statistics: Test of Hypothesis

(v) Critical value: v= (2-1)(2-1) =1
xips (v=1)=3.84

(vi) Decision: Since f > ;gf,m , the null hypothesis is rejected at 5% level of sig-
nificance, i.e., there is association between inoculation and death and inocula-
tion is regarded as effective against the disease.

EXERCISE 6.5

1. A dice is thrown 264 times with the following results: Show that the
dice is biased [Given %, =11.07 for 5 df]

No. appeared on the dice 1 = z 3 4 5 6 ]
Frequency : 40 32 28 58 54 52
2. A pair of dice are thrown 360 times and frequency of each sum is given
below:

- T 2 3 4 5 6 7 8 9 10 11 12
|
GRSl & 24 35 37 4465 51 42 26 14 14

would you say that the dice are fair on the basis of the chi-square test
at 0.05 level of significance?

i [Ans.: The dice are fair]
3. 4 coins are tossed 160 times and the following results were obtained:

No. of heads 1] 1 2 3 4 |
R et e LS

Under the assumption that coins are balanced, ﬁm-'l the expected
frequencies of 0, 1, 2, 3 or 4 heads, and test the goodness of fit
(o= 0.05).

Observed frequencies

[Ans.: Expected frequencies: 10, 40, 60, 40, 10,
the data do not follow binomial distribution]

4. Fit a Poisson distribution to the following data and for its goodness of
fit at level of significance 0.05:

P 0 1 2 3 _47
Gl <0 32 154 56 19

5. The following table gives the number of accidents in a city during a week.
Find whether the accidents are uniformly distributed over a week.

Day
No. of accidents

“Sun Man Tue Wed Thu Fri Sat Total
13 15 9 11 12 10 14 84

[Ans.: The accidents are uniformly distributed over a week]

9

6. Weights in kilograms

. The distribution of defects in printed circuit board is

10.

. Investigate the 2

43, 55, 48, 52, 49°

Can we say that the varia,,
above sample is drawn i5120 kgt

[Ans.: The samp'l.e isd
rawn from the
formal population with variance 20]

Five dice are thrown 192 times
obtained are as follows: and the number of times 4, 5 or 6 are

No. of dice showing 4

T, L

Frequency

Calculate Z [Ans.: 16.94]
ibution hypothesised to
follow Poisson distribution. Arandom sample of 60 printed boards shows
the following data:

e 3 2 -8 |

RO

Does the hypothesis of Poisson distribution appropriate? ]
[Ans.: The defects follow Poisson distribution]

Based on the following data, determine if there is a relation between
literacy and smoking.

No. of defects

Observed [requency

Literates 8 5 |
\ Iliterates i)

[Ans.: # = 9:1%, yes]

i tics and
of students 1n mathema :
Table below shows the performances i

physics. Test the hypothesis that the per

independent of performance " physics.

hematics .3
laties

fes in Grﬂdesi_r[i'-mj: .
3 I"tm'::ﬁ : jig Medium Low
Physics High

Hypothesis S rejected] -

{*ns.:f = 1313‘r ofweodwrinfat,her

(ociation betweer ey

P ta:
and son from the following €2
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* Not dark

428 o872 o 000 o
two attributes]

[Ans.: * = 3.84

RTINS Sy

, There is association between

12. From the following data, find whether there is any significant linking in
the habit of taking soft drinks among the categories of employees.

'_pSI. a0 695

Thumsup 15 0 65
BFantac e 0 080 it 60 30

[An;f=6024, Two é't.tribluté"s are not independent]

13. 1000 students at college level were graded according to their 1Q and
the economic conditions of their home. Use x*-test to find out whether
there is any association between condition at home and 1Q.

Poor | . 160 400 i
;Eoia[ e i 700 : o 1000 i

[Ans.: #* = 31.733, These is no association between two attributes]

14. Arandom sample of 500 students were classified according to economic
condition of their family and also according to merit as shown below:

N

2

- Test whether the two attribu

tes meﬁt a
associated or not. ) '

nd economic condition are

[Ans.: h=.9.3 e
i 1 0, The two attributes are associated]
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Chapter Outline

7.1 Introduction

7.2 Least Square Method

7.3 Fitting of Linear Curves

7.4  Fitting of Quadratic Curves

1.5 Fitting of Exponential and Logarithmic Curves

7.1 INTRODUCTION

Curve fitting is the process of finding the ‘best-fit’ curve for a given set of data. It is
the representation of the relationship between two variables by means of an algebraic
equation. On the basis of this mathematical equation, predictions can be ' made in many
statistical problems.

) (X3s ¥2), <es (X ¥,) OF the two variables

Suppose a set of n points of values (x;, ¥, | :
d on a rectangular coordinate system, L€,

~ x and y are given. These values are plotte | s
the xy-plane. The resulting set of points is known as a scaifer diagram (Fig. T.1).

it i i isuali urve
The scatter diagram exhibits the trend and it is possible t0 ?tsuz}hzcj i:s}r:-:)(}th ¢
approximating the data. Such a curve is known as an approximating curve.

y Y




\.napte['? Curve Fitting . ‘ ;

7.2 LE ! 7.3 Fity
. 3 of Linear ¢ £
-2 -EAST SQUARE METHOD | ini ; s
i for E 10 be minimum,
TOm a scatter diagram, generall _ . oE
may be seen to be appropriate to ¥, more than one curve @ =7
method of | ) o the given set of data. The i
P €ast squares is used to find a cu i S
ough the maximum nump d a curve which passes 22()’.' —a—bx)(-)=0
LD . 20 er of points. e ’
i» Y1) b€ a point on the scatter dia i g -
Let the ordinate at P meet the curve y = o e L Opmabu=0
I ey = f(x) at @ and the Ciml '
. l:
D' H n n
1stance QP=MP—MQ Z)’r‘ =a2|+b2x;
sy _ i=1 i=1 i=1
=}1i__f(x'.) ' 3 Ey=na+bz.\: ]
The distanc i jati i i |
b st enQP l.S known as dewancfn. error, or residual a!nd is denoted by d,. It ay (i1) E}E‘ =0
Ive, egal}ve, or zero depending upon whether P lies above, below, or on the db
curve. Similar residuals or errors corresponding to the remaining (1 — 1) points may be :
obtained. The sum of squares of residuals, denoted by E, is given as 22()’,- S -
i=1
N 2-% S
E= .E%d.- E zlly,- - fGIP > (i —ax; —bx)=0
; i= i= i=l
If E = 0 then all the n points will lie on y = f(x). If E # 0, f(x) is chosen such that Eis - o, “ix +b§“:x 2
minimum, i.e., the best fitting curve to the set of points is that for which E is minimum. § sl i=1 = i

This method is known as the least square method. This method does not attempt (o 3
determine the form of the curve y = f(x) but it determines the values of the parameters ZXJ’ = “Zx + bEx

of the equation of the curve, _
" These two equations are known as normal equations. These equations can be solved

simultaneously to give the best values of a and b. The best fitting straight line is

7.3 FITTING OF LINEAR CURVES obtained by substituting the values of a and binthe equation y=a+bx .
- . dy be o
Let (x;, ¥), i =1,2, ..., n be the set of n values and let the rcla.uon l?cl\\_feenx an
y= c(l ;ﬁﬁ The constants a and b are selected such that the straight line 1s the best fitto o Examp[e 1
the data ! Fit a straight line to the following data:
- The residual at x = X; is - : l = 3 . E o .,.3,‘..
d; =y = f() VR 5o A BB A LS
5}’,"‘(a+bx;) i=l! 2,.“," solution
E= id-z 2 ’ | Letthe straight line to be fitted to the databe
s ]
= ' y=a+bx
n 2 B
= 2[}‘; - (a+bx; )] The normal equations are
1 ' S y=natb)x D

5 AT AT @

=3 0y -a-bm)’

i=1

)



T surye Fitting

4TS A HEthath T
6 5 | 36 30.
8 ; 8
Sl 6 , 64 48
Tx=24 Yy =24 TP=130 Say=1132
Substituting these values in Eqgs (1) and (2),
24 = 6a+24b (3
113.2 = 24a+130b @
Solving Egs (3) and (4), '
. a=1.9764
b =0.5059

Hence, the required equation of the straight line is A
v =1.9764+0.5059x

Note Ix, Sy, Sx% Txycan be directly obtained with the help of scientific calculator.

Example 2

Fit a straight line to the following data. Also, estimate the value of y at
Ee=2.9.

Solution
i be -
ight line to be fitted to the data
Let the straig . o
normal equations are 2 .
The ; Ey—_-ﬂa-{-be {2}
|

ny=_ﬂ§:x+5’2"2 |

Here,n =5

. substituting these values in Eqs (1) and (2),

1.3 Fitting of Linear Curves

1 5 13 S R

2 33 = " g

3 st 9 135

4 §.3 16 | ‘.25,.2
Tr=10 SRR 0 W S Tt e

16.9=5a+10b @)
47.1=10a +30b A4
Solving Eqs (3) and (4},
a=072
) b=133
Hence, the required equation of the straight line is
y=0.72+1.33x
Atx=2.5, : y (2.5)=0.72+1.33 (2.5)= 4045
Example 3

A simply supported beam carries a concentrated load P(b) at ;irs
midpoint. Corresponding to various values of P, the maximum deflection
¥(in) is measured. The data is given below:

B 0 10 M0 160 180 20

045 055 -0 070 080 O

: ‘ thod.
Find a law of the form ¥ = @ + bP using the least square me
d a law of the f : [Summer 2015]
Solution
Let the straight line to be fitted to the data be
Y=a+bP
The normal equations are (1)

zyzmeP
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Chapter 7 Curve Fitting
PY =
Here,n=6 2 azp . bz P -2
l -
e 045 10000 s |
120 b 0.55 14400 66 |
140 0.60 19600 84
160 0.70 25600 112
180 0.80 32400 144 \
200 0.85 40000 1w |
| XP=0900 Tr=395 TP =142000 TPY=621 ‘
Substin_;ﬁng these values in Eqs (1) and (2),
395 =6a+900b -{3)
621 =900 a + 142000 b C )
Solving Eqgs (3) and (4),
a=0.0476
b =0.0041

Hence, the required equation of the straight line is
Y =0.0476 + 0.0041 P

Example 4
Fit a straight line to the following data. Also, estimate the value of y at
=70. R

e
71 68 73 69 67 65 66 67

69 7] S0 70 68 67 6 . .64

Solution
igi j 67
Since the values of x and y are larger, We choose the origin for x and y at 69 and
i
respectively, i
Let X =x—6% and Y=y—67 .
Let the straight Jine to be fitted to the data be

Y=a+bX

The normal equations are

EY =na +bzx
v xy=ap X +bL X

()
2

. il

- Here,n= 8

i
7.3 Fitting of Linegr Curves 7.7 1

e

71 ; 2
68 72 i) -
7 70
. L 3 16 ”
69 - 70 0 3 e
0 0
67 68 2 4 . 0%
i ! - - . -2
65 (TR 7 i -
66 68 -3 1 B 5 % o
67 64 e AR il : ~
EX=—6 £Y=|'2 Ef:sq, EXY‘-'H
qubstituting these values in Eqs (1) and (2),
. 12=8a-6b
12 =—6a+54b
Solving Eqgs (3) and (4),
a=18182
b=04242
Hence, the required equation of the straight line is
Y =1.8182 +0.4242X
y—67=138182+ 0.4242(x - 69)

!
y=0.4242x +39.5484 |
y(x = 70) = 0.4242(70) + 39.5484 = 69.2424 i

Note Since Sx, Ty, S, Txy can be directly obtained with the help of scientific {
caleulator, the problem can be solved without shifting the origin. \i
Example 5 - ‘l

Fit a straight line to the following data taking x as the dependent vari-
able.

Solution

-

. i tion
If x is considered the dependent variable and y the independent variable, the equa

of the straight line to be fitted to the data is
x=a+by
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The norma)
L - equa{i()ns are

2x=na+bzy
‘. ny=az);+bzy2

OID-JM-!‘-&N-—*‘-:

1
14 9 i
Yx=56 Ty=40 Ty? =256
Substituting these values in Eqs (1) and (2),

56 = 8a+40b
364 = 40a + 256b

Solving Egs (3) and (4),
a=-05

b=15
Hence, the requirk:d equation of the strai ght line is
x=-05+1.5y

Example 6

If P is the pull requ
a linear law of the form P =
following data:

ired to lift a load W by means of a pulley block, find
mW + ¢ connecting P and W using the

12 s w28 |
50 70 100 120 |
where P and W are taken iﬁ'?ég-wr. Compute P when W = 150 kg.

Solution

Let the linear curve
P= m“]'{‘ c=C +7

(straight line) fitted to the data be

nW

The normal equationg s
P=ncy mZW

W:c w ¢
W TW 4 my W2

-
:;i S0 108
e M000 g0
; Satah s 14400 T
| ZP=73  IW=M0  TW-31800  Tw- ensé. 1
Substituting these values in Eqs (1) and (2), 'l
T3=4c+340m
6750 =340 ¢ + 31800 m
Solving Egs (3) and (4),
¢=2.2759
m=10.1879
Hence, the required equation of the straight line is
P=0.1879 W+ 22759

When W = 150 kg,
P =0.1879(150) + 2.2759 = 30.4609

EXERCISE 7.1

1. Fit the line of best fit to the following data:

10 15 20 ?.5_
17 2 24 30 i
[Ans.:y=0.Tx+ 11.28)
2. The results of a measurement of electric resistance R of a copper bar at
~ various temperatures t*C are listed below:
16 40 45 30
80 82 P .o
nts to be determined.

Find a relation R = a+ bt where aand bare constal
[Ans.: R= 70.0534 +0.2924t ]
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3. Fi
1t a straight line to the following data:

i 1.53 1 73 :
B 178 260 295
-:50 3630 4000 e

45.85 5340

| i [Ans.:y =19497
4. Fit a straight line to the following data: - ¥ ;

'{}100 120 e 0 e 200
.45 0.55 0.60 - .0.70 0.80 n.asw

[Ans.: y =0.0475 +0.00407x]

5. Find the relation of th
: e type R=aV +b, when some
obtained from an experiment are L

60 65 70 7 80 85 90
. R 109 114 118 123 - 127 130 133

[Ans.: R =0.8071V + 61.4675]

7.4 FITTING OF QUADRATIC CURVES

Let(x, y)-i=1, 2, ..., n be the set of n values and let the relation between x and y be
y=a+bx+ ex? . The constants a, b, and ¢ are selected such that the parabola is the

best fit to the data. The residual at x = x;is
d; z)'i'f[xi]

=y —[a-%bxl- +£‘x[?'}

i=!
'3
) = E[) ~(a+bx; +ex) )]

i=1

2

For E to be minimuin,

% _o
da
iz [)’ .'"a"b-x.' "fo).(-lj

()
=0

7.4 Fitting of Quadratic Curves 1

E'(yJ —a-bx —cx,)=_(} o,

i=l

L] n
$ni= aY1+bY 54T 52
i i=1 i=1 i=1

Zy: ﬂa+b2x+c‘2x}
§-€=0

ab

S 20y, -~ b ~exn)-x) =0

i=1

(ii)

(Xi}'f —ax,~bx} - 51;3) =0

Xy, = "i"f +bix§ + cixf‘
i=1 i=1

i=1

r

a

i=

Z-‘)’=”a+b2‘x2 +c£x3

JE
pen — 0
(-m) dc

iz()‘f —a-bx;- uil)(xh:(}

n
2 3 4
$ sty —axt b} —erf =0

n
i"‘iz-"'r = aixf’ +bii? +£:21?
i=1 i=1

i=l i=1

Exz)r= azxz erz:lj +r3214

These equations are known as normal equations, These equations can be _sohred_ simul-
faneously to give the best values of a, b, and c. The best fiting pa:at;o‘.a is obtained by

substituting the values of a, b, and ¢ in the equation y=a+bx+e..

Example 1
Fit a least squares quadratic curve to the fol

1 2
1.7 1.8

lowing data:

| Estimate y(2.4).
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1.4 Fitting of Quadratic Curves

Solution
Letthe e i g : 743
quation of the least ' solution
¢ Squares ;
The normal equations are QQadmllc curve (parabola) be y =g+ by 4+ 2 Let the equation of the least squares quadratj
. 3 equations are Ceurvebe y=a+ by + o e nomal
Z¥=“a+b21+cz.x2 ; 2)’=M+52x+c23
. . o (1
I IIT) F o ’ IR I 5 ®
i (2) - 2)
2Py=aY, 2 +bY K +cY 5t LAy=aFs +bTe 4 Tt €S
Here,n=4 (3) Here.n =35 _ ; i3)
1 0 0 0
1.7 1 1 1 17 17 1 1.8 1 1AL AR,
2 1.8 4 8 16 36 ko | 2 13 4 s e S S
3 23 9 27 81 69 207 fa 25 9 z TR C R i
4 3.2 16 64 256 12.8 512 |4 63 16 64 256 %2 108 |
Le=10  Ly=9 né=30 1@=100 =354 o= ny-g08 | Sx=10 Sy=129 $P=3 EP=100 'Ed=3% To=3d Tiy=1303)
Substituting these values in Egs (1), (2). and (3), Substituting these values in Egs (1), (2), and (3),
9=da+106+30 2 129=5a+10b+30¢ ) &
g 25- 3 [;b 1;0 =) 7.1 = 10a + 30b + 100¢ 5)
| 4= “300:’ 35‘; , o w4 130.3 = 30a + 1005 + 354c ©)
‘TR - B G pamiATan e Solving Eqs (4), (3). and (6),
! Solving Egs (4), (5), and (6), a=142
=2 ) ;s b=-1.07
, i h":‘(-lgj c=0.55 :
A c=0.2 ; . 8 L
f SR : ; i : e is Hence, the required equation of the least squares quadratic curve 15
!' il Hence, the required equation of least SQUAres qu«ldfﬂ"c curve is T . ficilat?
ol y=2—0-5x+0-2x" E
{[] -
= R 2(2.4) =1-952
! 2 v, Txt, T 5%y can be directly obtained with the help of By the method of least squares, ﬁ_r a pambciff r_o_rnh_e f?ﬂawing data:
& Note Ix, Ty, a7 &X» &0 = e . 3 4 5 ‘\
& ‘ scientific calculator. SR e e s
| e 5 12 26 60 97
: ; 1 Example 2 I ial using least square me.f.hod to the Also, estimate y at x = 6.
| B } N _ ee polynomic .
! Fit a second-degree P Solution
' ollowing datd: - e & 1 ' . s
‘ f 0 L, % @ Let the equation of the parabola be y =@+ bx + ex*. The normal equations are '
1 Wiy

63 | E .
1 18 13 23 -2 [Summer 2015] Yy=na+ by x+ Y X
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|
i
| I 5 7.4 Fi
gj ! : Yy ayx+ b+ eXe 8 f Quadratc o a3
it 212)’ =a E 2 4 E @ 4 ' ~2) X’y
:|| Hel’f:, n=35 . ks czx ) (3) Z =GEX2 & bzxq +C2X‘
Bl
Il | T .. 16
~64
e ———— R
i ! 12 4 8 16 Y 3 7 -2 -3 % -
’_l E ! 1 3 48 8 -1 -2 -
i l 26 9 27 & 4 i ™1
il -I 4 P 78 234 5 10 0 0 0
ol l : 16 64 256 240 %0 I . - o
i | .'['_ il | 97 25 125 625 485 2425 7 1 2 1 4 ;
i | Zx=15 Zy=200 3-55 Te=25 Bet=97 To=02 Léy=ien| 8710 A R
3 ; :lﬁ:‘ |I Substituting these values in Egs (1), (2), and (3), gy ¢ i = 16 64 25_6_ _ 16
: ! ; ’J f 200=5a+15b+55¢ (4) L_...-—-—xx:o IY=-16 TIX?=60 ¥X>=0  Tx=708 XY 53; = AR
; s - - : = = Y =-189
’L p g !. Ii.' | | 832 =15a + 55b + 225¢ 3} Suhﬁtiluting these values in E(]S (1), (2), and @
~ 1 7 [ 3672 = 55a + 225b +979¢ A6) \
Pt ol . -16=9a+60c
o ! ; it Solving Egs (4), (5), and (6), S1=86b
\ 1"; 1 i i 1 < =,
R | e ~189 =604 +708¢
Lk b=-11.0853 Solving Eqs (4), (5). and (6).
“J ,1 'l c=5.7143 a=0.0043
Sl I Hence, the required equation of the parabola is ) b=085
| 11 1 1l y=104-11.0857 x+5.7143 ¢=-02673
f - i 4(6) = 104 - 11.0857(6) + 5.7143(6)" = 149.6006 _ Hence, the required equation of the parabola is
I Y =0.0043 + 0.85X — 0.2673X"
il Gk
B _ ki 10= 000 ey _a
= Example 4 bolic curve o the following data. y=10=0.0043 + 0.85(x — 5) - 0.2673(x — 5)
Fit a second-degree para’o y=10+0,0043 + 0.85(x — 5) - 0.2673(x* —10x + 25)

=10+ 0.0043 + 0.85x — 4.25 — 0.2673x> + 2.673x — 6.6825
= —0.9282 +3.523x — 0.2673%°

1 2 3

Let the equation of the parabo

i solution — Note ~Since ¥x, ¥y, %, 3., T, Txy, Ty can be directly obtained with the help
i - 0 of scientific calculator, the problem can be solved without shifting the origin.
£ | Let Y=y— A

! 2

1 labe ¥ =a+bX+eX®: Example 5

kD Fitq second-degree parabola y = a + bx* to the following data:

i re
The normal equations & 1
ZY=na+bZX+cZX 3 | i~ | 1 2 3 4 5
rX RS +ey X 18 51 89 141 198

ZXYsG
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Solution
Le
t the curve to be fitted to the data be

The normal equations are Y= b

Z)’=M+b2x2

2 2 A1)
2-" y=ayx +by xt
Heh ol | )
Pl-ylllngilglllnplllnnll
. 2] 4 M6
: i 4 81 o1 |
- AR ARl S 1008 LI
3 19.8 25 625 \
Ty=do7 Bf=ss  Tdeom S5
Substituting these values in Egs (1) and (2),
49.7=5a+ 55b .3
8229 =55a+979b 4
Solving Egs (3) and (4),
a= 18165
b =0.7385
Hence, the required Lquauon of the curve is
y=1 8165+07385x
Example 6 |
’ ta:
o the follow ing da
Fita curve ¥ = —ax+bx’ f f :
A 1 2”—-_ 3 4 5 :
i 058 a0
LT U
solution
1o be fitted 1O the data be ;
Let the curve! y:ax+b-’f
: 1)
The normal equations 41 o

R Y

!7.4 Fll'.-ﬂng of Quadratic Curves

: ,
b y=ay 2 +pY 1t
1
7 _ i

SR K _ e
a3 e . o il
SR S
4 20-55 T BB RGEL a6 T
5 2 ‘ st @5 e s
6 27060 360 LG T Ta9es U e e R
22201 Ed=44]  né- PR
— 215 Tay=36841 B ey

Substituting these values in Eqs (1) and (2),
368-41=91a+441b
1840-51=441a+2275b
Solving Egs (3) and (4),
a=211
b=04
Hence, the required equation of the curve is

y=2-11x+0-45

EXERCISE 7.2

1, Fit a parabola to the foll.dwing data:

B 2 -1 o 1 2
S 10 18 13 25 63 |

[Ans.: y=1.48+1.13x+ 0.55x*]

e ——"

L. Fita curve y =ax+bx* to the following data:

| x e -1 0 1 1
46 12 3B %

[Ans.iy = 41.1% + 2.147x°)
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3. Fit a parabola YV =04 By eyl Lotorthrnk Curvey T4
_i X" 1o the following data: Solution
n ﬂ 2 5 ; Iu 4 JL o ah:
4 7 W e Taking logarithm on both the sides,
: ; log, y = .
[Ans.: y = 4.141.979x - 0.29947) | v8, y=log, a+xlog, b
4. Fit a curve Y=a,+ax +a,x‘ for the given data: puning log, ¥v=¥, log, a= 4, x= x and log b=§,
Y=A4+BX
k| - by | 9 11 13 The nermal cquations are
1 .
3 4 6 ST LV =nA+ BT X
Al
[Ans.: y = 0. 7897 + 0.4004x +0.0089x7] ZIY-AZM-EZ:-:‘
P ) =2

7.5 FITTING OF EXPONENTIAL AND LOGARITHMIC CURVES

Scanned with CamScanner

| LT ] 1 0,000
Let {x,. ¥ i= 1,2, ... n be the set of n values and let the relation between x and y be - A 2 0182 g O
: .
y= ab’, I ; ; : i 1.4 k| 0.5474 5 17038 '
Taking logarithm on both the sides of the equation y = aly’, 4 25 4 09163 16 16652
log, ¥ = log, a+xlog, b I 5 2809 25 64043
& 47 b 1.5476 6 9.2856
Pl.l-“ing ]'JE; i Y. ]ugr a=A,x=X, and ll.‘.ig(b =R, ¢! 6.5 7 1.8471 49 ) 13,2097
Y=A+EBX g 9l B 2.2083 (2 17.6664
This is a linear cquation in X and ¥, The normal equations are XX=36 Freg60d Txlsau  Far=snise
21'=m'.+n‘f_x Sy

: Substituting these values in Eqs (1) and (2),
"= X+8)> X°
T Xy =AY X+BY ) i ]
¢ and b ean be found. The best fitling

T I | Ta=N p ali SAISM=A+2HE
T o caquations, A and B, and, hence S : he equation ) i
ki :'I:‘.Elh:u':\l-'zdil:u::;l;irltd by substituting the values of o and & the & Solviig Bgs o3} and iay {4
' I h
“I"__p‘“:;:‘;n v and y = a™ con be ' A=-03423
1t o wepoienitial curves for the relation y = o HRE S
imilarly, the best Rng cxp B =032
:'_mirmd~ ||;}E'I a=A
' log, i = -=0.3523
Example 1 he form y = abs® to the following dalg: ! @l
Find the taw of the i log, b=5
1 2 I Iﬂg'b=ﬂ.3ul
fr=123328

I _ |
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.
4

e m—

Hence, ihe required Law jg

¥ =0.6823 (1 3828y

= |
Example 2 N
Fit a curye of t}
¢ form y = gt I
liass M fe Y=ab o the following data by the methog aof |
v R 7
¥ _!F_T_W __l_l:i 129 202 195 )93 I

Solution _
¥ = ab"
Taking logarithm on both the sides,

log,y=loga + xlug b
Putting log vy =Y. loga=A, x =X and log b= &,
F=A+ 04X
The nommal equations are

Yr=ni+BYX Al

TXY=AYX+BY X A2}
Here,n=7

_ ! | a8

I d 87 ! 4.4659 e
9. 14%
A 2 45747 4 o i)
3 113 3 47274 g 14,1822 _
, - e
4 129 4 4 R508 16 194392
2 _, 7
5 2112 5 5343 25 ,n..n:m |
- 195 - kT 3163
[ 52730
: - i £.2427 4 168359 "
? % o e ¥= 1422581
' Yx=28 Yy 344718 IXT® 4 XX 2
fiuti e values in Lys (1ran
stituting these va )
S 34.4718=74 +24 0 i
142.2551 = A+ 1408
solvi s (3) and (4)
gl A =4.3000

B=0.156

7.5 FIeh Expoveni
"% Hw gy Curvey Lh
lopas=A
livg o0 = 4. 306K
a=Ty14
log b=
log b = 0.156
© b= 11684
Hence, the reguired curve is
y= 73744 {1 165H)"

Example 3

Fit a cirve of the form y = ax” 1o the folfowing data;
w e I I 14
22 4 120 - 3 TEE

y=ar

Solution

Taking loganthm on both the sides,
log, ¥ = log, a+blog, x
Puiting log, ¥=¥. log a=A &=05 and log, x =X,

Y=A+BX
The normal equations e

Y ¥=nmi+BY X Al
T XY =AY x+BYX? o

Herg, n=5

| 0 22 24957 10910 89742 92591
] 16 4l 27726 317136 76873 . 102963
(EVR L] 2 Wh 4,775 5,300 (1RO
now 23979 44886 5.2499 107632
ET. 2641 141254 6 9648 w62l

Tx=110  Tre2106l Tal-uem  TAY=SIE

Substitutisng these values in Eqs (1) and (2},

20,1061 = 54 + 131079 B PR
519661 = 111079 4 + 346131 B e}
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S i 3 y
olving Eqs (3) and . 7.5 Fiteing of Expanenticl and Logcrathene T
A= 102144 Guhstinuting these values in Eqs (1) and (2), \\
B=-23624 2114 =5A+25 ¢
log, = A i 112013 = 254 + 1658 w3
log, a =10.2146 colving Bgs (3 and (41, iy
; a=21298 851 A =4.7897
Herip Y ’ o ond b= fm-2.3624 It = - 0.0469
enee, the required cquation of the curve is log,am A
v 2708 RSy T log, o = 4,747
o =120.2653
Example 4 — 5 b= Bw 003060
. ] an b ; . .
Fit a curve of the form y = ae™ 1o the following data: Hence, the required equation of the curve is
£ 1 9 v = 1202653 F i
x k 5 7 Q
¥ 115 105 95 £S5 El| e
Solution Example 5 be : :
y=ae™ Fit the exponential ciarve ¥ =a¢ 10 the following dara.
Taking logarithm on both the sides, 2 4 6 8 \
log,y = loga+ brloge 63 8 12 55
=log, a+by {Summer 2015}
I:}““ing 1,“5'_ y= Y. ]“E; a=A, b= B and x= X. Sﬂfutlﬂﬂ' = [.u-lh'
Y¥sa+ BX y )
ipns arc Taking logarithm on both thye sides.
iG] oS P ”Z ¥ i log,y= loga+bxlog, e
Z'} ik ] =log, a+bx
z XV = AE’ X+ HE’ : wld) Putting log,y =¥, loga=A.b=18 and x= X,
Y=A+BX
The normal equitisns ore
Tran+brX AV
] | 4, 7444 : LI}
| 11 3 1.6539 9 = I VXY= AL X+ BY X
3 e p 35539 28 S
5 95 127 4%
7 7 44 4,438
T Ej e 21 |
: g 4 IR zxr 111]]13 ]
Hil 3 = |
o xi =105 |
s x=35 sy=n7 X .
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| 7.5 Fitting of E
' W o0t Logarttpe,
Trrin

J The normal cquations arne
b= 63 Y 50106 T | Fvmna+ by x X
| 7 3 L1 . 0 : Z‘T = uzt + hE.f
| 2% 4 1310 3.28&2 2 Were, m= 6
| 6 12 % T A 133258
" . 2AR49 16 L%
5.0 1.
l 8 17228 o et . .42 i g
LN s - ' = P l
X =20 ; | L6 LW 0 ] 0 i W
= b ZY=166836  TX =120 T XY w 50308 15 a1s nanss -0 2477 0164 e \
Suhﬁl.i.luting R o — § | | 20 62 0694 {14780 0 AN 0,111
‘ and (), 15 082 0816 b 98356 0 5672
16093 =5A+200 - "2
— SO008 =204 + 120 B ﬂ] | 30 046 10956 —0.7765 12069 08531
Solving Eq= (3) and (4), ~44) Tea2ddM  Ly=-17137 Tf=3INT Tor=-12M8 i
A = 1.9855 o _ ) \
I =-04117 Sy hatitating Lhese wabues in Egs () and 423, |
log 4t = A 17137 = ha + 242K b A3 1
log_a = 4 95855 _2.2335 = 24204a + LITIT b oAy |
@ = 146.28 Solving Eqs (3)and (4),
and h=8=-04117 g =2
ance, the ircd equation of the curve i ;
Hence, the required eqgu :c; ]..:E-‘.-"H :_::411?; b= 07020
_l — i!
¥
Example 6 12T

1 rogE i L] ."J"E .
The pressure and volunte of a gas are related by the equation PV' =¢

Fit this curve to the follewing duta;
R 0.5 1.0 15 20 25 30

1 i I —
= log, o =if

0.51 046 |_4I'?1_7 Mptm=ie
: 0.62 .52 - A22
W 152 ¢ 100 073 ¢ = 09972

Henue, the reguired cquation of the curve is

_an Sl
Soluti L

Wi=e

Taking logarithm on both the B, EXERCISE 7.3
log, P+ ¥ 10g, V =108 C.

1. Fit the curve ¥ = ab" to the following data:

o ¥ 144 1723 2074 2488 2985
putting 108 V= 3 LS log, ¢ =@ log, P=%" y =b ( — -
¢ . }.l'

—

] ...J'-I'l s
log, ¥ '—--};l“Fcf v ‘ﬂr_

1,-:;.!-!-!-".-!'
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2. Fit the curve y = gt to the following data:

0 2 4
5.012 10 31.62

[Ans.: y = 4.642¢%%x
3. Fit the curve ¥ =ax" to the following data:

1 2 3 4
250  B8.00 19.00 50.00

[Ans.: y = 222729
4. Estimate y by fitting the ideal gas law PV = ¢ to the following data:

P 16.6 397 785 115.5 195.3 546.1
4 50 30 20 15 10 5

[Ans.: y=1,504]

Chapter 7 Curve Fitging ;
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